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Abstract 



^ This is the second part of a series of papers cahed "HAG", and devoted to 
develop the foundations of homotopical algebraic geometry. We start by defining 
and studying generahzations of standard notions of hnear algebra in an abstract 
monoidal model category, such as derivations, etale and smooth morphisms, flat and 
projective modules, etc. We then use our theory of stacks over model categories, 
introduced in 'HAGI| , in order to define a general notion of geometric stack over a 
base symmetric monoidal model category C, and prove that this notion satisfies the 
expected properties. 

The rest of the paper consists in specializing C in order to give various exam- 
ples of applications in several different contexts. First of all, when C = k — Mod is 
the category of fc-modules with the trivial model structure, we show that our notion 
gives back the algebraic n-stacks of C. Simpson. Then we set C ~ sk — Mod, the 
model category of simplicial fc-modules, and obtain this way a notion of geometric 

-stack which are the main geometric objects of derived algebraic geometry. We 
give several examples of derived version of classical moduli stacks, as the D~-stack 
of local systems on a space, the I?~-stack of algebra structures over an operad, the 
_D^-stack of flat bundles on a projective complex manifold, etc. We also present the 
cases where C = C{k) is the model category of unbounded complexes of /c- modules, 
and C = Sp^ the model category of symmetric spectra. In these two contexts we give 
some examples of geometric stacks such as the stack of associative dg-algebras, the 
stack of dg-categories, and a geometric stack constructed using topological modular 
forms. 



There are more tilings in heaven and earth, Horatio, 
than are dreamt of in our philosophy. But come... 

W. Shakespeare, Hamlet, Act 1, Sc. 5. 



Mon Cher Cato, il faut en convenir, les forces de 1' ether nous penetrent , 
et ce fait deliquescent il nous faut 1 ' apprehender coute que coute. 

P. Sellers, Quancl la panthere rose s'en mele. 
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Introduction 



This is the second part of a series of papers called "HAG" , devoted to start the 
development of homotopical algebraic geometry. The first part |HAGI| was concerned 
with the homotopical generalization of sheaf theory, and contains the notions of model 
topologies, model sites, stacks over model sites and model topoi, all of these being 
homotopical versions of the usual notions of Grothendieck topologies, sites, sheaves 
and topoi. The purpose of the present work is to use these new concepts in some spe- 
cific situations, in order to introduce a very general notion of geometric stacks^ a far 
reaching homotopical generalization of the notion of algebraic stacks introduced by 
P. Deligne, D. Mumford and M. Artin. This paper includes the general study and the 
standard properties of geometric stacks, as well as various examples of applications 
in the contexts of algebraic geometry and algebraic topology. 



Reminders on abstract algebraic geometry. A modern point of view on 
algebraic geometry consists of viewing algebraic varieties and schemes through their 
functors of points. In this functorial point of view, schemes are certain sheaves of 
sets on the category of commutative rings endowed with a suitable topology (e.g. 
the Zariski topology). Keeping this in mind, it turns out that the whole theory 
of schemes can be completely reconstructed starting from the symmetric monoidal 
category Z — Mod of Z-modules alone. Indeed, the category of commutative rings 
is reconstructed by taking the category of commutative monoids in Z — Mod. Flat 
morphisms can be recognized via the exactness property of the base change functor on 
the category of modules. Finitely presented morphisms are recognized via the usual 
categorical characterization in terms of commutation of mapping sets with respect to 
filtered colimits. Finally, Zariski open immersion can be defined as flat morphisms of 
finite presentation A — * B such that B B ®a B. Schemes are then reconstructed 
as certain Zariski sheaves on the opposite category of commutative rings, which are 
obtained by gluing affine schemes via Zariski open immersions (see for example the 
first chapters of |Dem-Gabn . 

The fact that the notion of schemes has such a purely categorical interpretation 
has naturally lead to the theory of relative algebraic geometry, in which the base 
symmetric monoidal category Z — Mod is replaced by an abstract base symmetric 
monoidal category C, and under reasonable assumptions on C the notion of schemes 
over C can be made meaningful as well as useful (see for example [DellL IHaj for some 
applications). 

The key observation of this work is that one can generalize further the theory of 
relative algebraic geometry by requiring C to be endowed with an additional model 
category structure, compatible with its monoidal structure (relative algebraic geom- 
etry is then recovered by taking the trivial model structure), in such a way that the 
notions of schemes and more generally of algebraic spaces or algebraic stacks still 
have a natural and useful meaning, compatible with the homotopy theory carried 



1 



2 



INTRODUCTION 



by C. In this work, we present this general theory, and show how this enlarges the 
field of applicability by investigating several examples not covered by the standard 
theory of relative algebraic geometry. The most important of these applications is the 
existence of foundations for derived algebraic geometry, a global counter part of the 
derived deformation theory of V. Drinfel'd, M. Kontsevich and al. 

The setting. Our basic datum is a symmetric monoidal model category C (in 
the sense of IHol| ). on which certain conditions are imposed (see assumptions II . 1 . (XTl 
11.1.0.21 ll. 1.0. 31 and ll.l.O!^ . We briefly discuss these requirements here. The model 
category C is assumed to satisfy some reasonable additional properties (as for example 
being proper, or that cofibrant objects are flat for the monoidal structure). These 
assumptions are only made for the convenience of certain constructions, and may 
clearly be omitted. The model category C is also assumed to be combinatorial (see 
e.g. |Du2p . making it reasonably behaved with respect to localization techniques. 
The first really important assumption on C states that it is pointed (i.e. that the 
final and initial object coincide) and that its homotopy category Ho(C) is additive. 
This makes the model category C homotopically additive, which is a rather strong 
condition, but is used all along this work and seems difficult to avoid (see however 
|To- Va2] ) . Finally, the last condition we make on C is also rather strong, and states 
that the theory of commutative monoids in C, and the theory of modules over them, 
both possess reasonable model category structures. This last condition is of course far 
from being satisfied in general (as for example it is not satisfied when C is the model 
category of complexes over some ring which is not of characteristic zero) , but all the 
examples we have in mind can be treated in this setting^. The model categories of 
simplicial modules, of complexes over a ring of characteristic zero, and of symmetric 
spectra are three important examples of symmetric monoidal model category satisfy- 
ing all our assumptions. More generally, the model categories of sheaves with values 
in any of these three fundamental categories provide additional examples. 

Linear and commutative algebra in a symmetric monoidal model cate- 
gory. An important consequence of our assumptions on the base symmetric monoidal 
model category C is the existence of reasonable generalizations of general construc- 
tions and results from standard linear and commutative algebra. We have gathered 
some of these notions (we do not claim to be exhaustive) in HI. II For example, we 
give definitions of derivations as well as of cotangent complexes representing them, 
we define formally etale morphisms, flat morphisms, open Zariski immersions, for- 
mally unramified morphisms, finitely presented morphism of commutative monoids 
and modules, projective and flat modules, Hochschild cohomology, etc. They are 
all generalizations of the well known notions in the sense that when applied to the 
case where C — — Mod with the trivial model structure we find back the usual 
notions. However, there are sometimes several nonequivalent generalizations, as for 
example there exist at least two, nonequivalent reasonable generalizations of smooth 
morphisms which restrict to the usual one when C — Z — Mod. This is why we have 
tried to give an overview of several possible generalizations, as we think all definitions 
could have their own interest depending both on the context and on what one wants 
to do with them. Also we wish to mention that all these notions depend heavily on 
the base model category C, in the sense that the same object in C, when considered 

■^Alternatively, one could switch to i?oo-algebras (and modules over them) for which useful 
model and semi-model structures are known to exist, thanks to the work of M. Spitzweck jSpj , in 
much more general situations than for the case of commutative monoids (and modules over them). 
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in different model categories structures on C, might not behave the same way. For 
example, a commutative ring can also be considered as a simplicial commutative ring, 
and the notion of finitely presented morphisms is not the same in the two cases. We 
think that keeping track of the base model category C is rather important, since play- 
ing with the change of base categories might be very useful, and is also an interesting 
feature of the theory. 

The reader will immediately notice that several notions behave in a much better 
way when the base model category satisfies certain stability assumptions (e.g. is a 
stable model category, or when the suspension functor is fully faithful, see for ex- 
ample Prop. 11.2.6.51 Cor. I1.2.6.6|l . We think this is one of the main features of 
homotopical algebraic geometry: linear and commutative algebra notions tend to be 
better behaved as the base model category tend to be "more" stable. We do not claim 
that everything becomes simpler in the stable situation, but that certain difficulties 
encountered can be highly simplified by enlarging the base model category to a more 
stable one. 



Geometric stacks. In i ll. HI we present the general notions of geometric stacks 
relative to our base model category C. Of course, we start by defining Affc, the model 
category of affine objects over C, as the opposite of the model category Comm{C) of 
commutative monoids in C. We assume we are given a model (pre-)topology r on 
Affc, in the sense we have given to this expression in [HAGI, Def. 4.3.1] (see also 
Def. 11.3.1.1(1 . We also assume that this model topology satisfies certain natural 
assumptions, as quasi-compactness and the descent property for modules. The model 
category Affc together with its model topology r is a model site in the sense of 
[HAGII Def. 4.3.1] or Def. 11.3.1.11 and it gives rise to a model category of stacks 
Affc'^- The homotopy category of Af f^"^ will simply be denoted by St(C,r). The 
Yoneda embedding for model categories allows us to embed the homotopy category 
Ho(^//c) into St(C, r), and this gives a notion of representable stack, our analog of 
the notion of affine scheme. Geometric stacks will result from a certain kind of gluing 
representable stacks. 

Our notion of geometric stack is relative to a class of morphisms P in Affc, 
satisfying some compatibility conditions with respect to the topology r, essentially 
stating that the notion of morphisms in P is local for the topology r. With these 
two notions, r and P, we define by induction on n a notion of n-geometric stack (see 
ll.3.3.1|l . The precise definition is unfortunately too long to be reproduced here, but 
one can roughly say that n-geometric stacks are stacks F whose diagonal is {n — 1)- 
representable (i.e. its fibers over representable stacks are (n — l)-geometric stacks), 
and which admits a covering by representable stacks Yii Ui — * F, such that all 
morphisms Ui — > F are in P. 

The notion of n-geometric stack satisfies all the expected basic properties. For ex- 
ample, geometric stacks are stable by (homotopy) fiber products and disjoint unions, 
and being an n-geometric stack is a local property (see Prop. 11.3.3.31 ll.3.3.4|l . We 
also present a way to produce n-geometric stacks as certain quotients of groupoid 
actions, in the same way that algebraic stacks (in groupoids) can always be presented 
as quotients of a scheme by a smooth groupoid action (see Prop. II. 3.4.2(1 . When a 
property Q of morphisms in Affc satisfies a certain compatibility with both P and t, 
there exists a natural notion of Q-morphism between n-geometric stacks, satisfying 
all the expected properties (see Def. 11.3.6.41 Prop. 11.3.6.3(1 . We define the stack of 
quasi-coherent modules, as well its sub-stacks of vector bundles and of perfect mod- 
ules (see Thm. 11.3.7.21 Cor. 11.3.7.3(1 . These also behave as expected, and for example 
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the stack of vector bundles is shown to be 1-geometric as soon as the class P contains 
the class of smooth morphisms (see Cor. I1.3.7.12|l . 

Infinitesimal theory. In i ll. 41 we investigate the infinitesimal properties of geo- 
metric stacks. For this we define a notion of derivation of a stack F with coefficients 
in a module, and the notion of cotangent complex is defined via the representability of 
the functor of derivations (see Def. 11.4.1.41 [1.4.1.51 ri.4.1.7|) . The object representing 
the derivations, the cotangent complex, is not in general an object in the base model 
category C, but belongs to the stabilization of C (this is of course related to the well 
known fact that cotangent spaces of algebraic stacks are not vector spaces but rather 
complexes of vector spaces). This is why these notions will be only defined when 
the suspension functor of C is fully faithful, or equivalently when the stabilization 
functor from C to its stabilization is fully faithful (this is again an incarnation of the 
fact, mentioned above, that homotopical algebraic geometry seems to prefer stable 
situations). In a way, this explains from a conceptual point of view the fact that 
the infinitesimal study of usual algebraic stacks in the sense of Artin is already part 
of homotopical algebraic geometry, and does not really belong to standard algebraic 
geometry. We also define stacks having an obstruction theory (see Def. I1.4.2.1|) . a 
notion which controls obstruction to lifting morphisms along a first order deformation 
in terms of the cotangent complex. Despite its name, having an obstruction theory 
is a property of a stack and not an additional structure. Again, this notion is really 
well behaved when the suspension functor of C is fully faithful, and this once again 
explains the relevance of derived algebraic geometry with respect to infinitesimal de- 
formation theory. Finally, in the last section we give sufficient conditions (that we 
called Artin's conditions) insuring that any n-geometric stack has an obstruction the- 
ory (Thm. 11.4.3.2(1 . This last result can be considered as a far reaching generalization 
of the exixtence of cotangent complexes for algebraic stacks as presented in |La-Moj . 

Higher Artin stacks (after C. Simpson). As a first example of application, 
we show how our general notion of geometric stacks specializes to C. Simpson's alge- 
braic n-stacks introduced in |S3| . For this, we let C — k — Mod, be the symmetric 
monoidal category of fc- modules (for some fixed commutative ring fc), endowed with 
its trivial model structure. The topology r is chosen to be the etale (et) topology, 
and P is chosen to be the class of smooth morphisms. We denote by St (A:) the corre- 
sponding homotopy category of et-stacks. Then, our definition of n-geometric stack 
gives back the notion of algebraic n-stack introduced in S3 (except that the two n's 
might differ); these stacks will be called Artin n-stacks as they contain the usual alge- 
braic stacks in the sense of Artin as particular cases (see Prop. 12.1. 2. l|l . However, all 
our infinitesimal study (cotangent complexes and obstruction theory) does not apply 
here as the suspension functor on fc — Mod is the zero functor. This should not be 
viewed as a drawback of the theory; on the contrary we rather think this explains 
why deformation theory and obstruction theory in fact already belong to the realm 
of derived algebraic geometry, which is our next application. 

Derived algebraic geometry: D~-stacks. Our second application is the so- 
called derived algebraic geometry. The base model category C is chosen to be sk—Mod, 
the symmetric monoidal model category of simplicial commutative fc-modules, k being 
some fixed base ring. The category of affine objects is fc — D~Aff, the opposite 
model category of the category of commutative simplicial fc-algebras. In this setting. 
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our general notions of flat, etale, smooth morphisms and Zariski open immersions 
afl have exphcit descriptions in terms of standard notions (see Thm. I2.2.2.6|l . More 
precisely, we prove that a morphism of simplicial commutative A:-algebras A — > B is 
flat (resp. smooth, resp. etale, resp. a Zariski open immersion) in the general sense 
we have given to these notions in ^1.2[ if and only if it satisfles the following two 
conditions 

• The induced morphism of affine schemes 

SpecTTQ^B) — > SpecTTQ^A) 

is flat (resp. smooth, resp. etale, resp. a Zariski open immersion) in the 
usual sense. 

• The natural morphism 

TT*{A) ®MA) MB) ^^.{B) 
is an isomorphism. 

We endow k — D^Aff with the etale model topology, a natural extension of 
the etale topology for afflne schemes; the corresponding homotopy category of D^- 
stacks is simply denoted by D~St{k). The class P is taken to be the class of smooth 
morphisms. The n-geometric stacks in this context will be called n-geometric D~ - 
stacks, where the notation D~ is meant to bring to mind the negative bounded derived 
category^. An important consequence of the above descriptions of etale and smooth 
morphisms is that the natural inclusion functor from the category of fc-modules to the 
category of simplicial fc-modules, induces a full embedding of the category of Artin 
n-stacks into the category of n-geometric D~-stack. This inclusion functor i has 
furthermore a right adjoint, called the truncation functor to (see Def. I2.2.4.3|) . and 
the adjunction morphism ito{F) — > F provides a closed embedding of the classical 
Artin n-stack ito{F) to its derived version F, which behaves like a formal thickening 
(see Prop. 12.2.4.7(1 . This is a global counterpart of the common picture of derived 
deformation theory of a formal classical moduli space sitting as a closed sub-space in 
the corresponding formal derived moduli space. 

We also prove that our general conditions for the existence of an obstruction the- 
ory are satisfied, and so any n-geometric D^-stack has an obstruction theory (see 
Prop. 12. 2.3.3(1 . An important particular case is when this result is applied to the 
image of an Artin n-stack via the natural inclusion functor i; we obtain in this way 
the existence of an obstruction theory for any Artin n-stack, and in particular the 
existence of a cotangent complex. This is a very good instance of our principle that 
things simplifies when the base model category C becomes more stable: the infinitesi- 
mal study of classical objects of algebraic geometry (such as schemes, algebraic stacks 
or Artin n-stacks) becomes conceptually clearer and behaves much better when we 
consider these objects as geometric D^-stacks. 

Finally, we give several examples of Z)^ -stacks being derived versions of some well 
known classical moduli problems. First of all the Z?" -stack of local systems on a topo- 
logical space, and the Z3^-stack of algebra structures over a given operad are shown to 
be 1-geometric (see Lem. 12.2.6.31 Prop. 12.2.6.8(1 . We also present derived versions of 
the scheme of morphisms between two projective schemes, and of the moduli stack of 
flat bundles on a projective complex manifold (Cor. 12. 2. 6. 141 and Cor. I2.2.6.15| . The 
proofs that these last two stacks are geometric rely on a special version of J. Lurie's 



Recall that the homotopy theory of simpHcial fc-modules is equivalent to the homotopy theory 
of negatively graded cochain complexes of fc-modules. Therefore, derived algebraic geometry can 
also be considered as algebraic geometry over the category of negatively graded complexes. 
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representability theorem (see |Lul| and Appendix C). 

Complicial algebraic geometry: _D-stacks. What we caU complicial alge- 
braic geometry is an unbounded version of derived algebraic geometry in which the 
base model category is C{k) the category of complexes over some commutative ring 
k (of characteristic zero), and is presented in ii2.3l It turns out that linear algebra 
over C{k) behaves rather differently than over the category of simplicial fc-modules 
(corresponding to complexes in non-positive degrees). Indeed, the smooth, etale and 
Zariski open immersion can not be described using a simple description on homotopy 
groups anymore. For example, a usual ring A may have Zariski open localizations 
A — > A' in the context of complicial algebraic geometry such that A' is not cohomo- 
logically concentrated in degree anymore. Also, a usual non afSne scheme might be 
affine when considered as a scheme over C{k): for example any quasi-compact open 
subscheme of a usual affine scheme is representable by an affine scheme over C{k) 
(see example l2.3.1.5|l . 

This makes the complicial theory rather different from derived algebraic geom- 
etry for which the geometric intuition was instead quite close to the usual one, and 
constitutes a very interesting new feature of complicial algebraic geometry. The cate- 
gory Af fc is here the opposite of the category of unbounded commutative differential 
graded algebras over k. It is endowed with a strong etale topology, and the correspond- 
ing homotopy category of D-stacks is simply denoted by £'St(fc). A new feature is 
here the existence of several interesting choices for the class P. We will present two 
of them, one for which P is taken to be the class of perfect morphisms, a rather 
weak notion of smoothness, and a second one for which P is taken to be the class of 
fip-smooth morphism, a definitely stronger notion behaving similarly to usual smooth 
morphisms with respect to lifting properties. We check that such choices satisfy the re- 
quired properties in order for n-geometric stacks (called weakly n-geometric D-stacks 
and n-geometric D-stacks, according to the choice of P) to make sense. Furthermore, 
for our second choice, we prove that Artin's conditions are satisfied, and thus that 
n-geometric I?-stacks have a good infinitesimal theory. We give several examples of 
weakly geometric £)-stacks, the first one being the Z?-stack of perfect modules Perf . 
We also show that the D-stack of associative algebra structures Ass is a weakly 1- 
geometric D-stack. Finally, the D-stack of connected dg-categories Cat* is shown 
to be weakly 2-geometric. It is important to note that these I?-stacks can not be 
reasonably described as geometric £)~-stacks, and provide examples of truly "exotic" 
geometric objects. 

Suitable slight modifications of the I?-stacks Perf, Ass and Cat* are given and 
shown to be geometric. This allows us to study their tangent complexes, and show 
in particular that the infinitesimal theory of a certain class of dg-algebras and dg- 
categories is controlled by derivations and Hochschild cohomology, respectively (see 
Cor. 12.3.5.91 and Cor. I2.3.5.12| . We also show that Hochschild cohomology does 
not control deformations of general dg-categories in any reasonable sense (see Cor. 
12.3.5.131 and Rem. I2.3.5.14( ). This has been a true surprise, as it contradicts some 
of the statements one finds in the existing literature, including some made by the 
authors themselves (see e.g. |To-Ve2l Thm. 5.6]). 

Brave new algebraic geometry: S'-stacks. Our last context of application, 
briefly presented in H2.4I is the one where the base symmetric monoidal model cate- 
gory is C = Sp^, the model category of symmetric spectra (|HSS, ShT), and gives 
rise to what we call, after F. Waldhausen, brave new algebraic geometry. Like in the 
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complicial case, the existence of negative honiotopy groups makes the general theory 
of flat, smooth, etale morphisms and of Zariski open immersions rather different from 
the corresponding one in derived algebraic geometry. Moreover, typical phenomena 
coming from the existence of Steenrod operations makes the notion of smooth mor- 
phism even more exotic and rather different from algebraic geometry; to give just a 
striking example, Z[r] is not smooth over Z in the context of brave new algebraic 
geometry. Once again, we do not think this is a drawback of the theory, but rather 
an interesting new feature one should contemplate and try to understand, as it might 
reveal interesting new insights also on classical objects. In brave new algebraic ge- 
ometry, we also check that the strong etale topology and the class P of fip-smooth 
morphisms satisfy our general assumptions, so that n-geometric stacks exists in this 
context. We call them n-geometric S-stacks, while the homotopy category of S'-stacks 
for the strong etale topology is simply denoted by St(S'). As an example, we give a 
construction of a 1-geometric S'-stack starting from the "sheaf" of topological modu- 
lar forms (Thm. 12.4.2.1(1 . 



Relations with other works. It would be rather long to present all related 
works, and we apologize in advance for not mentioning all of them. 

The general fact that the notion of geometric stack only depends on a topology 
and a choice of the class of morphisms P has already been stressed by Carlos Simpson 
in jS3| . who attributes this idea to C. Walter. Our general definition of geometric 
n-stacks is a straightforward generalization to our abstract context of the definitions 
found in 'S3' . 

Originally, derived algebraic geometry have been approached using the notion of 
dg-schemes, as introduced by M. Kontsevich, and developed by I. Ciocan-Fontanine 
and M. Kapranov. We have not tried to make a full comparison with our theory. 
Let us only mention that there exists a functor from dg-schemes to our category of 
1-geometric Z?~-stacks (see |To-Ve2l §3.3]). Essentially nothing is known about this 
functor: we tend to believe that it is not fully faithful, though this question does 
not seem very relevant. On the contrary, the examples of dg-schemes constructed in 
|Ci-Kall ICi-Ka2] do provide examples of -D~-stacks and we think it is interesting to 
look for derived moduli-theoretic interpretations of these (i.e. describe their functors 
of points) . 

We would like to mention that an approach to formal derived algebraic geometry 
has been settled down by V. Hinich in |Hin2| . As far as we know, this is the first 
functorial point of view on derived algebraic geometry that appeared in the literature. 

There is a big overlap between our Chapter 12.21 and Jacob Lurie's thesis |Lul| . 
The approach to derived algebraic geometry used by J. Lurie is different from ours as 
it is based on a notion of oo-category, whereas we are working with model categories. 
The simplicial localization techniques of Dwyer and Kan provide a way to pass from 
model categories to c»-categories, and the "strictification" theorem of [To- Veil Thm. 
4.2.1] can be used to see that our approach and Lurie's approach are in fact equivalent 
(up to some slight differences, for instance concerning the notion of descent). We 
think that the present work and |Lul| can not be reasonably considered as totally 
independent, as their authors have been frequently communicating on the subject 
since the spring 2002. It seems rather clear that we all have been influenced by these 
communications and that we have greatly benefited from the reading of the first drafts 
of [ Lull . We have to mention however that a huge part of the material of the present 
paper had been already announced in earlier papers (see e.g. |To-Ve4l ITo-Ve2j l 
and have been worked out since the summer 2000 at the time were our project has 
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started. The two works are also rather disjoint and complementary, as |Lulj contains 
much more materials on derived algebraic geometry than what we have included in 
W2.2\ (e.g. a wonderful generalization of Artin's representability theorem, to state 
only the most striking result). On the other hand, our "HAG" project has also been 
motivated by rather exotic contexts of applications, as the ones exposed for example 
in tl2.3l and ti2.4l , and which are not covered by the framework of |Lulj . 

The work of K. Behrend on (i(7-schemes and dg-stacks |BelL IBe2| has been done 
while we were working on our project, and therefore W2.2\ also has some overlaps 
with his work. However, the two approaches are rather different and nonequivalent, 
as K. Behrend uses a 2-truncated version of our notions of stacks, with the effect 
of killing some higher homotopical information. We have not investigated a precise 
comparison between these two approaches in this work, but we would like to mention 
that there exists a functor from our category of D~-stacks to K. Behrend's category 
of dg-sheaves. This functor is extremely badly behaved: it is not full, nor faithful, nor 
essentially surjective, nor even injective on isomorphism classes of objects. The only 
good property is that it sends 1-geometric Deligne-Mumford Z?~ -stacks to Deligne- 
Mumford dg-stack in Behrend's sense. However, there are non geometric _D~-stacks 
that become geometric objects in Behrend's category of dg-sheaves. 

Some notions of etalc and smooth morphisms of commutative S'-algebras have 
been introduced in MCMj, and they seem to be related to the general notions we 
present in HI. 21 However a precise comparison is not so easy. Moreover, |MCM| con- 
tains some wrong statements like the fact that t/i/i-smoothness generalizes smoothness 
for discrete algebras (right after Definition 4.2) or like Lemma 4.2 (2). The proof of 
Theorem 6.1 also contains an important gap, since the local equivalences at the end 
of the proof are not checked to glue together. 

Very recentely, J. Rognes has proposed a brave new version of Galois theory, 
including brave new notions of etaleness which are very close to our notions (see 

A construction of the moduli of dg-algebras and dg-categories appears in |Ko-Soj . 
These moduli are only formal moduli by construction, and we propose our _D-stacks 
Ass and Cat* as their global geometrical counterparts. 

We wish to mention the work of M. Spitzweck |Sp| , in which he proves the exis- 
tence of model category structures for i?oo-algebras and modules in a rather general 
context. This work can therefore be used in order to suppress our assumptions on 
the existence of model category of commutative monoids. Also, a nice symmetric 
monoidal model category of motivic complexes is defined in |Sp| , providing a new in- 
teresting context to investigate. It has been suggested to us to consider this example 
of algebraic geometry over motives by Yu. Manin, already during spring 2000, but we 
do not have at the moment interesting things to say on the subject. 

Finally, J. Gorski has recently constructed a Z3^-stack version of the Quot functor 
(sec Go ), providing this way a functorial interpretation of the derived Quot scheme 
of Ci-Kal) . A geometric Z3~-stack classifying objects in a dg-category has been 
recently constructed by the first author and M. Vaquie in [To- Val] . 
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Notations and conventions. We will use the word universe in the sense of 
ISGA4-J Exp. I, Appendice]. Universes will be denoted by U G V G W . . . . For any 
universe U we will assume that N S U. The category of sets (resp. simplicial sets, 
resp. . . . ) belonging to a universe U will be denoted by Setn (resp. SSetu, resp. . . . ). 
The objects of Setj] (resp. SSetj], resp. . . . ) will be called U-sets (resp. U-simplicial 
sets, resp. . . . ). We will use the expression V -small set (resp. V -small simplicial set, 
resp. . . . ) to mean a set isomorphic to a set in U (resp. a simplicial set isomorphic 
to a simplicial set in U, resp. ...). A unique exception concerns categories. The 
expression 15 -category refers to the usual notion of |SGA4-ll I Def .1.2], and denotes 
a category C such that for any two objects x and y in C the set Homc{x, y) is U-small. 
In the same way, a category C is V-small is it is isomorphic to some element in U. 

Our references for model categories are |Hol| and |Hi| . By definition, our model 
categories will always be closed model categories, will have all small limits and colimits 
and the functorial factorization property. The word equivalence will always mean weak 
equivalence and will refer to a model category structure. 

The homotopy category of a model category M is W~^M (see |Holl Def. 1.2.1]), 
where W is the subcategory of equivalences in M, and it will be denoted as Ho(M). 
The sets of morphisms in Ho(Af) will be denoted by [— ,— ]_Af, or simply by [— ,— ] 
when the reference to the model category M is clear. We will say that two objects 
in a model category M are equivalent if they are isomorphic in Ho(M). We say that 
two model categories are Quillen equivalent if they can be connected by a finite string 
of Quillen adjunctions each one being a Quillen equivalence. The mapping space 
of morphisms between two objects x and y in a model category M is denoted by 
MapM{x,y) (see |Holl §5]), or simply Map{x,y) if the reference to M is clear. The 
simplicial set depends on the choice of cofibrant and fibrant resolution functors, but 
is well defined as an object in the homotopy category of simplicial sets Ho(55ei). If 
M is a U-category, then MapM{x,y) is a U-small simplicial set. 

The homotopy fiber product (see |Hi1 13.3, 19.5], DHK, Ch. XIV] or [HSl 

10] ) of a diagram x ^ z ■< y in a model category M will be denoted by 

X y. In the same way, the homotopy push-out of a diagram x -< z ^ y 

will be denoted by x \^ y. For a pointed model category M, the suspension and loop 
functors functor will be denoted by 

S : Ho(M) — > Ho(M) Ho(M) < — Ho(M) : VL. 

RecaU that S{x) * *, and Q{x) :— * x J *. 

When a model category M is a simplicial model category, its simplicial sets of 
morphisms will be denoted by Hom j^,j(—. — ), and their derived functors by M. Hom ^^ 
(see |Ho1, 1.3.2]), or simply Hom {—. —) and M. Hom (—. —) when the reference to M 
is clear. When M is a symmetric monoidal model category in the sense of |Holl §4], 
the derived monoidal structure will be denoted by (8)^. 

For the notions of U-cofibrantly generated, U-combinatorial and U-ccllular model 
category, we refer to |Hol, Hf, IDu2| . or to [HAGII Appendix], where the basic 
definitions and crucial properties are recalled in a way that is suitable for our needs. 
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As usual, the standard simplicial category will be denoted by A. The category 

of simplicial objects in a category C will be denoted by sC :~ . In the same way, 
the category of co-simplicial objects in C will be denoted by csC. For any simplicial 
object F e sC in a category C, we will use the notation F„ := F{[n]). Similarly, for 
any co-simplicial object F £ C^, we will use the notation F„ := F([n]). Moreover, 
when C is a model category, we will use the notation 

\X^, \ := Hocolim[n]eA''pXn 

for any X, G sC. 

A sub-simplicial set K c L will be called full is ii" is a union of connected 
components of L. We will also say that a morphism / : K — > L of simplicial sets is 
full if it induces an equivalence bewteen K and a full sub-simplicial set of L. In the 
same way, wc will use the expressions full sub-simplicial presheaf and full morphisms 
of simplicial presheaves for the levelwise extension of the above notions to presheaves 
of simplicial sets. 

For a Grothendieck site (C,t) in a universe U, we will denote by Pr{C) the 
category of presheaves of U-sets on C, Pr(C) := C"^*^*" . The subcategory of sheaves on 
(C, r) will be denoted by Shr{C), or simply by Sh{C) if the topology r is unambiguous. 

All complexes will be cochain complexes (i.e. with differential increasing the 
degree by one) and therefore will look like 

• • • 9- > ^"+1 9- • • • > ^0 9- — 

The following notations concerning various homotopy categories of stacks are de- 
fined in the main text, and recalled here for readers' convenience (see also the Index 
at the end of the book). 

St(C,r) := Ho(^//~'^) 
St(fc) := Ho(fc - Aff-^'') 
D-St{k) := Ho(fc - D-Aff-'^*) 
DSt{k) := Ho(fc - DAff^^'-^^) 
St{S) := Ho(5A//'-'«-^*) 



Part 1 

General theory of geometric stacks 



Introduction to Part 1 



In this first part we will study the general theory of stacks and geometric stacks 
over a base symmetric monoidal model category C. For this, we will start in HI. II 
by introducing the notion of a homotopical algebraic context (HA context for short), 
which consists of a triple (C, Co, A) where C is our base monoidal model category, Cq is 
a sub-category of C, and ^ is a sub-category of the category Comm{C) of commutative 
monoids in C; we also require that the triple (C,Co,^) satisfies certain compatibility 
conditions. Although this might look like a rather unnatural and complicated defi- 
nition, it will be shown in Ml. 21 that this data precisely allows us to define abstract 
versions of standard notions such as derivations, unramified, etale, smooth and flat 
morphisms. In other words a HA context describes an abstract context in which the 
basic notions of linear and commutative algebra can be developed. 

The first two chapters are only concerned with purely algebraic notions and the 
geometry only starts in the third one, ^11. 31 We start by some reminders on the notions 
of model topology and of model topos (developed in |HAGIp . which are homotopical 
versions of the notions of Grothendieck topology and of Grothendieck topos and which 
will be used all along this work. Next, we introduce a notion of a homotopical algebraic 
geometry context (HAG context for short), consisting of a HA context together with 
two additional data, r and P, satsfying some compatiblity conditions. The first 
datum T is a model topology on Affc, the opposite model category of commutative 
monoids in C. The second datum P consists of a class of morphisms in Affc which 
behaves well with respect to r. The model topology r gives a category of stacks 
over Affc (a homotopical generalization of the category of sheaves on affine schemes) 
in which everything is going to be embedded by means of a Yoneda lemma. The 
class of morphisms P will then be used in order to define geometric stacks and more 
generally n-geometric stacks, by considering successive quotient stacks of objects of 
Af fc by action of groupoids whose structural morphisms arc in P. The compatibility 
axioms between r and P will insure that this notion of geometricity behaves well, and 
satisfies the basic expected properties (stability by homotopy puUbacks, gluing and 
certain quotients). 

In i il.4l the last chapter of part I, we will go more deeply into the study of geo- 
metric stacks by introducing infinitesimal constructions such as derivations, cotangent 
complexes and obstruction theories. The main result of this last chapter states that 
any geometric stack has an obstruction theory (including a cotangent complex) as 
soon as the HAG context satisfies suitable additional conditions. 
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Homotopical algebraic context 

The purpose of this chapter is to fix once for aU our base model category as weh 
as several general assumptions it should satisfy. 

All along this chapter, we refer to 'Holl for the general definition of monoidal 
model categories, and to |Schw- Shi for general results about monoids and modules 
in monoidal model categories. 

From now on, and all along this work, we fix three universes U G V e W (see, e.g. 
|SGA4-ll Exp. I, Appendice]). We also let (C, (g), 1) be a symmetric monoidal model 
category in the sense of jHoll §4] . We assume that C is a V-small category, and that 
it is U-combinatorial in the sense of |HAGII Appendix]. 

We make a first assumption on the base model category C, making it closer to an 
additive category. Recall that we denote by Q a cofibrant replacement functor and 
by i? a fibrant replacement functor in M . 

Assumption 1.1.0.1. (1) The model category C is proper, pointed (i.e. the 

final object is also an initial object) and for any two object X and Y in C 
the natural morphisms 

QxY[QY — > A ]J y — > RX X RY 

are all equivalences. 
(2) The homotopy category Ho(C) is an additive category. 

Assumption ll . 1.0. II implies in particular that finite homotopy coproducts are also 
finite homotopy products in C It is always satisfied when C is furthermore a stable 
model category in the sense of |Holl §7]. Note that 1 1 . 1 . . II implies in particular that 
for any two objects x and y in C, the set [x, y] has a natural abelian group structure. 

As (C, (X), 1) is a symmetric monoidal category, which is closed and has U-small 
limits and colimits, all the standard notions and constructions of linear algebra makes 
sense in C (e.g. monoids, modules over monoids, operads, algebra over an operad . . . ). 
The category of all associative, commutative and unital monoids in C will be denoted 
by Comm{C). Objects of Comm{C) will simply be called commutative monoids in C, 
or commutative monoids if C is clear. In the same way, one defines Commnu{C) to 
be the category of non- unital commutative monoids in C. Therefore, our convention 
will be that monoids are unital unless the contrary is specified. 

The categories Comm{C) and Commnu{C) are again U-categories which are V- 
small categories, and possess all U-small limits and colimits. They come equipped 
with natural forgetful functors 

Comm(C) — > C Commnu{C) — > C, 
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possessing left adjoints 

F : C — > Comm{C) Fnu ■ C — > Commnu{C) 

sending an object of C to the free commutative monoid it generates. We recall that 
for X e C one has 

F{X) = [] X®"/I]„ 

Fnu{X)= [] X®7S„, 
rieN-{0} 

where X®" is the n-tensor power of X, I]„ acts on it by permuting the factors and 
denotes the quotient of this action in C. 

Let A e Comm{C) be a commutative monoid. We will denote by A — Mod the 
category of unital left j4-modules in C. The category A ~ Mod is again a U-category 
which is a V-small category, and has all U-small limits and colimits. The objects in 
A — Mod will simply be called A-modules. It comes equiped with a natural forgetful 
functor 

A - Mod — > C, 

possessing a left adjoint 

A - : C — > A- Mod 

sending an object of C to the free ^-module it generates. We also recall that the 
category A — Mod has a natural symmetric monoidal structure — i^ia —■ For two 
A-modules X and Y, the object X Y is defined as the coequalizer in C of the two 
natural morphisms 

X®A®Y — > X®Y X®A®Y — > X®Y. 

This symmetric monoidal structure is furthermore closed, and for two A-modules X 
and Y we will denoted by Horri d {X, Y) the A-modulc of morphisms. One has the 
usual adjunction isomorphisms 

Hom{X ®A Y, Z) ~ HomiX. Hom jY, Z)), 

as well as isomorphisms of A-modules 

Hom jX ®aY,Z) ~HomiX,HomA{Y,Z)). 

We define a morphism in A — Mod to be a fibration or an equivalence if it is so 
on the underlying objects in C. 

Assumption 1.1.0.2. Let A S Comm{C) be any commutative monoid inC. Then, 
the above notions of equivalences and fibrations makes A~Mod into a V- combinatorial 
proper model category. The monoidal structure — iE)a — makes furthermore A — Mod 
into a symmetric monoidal model category in the sense of IHoll §4] . 

Using the assumption 11.1.0^ one sees that the homotopy category Ho (A — Mod) 
has a natural symmetric monoidal structure and derived internal Horn's associ- 
ated to it MHorriA, satisfying the usual adjunction rule 

[X ^\ Y, Z] ~ [X, RHoniAiY, Z)]. 

Assumption 1.1.0.3. Let A be a commutative monoid in C. For any cofibrant 
object M £ A — Mod, the functor 

--®aM : a - Mod — > A - Mod 

preserves equivalences. 
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Let us still denote by A a commutative monoid in C. We have categories of 
commutative monoids in A — Mod, and non-unital commutative monoids in A — Mod, 
denoted respectively by A — Comm(C) and A — Commnu{C), and whose objects will be 
called commutative A-algebras and non-unital commutative A-algehras. They come 
equipped with natural forgetful functors 

A - Comm{C) — > A - Mod A - ComrUnuiC) — > A - Mod, 

possessing left adjoints 

Fa: A- Mod — > A- Comm{C) F2" : A - Mod — > A- Commnu{C) 

sending an object oi A — M od to the free commutative monoid it generates. We recall 
that ioY X A — Mod one has 

Fa{X) - [] X«-*"/E„ 
new 

neN-{0} 

where X**-*" is the n-teiisor power of X in A — Mod, I]„ acts on it by permuting the 
factors and X®^"/E„ denotes the quotient of this action in A — Mod. 

Finally, we define a morphism in A ~ Comm{C) or in A — Commnu{C) to be 
a fibration (resp. an equivalence) if it is so as a morphism in the category C (or 
equivalently as a morphism in ^ — Mod). 

Assumption 1.1.0.4. Let A be any commutative monoid in C. 

(1) The above classes of equivalences and fibrations make the categories A — 
Comm{C) and A — Commnu{C) into V- combinatorial proper model cate- 
gories. 

(2) If B is a cofibrant object in A — Comm{C), then the functor 

B(^A - ■■ A- Mod — > B - Mod 

preserves equivalences. 

Remark 1.1.0.5. One word concerning non-unital algebras. We will not really 
use this notion in the sequel, except at one point in order to prove the existence of 
a cotangent complex (so the reader is essentially allowed to forget about this unfre- 
quently used notion). In fact, by our assumptions, the model category of non-unital 
commutative ^-algebras is Quillen equivalent to the model category of augmented 
commutative A-algebra. However, the categories themselves are not equivalent, since 
the category C is not assumed to be strictly speaking additive, but only additive up 
to homotopy (e.g. it could be the model category of symmetric spectra of HS5] ). 
Therefore, we do not think that the existence of the model structure on A — Comm{C) 
implies the existence of the model structure on A — Commnu{C); this explains why 
we had to add condition (1) on A — Commnu{C) in Assumption 1 1 . 1 . . 41 Furthermore, 
the passage from augmented A-algebras to non-unital A-algebras will be in any case 
necessary to construct a certain Quillen adjunction during the proof of Prop. 11.2.1.21 
because such a Quillen adjunction does not exist from the model category of aug- 
mented A-algebras (as it is a composition of a left Quillen functor by a right Quillen 
equivalence). 

An important consequence of assumption ll.1.0^ f2) is that for A a commutative 
monoid in C, and B, B' two commutative A-algebras, the natural morphism in Ho(A— 
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Mod) 

L 

bWb' — >b®\b' 

A 

is an isomorphism (here the object on the left is the homotopy coproduct in A — 
Comm{C), and the one on the right is the derived tensor product in A — Mod). 

An important remark we will use implicitly very often in this paper is that the 
category A — Comm(C) is naturally equivalent to the comma category A/Comm{C), 
of objects under A. Moreover, the model structure on A—Comm{C) coincides through 
this equivalence with the comma model category A/Comm{C). 

We will also fix a full subcategory Cq of C, playing essentially the role of a kind 
of "^-structure" on C (i.e. essentially defining which are the "non-positively graded 
objects" , keeping in mind that in this work we use the cohomological grading when 
concerned with complexes). More precisely, we will fix a subcategory Co C C satisfying 
the following conditions. 

Assumption 1.1.0.6. (1) 1 e Cq. 

(2) The full subcategory Cq of C is stable by equivalences and by V-small homo- 
topy colimits. 

(3) The full subcategory Ho(Co) of Ho(C) is stable by the monoidal structure 
-(E>^ - (i.e. for X and Y m Ho(Co) we have X (g)^ Y e Ho(Co) ). 

Recall that as C is a pointed model category one can define its .suspension functor 

S : Ho(C) — > Ho(C) 

UL 

left adjoint to the loop functor 

n : Ho(C) — > Ho(C) 
X := * *. 

We set Ci to be the full subcategory of C consisting of all objects equivalent to the 
suspension of some object in Cq. The full subcategory Ci of C is also closed by 
equivalences, homotopy colimits and the derived tensor structure. We will denote 
by Comm(C)o the full subcategory of Comm(C) consisting of commutative monoids 
whose underlying C-object lies in Cq. In the same way, for A G Comm{C) we denote by 
A — Modo (resp. A — Modi, resp. A — Comm{C)o) the full subcategory of A — Mod 
consisting of A-modules whose underlying C-object lies in Co (resp. oi A — Mod 
consisting of A- modules whose underlying C-object lies in Ci, resp. of A — Comm{C) 
consisting of commutative A-algebras whose underlying C-object lies in Cq). 

An important consequence of Assumption ll.l.O.Gl is that for any morphism A — > 
B in Comm{C)o, and any M G A- Modo, we have i?0^M e llo{B-Modo). Indeed, 
any such A-module can be written as a homotopy colimit of A-modules of the form 
A®''" (^^ M, for which we have 

In particular the full subcategory Comm{C)o is closed by homotopy push-outs in 
Comm{C). Passing to the suspension we also see that for any M € A — Modi, one 
also has 5 (g)^ M G Ho(-B - Modi). 

Remark 1.1.0.7. (1) The reason for introducing the subcategory Cq is to 

be able to consider reasonable infinitesimal lifting properties; these infini- 
tesimal lifting properties will be used to develop the abstract obstruction 
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theory of geometric stacks in HI. 41 It is useful to keep in mind that Co plays 
a role analogous to a kind of i-structure on C, in that it morally defines 
which are the non-positively graded objects (a typical example will appear 
in W2.'6\ where C will be the model category of unbounded complexes and Co 
the subcategory of complexes with vanishing positive cohomology). Differ- 
ent choices of Cq will then give different notions of formal smoothness (see 
iil.2.8(l . and thus possibly different notions of geometric stacks. We think 
that playing with Co as a degree of freedom is an interesting feature of our 
abstract infinitesimal theory. 
(2) Assumptions II . 1 . . II [TTO and IT. 1 . . 31 are not really serious, and are only 
useful to avoid taking too many fibrant and cofibrant replacements. With 
some care, they can be omitted. On the other hand, the careful reader 
will probably be surprised by assumption 11.1. {)~^ as it is known not to be 
satisfied in several interesting examples (e.g. when C is the model category of 
complexes over some commutative ring k, not of characteristic zero). Also, 
it is well known that in some situations the notion of commutative monoid is 
too strict and it is often preferable to use the weaker notion of -Eoo-monoid. 
Two reasons has led us to assume 11.1.0.41 First of all, for all contexts of 
application of the general theory we will present in this work, there is always 
a base model category C for which this condition is satisfied and gives rise 
to the correct theory. Moreover, if one replaces commutative monoids by 
i?tx3 -monoids then assumption 1 1 . 1 . is almost always satisfied, as shown in 
|Sp| , and we think that translating our general constructions should then 
be a rather academic exercise. Working with commutative monoids instead 
of i?oo-nionoids simplifies a lot the notations and certain constructions, and 
in our opinion this theory already captures the real essence of the subject. 

Finally, in partial defense of our choice, let us also mention that contrary 
to what one could think at first sight, working with i?oo -monoids would not 
strictly speaking increase the degree of generality of the theory. Indeed, one 
of our major application is to the category of siniplicial fc-modules, whose 
category of commutative monoids is the category of simplicial commutative 
/c-algebras. However, if k has non-zero characteristic, the homotopy the- 
ory of simplicial commutative /c-algebras is not equivalent to the homotopy 
theory of Soo-monoids in simplicial fc-modules (the latter is equivalent to 
the homotopy theory of i?oo-fc-algebras in non positive degrees). Therefore, 
using i?oo -monoids throughout would prevent us from developing derived 
algebraic geometry as presented in §2.2. 

We list below some important examples of symmetric monoidal model categories C 
satisfying the four above assumptions, and of crucial importance for our applications. 

(1) Let fc be any commutative ring, and C — k ~ Mod be the category of U- 
fc-modules, symmetric monoidal for the tensor product 0^, and endowed 
with its trivial model structure (i.e. equivalences are isomorphisms and 
all morphisms are fibrations and cofibrations) . Then assumptions II. 1.0. II 
11.1.0.21 fl. 1.0. 31 and II. 1.0.^ are satisfied. For Co one can take the whole C for 
which Assumption 11.1. (TIHl is clearly satisfied. 

(2) Let fc be a commutative ring of characteristic 0, and C = C(fc) be the 
category of (unbounded) complexes of U-fc-modules, symmetric monoidal 
for the tensor product of complexes and endowed with its projective 
model structure for which equivalences are quasi-isomorphisms and fibra- 
tions are epimorphisms (see |Holp . Then, the category Comm{C) is the 
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category of commutative differential graded fc-algebras belonging to U. For 
A £ Comm{C), the category A — Mod is then the category of differen- 
tial graded A-modules. It is well known that as k is of characteristic zero 
then assumptions II. 1.0. II II. 1. 0.21 II. 1. 0.31 and II. 1. 0.41 are satisfied (see e.g; 
[Hinl ). For Co one can take either the whole C, or the full subcategory of 
C consisting of complexes E such that ^{E) ~ for any i > 0, for which 
Assumption II . I . (TIHI is satisfied. 

A similar example is given by non-positively graded complexes C — 
C-{k). 

(3) Let k be any commutative ring, and C = sModk be the category of U- 
simplicial fc-modules, endowed with the levelwise tensor product and the 
usual model structure for which equivalences and fibrations are defined on 
the underlying simphcial sets (see e.g. |Goe-Jaj V The category Comm{C) is 
then the category of simphcial commutative fc-algebras, and for A e sModk, 
A — Mod is the category of simphcial modules over the simphcial ring A. 
Assumptions II. 1. 0. II II. 1. 0.21 II. 1. 0.31 and II. 1. 0.41 are again well known to be 
satisfied. For Cq one can take the whole C. 

Dually, one could also let C = csModk be the category of co-simplicial 
fc-modules, and our assumptions would again be satisfied. In this case, Cq 
could be for example the full subcategory of co-simplicial modules E such 
that 'K-i{E) = H^{E) = for any i > 0. This subcategory is stable under 
homotopy colimits as the functor E ^ H^{E) is right Quillcn and right 
adjoint to the inclusion functor k — Mod — > csModk- 

(4) Let Sp^ be the category of U-symmetric spectra and its smash product, 
endowed with the positive stable model structure of |Shi| . Then, Comm{C) 
is the category of commutative symmetric ring spectra, and assumptions 
II.I.0.Il[mnilI.I.0.3l and lI.I.0.4l are known to be satisfied (see pIT, Thm. 
3.1, Thm. 3.2, Cor. 4.3]). The two canonical choices for Cq are the whole C 
or the full subcategory of connective spectra. 

It is important to note that one can also take for C the category of Hk- 
modules in Sp^ for some commutative ring k. This will give a model for the 
homotopy theory of Eo^-k- algebras that were not provided by our example 
2. 

(5) Finally, the above three examples can be sheafified over some Grothendieck 
site, giving the corresponding relative theories over a base Grothendieck 
topos. 

In few words, let 5 be a U-small Grothendieck site, and C be one the 
three symmetric monoidal model category C{k), sAIodk, Sp^ discussed 
above. One considers the corresponding categories of presheaves on S, 
Pr{S,C{k)), Pr{S,sModk), Pr{S,Sp^). They can be endowed with the 
projective model structures for which fibrations and equivalences are de- 
fined levelwise. This first model structure does not depend on the topology 
on S, and will be called the strong model structure: its (co)fibrations and 
equivalences will be called global (co) fibrations and global equivalences. 

The next step is to introduce notions of local equivalences in the model 
categories Pr{S,C{k)), Pr{S,sModk), Pr{S, Sp^). This notion is defined 
by first defining reasonable homotopy sheaves, as done for the notion of local 
equivalences in the theory of simphcial presheaves, and then define a mor- 
phism to be a local equivalence if it induces isomorphisms on all homotopy 
sheaves (for various choice of base points, see |.TolL I.Tal| for more details). 
The final model structures on Pr{S,C{k)), Pr{S,sModk), Pr{S,Sp^) are 
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the one for which equivalences are the focal equivalences, and cofibrations 
are the global cofibrations. The proof that this indeed defines model cate- 
gories is not given here and is very similar to the proof of the existence of 
the local projective model structure on the category of simplicial presheaves 
(see for example |HAGIj ). 

Finally, the symmetric monoidal structures on the categories C{k), sModk 
and Sp^ induces natural symmetric monoidal structures on the categories 
Pr{S, C{k)), Pr{S, sModk), Pr{S, Sp^). These symmetric monoidal struc- 
tures make them into symmetric monoidal model categories when S has 
finite products. One can also check that the symmetric monoidal model 
categories Pr{S, C{k)), Pr{S, sModk), Pr{S, Sp^) constructed that way all 
satisfy the assumptions II. 1.0. II 11.1.0.21 11.1.0.31 and 11.1.0.41 

An important example is the following. Let O be a sheaf of commutative 
rings on the site S, and let HO G Pr{S, Sp^) be the presheaf of symmetric 
spectra it defines. The object HO is a commutative monoid in Pr{S, Sp^) 
and one can therefore consider the model category HO — Mod, of HO- 
modules. The category HO — Mod is a symmetric monoidal model category 
and its homotopy category is equivalent to the unbounded derived category 
D{S, O) of O-modules on the site <S. This gives a way to define all the 
standard constructions as derived tensor products, derived internal Horn' s 
etc., in the context of unbounded complexes of O-modules. 

Let / : A — > B he a morphism of commutative monoids in C. We deduce an 
adjunction between the categories of modules 

f* : A- Mod — > B - Mod A - Mod < — B- Mod : 

where f*{M) := B (^a M, and /, is the forgetful functor that sees a i?-module as an 
j4-module through the morphism /. Assumption II . 1 . . 21 tells us that this adjunction 
is a Quilleii adjunction, and assumption 11.1.0.31 implies it is furthermore a Quillen 
equivalence when / is an equivalence (this is one of the main reasons for assumption 

The morphism / induces a pair of adjoint derived functors 
L/* : }io{A~Mod) — > Ho(B-Mod) Ho(A-Mod) < — UoiB-Mod) : R/* ~ 
and, as usual, we will also use the notation 

L/*(A/) B(^\M e Ho(B - Mod). 

Finally, let 



p p' 
A'^B' 

be a homotopy cofiber square in Comm{C). Then, for any yl'-module M we have the 
well known base change morphism 

hrp^M) {p')Mn*{M). 

Proposition 1.1.0.8. Let us keep the notations as above. Then, the morphism 

Lrp,{M) {p')Mf'r{M) 

is an isomorphism in Ho(i3 — Mod) for any A' -module M . 
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Proof. As the homotopy categories of modules are invariant under equivalences 
of commutative monoids, one can suppose that the diagram 



p p' 

A' — T^B' 
f 

is cocartesian in Comm{C), and consists of cofibrations in Comm{C). Then, using 
11.1. 0.31 and lLLOT^ (2) one sees that the natural morphisms 

M®\B — >M(E>aB M®\,B' — >M®A'B', 

are isomorphism in Ho(i? — Afod). Therefore, the proposition follows from the natural 
isomorphism of _B-modules 

M (^A' B' '2±M ®A' [A' ®aB)^M ®a B. 

□ 

Remark 1.1.0.9. The above base change formula will be extremely important in 
the sequel, and most often used implicitly. It should be noticed that it implies that 
the homotopy coproduct in the model category of commutative monoids is given by 
the derived tensor product. This last property is only satisfied because we have used 
commutative monoids, and is clearly wrong for simply associative monoids. This is 
one major reason why our setting cannot be used, at least without some modifications, 
to develop truly non-commutative geometries. Even partially commutative structures, 
like i?„-monoids for n > 1 would not satisfy the base change formula, and one really 
needs E^oo-monoids at least. This fact also prevents us to generalize our setting by 
replacing the category of commutative monoids by more general categories, like some 
category of algebras over more general operads. 

We now consider A G Comm{C) and the natural inclusion A—Modo — > A— Mod. 
We consider the restricted Yoneda embedding 

Rho : Ho(A - Mod°P) — > Ho((A - Mod°J')''), 

sending an A-module M to the functor 

Map{M, -):A- Mod"'' — > SSet^. 

We recall here from jHAGIl §4.1] that for a model category M, and a full sub- 
category stable by equivalences Mq C M, Mq is the left Bousfield localization of 
SPr{Mo) along equivalences in Mq. 

Definition 1.1.0.10. We will say that A e Comm{C) is good with respect to Co 
( or simply Co-good ) if the functor 

Ho(A - Mod°P) Ho((A - A/orfo^)^) 

is fully faithful. 

In usual category theory, a full subcategory _D C C is called dense if the restricted 
Yoneda functor C — * Pr{D) Hom{D°P, Ens) is fully faithful (in |SGA4-I| this 
notion is equivalent to the fact that D generates C through strict epimorphisms) . 
This implies for example that any object of C is the colimit of objects of D, but is 
a slightly stronger condition because any object a; S C is in fact isomorphic to the 
colimit of the canonical diagram D/x — > C (see e.g. |SGA4-II Expl-Prop. 7.2]). 
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Our notion of being good (Def. Il.l.().l()| essentially means that A — Mod'^' is homo- 
topically dense in A — Mod°P. This of course implies that any object in A — Mod 
is equivalent to a homotopy limit of objects in A — Modg, and is equivalent to the 
fact that any cofibrant object M ^ A — Mod is equivalent to the homotopy limit of 
the natural diagram {M/A - Mod^Y — > A - Mod, where {M/A - Mod^Y denotes 
the category of cofibrations under M . Dually, one could say that A being good with 
respect to Co means that A — Modo cogenerates A — Mod through strict monomor- 
phisms in a homotopical sense. 

We finish this first chapter by the following definition, gathering our assumptions 
II. 1.0. II 11.1.0.21 11.1.0.31 11.1.0.41 and 11.1.0.61 aU together. 

Definition 1.1.0.11. A Homotopical Algebraic context (or simply HA context^ 
is a triplet (C,Co,A), consisting of a symmetric monoidal model category C, two full 
sub-categories stable by equivalences 

Co C C Ac Comm{C), 

such that any A e A is Co-good, and assumvtions M.l.O.R M.l.O.SX M.l.OJA \1.1.0.4\ 
\l.l.U.b\ are satisfied. 



CHAPTER 1.2 



Preliminaries on linear and commutative algebra in 

an HA context 

All along this chapter we fix once for all a HA context {C,Co,A), in the sense 
of Del. II. 1.0. Ill The purpose of this chapter is to show that the assumptions of 
the last chapter imply that many general notions of linear and commutative algebra 
generalize in some reasonable sense in our base category C. 

1.2.1. Derivations and the cotangent complex 

This section is nothing else than a rewriting of the first pages of |Ba| . which stay 
valid in our general context. 

Let A e Comm{C) be a commutative monoid in C, and M be an A-module. 
We define a new commutative monoid A® M in the following way. The underlying 
object of A © M is the coproduct A]J M . The multiplicative structure is defined by 
the morphism 

given by the three morphisms 

/Lt]J*:A®A — >A]Jm 

* : M (g) M — > M, 

where ^-.A^A — > A is the multiplicative structure of A, and p : A®M — > M is the 
module structure of M . The monoid A®M \s commutative and unital, and defines an 
object in Comm{C). It comes furthermore with a natural morphism of commutative 
monoids * : A © M — > A, which has a natural section jdJJ * -.A — * A © M . 

Now, \i A — > B is a morphism in Comm{C), and M is a S-module, the morphism 
B (B M — > B can be seen as a morphism of commutative A-algebras. In other words, 
B(BM can be seen as an object of the double comma model category A—Comm{C)/B. 

Definition 1.2.1.1. Let A — > B be a morphism of commutative monoids, and 
M be a B-module. The simplicial set of derived ^-derivations from B to M , is the 
object 

BerA{B, M) := MapA-comm(c)/B{B, B S) M) G Ho(55e%). 

Clearly, M i-^ Der^(i3,M) defines a functor from the homotopy category of B- 
module Ho(i? — Mod) to the homotopy category of simplicial sets llo{SSet). More 
precisely, the functoriality of the construction of mapping spaces implies that one can 
also construct a genuine functor 

BerAiB, -) : B - Mod — > SSetv, 
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lifting the previous functor on the homotopy categories. This last functor will be 
considered as an object in the model category of pre-stacks {B — Mod"^)^ as defined 
in |HAGII §4.1]. Recall from ,HAGIi §4.2] that there exists a Yoneda embedding 

Ho(B - ModyP — > Ho((S - Mod°P)^) 

sending a i3-module M to the simplicial presheaf N i-^ MapB-Mod{M, N), and ob- 
jects in the essential image will be called co-representable. 

Proposition 1.2.1.2. For any morphism A — > B in Comm{C), there exists a 
B-module L^/^, and an element d G 7ro(Der/i(_B, L^/^)), such that for any B-module 
M , the natural morphism obtained by composing with d 

d* : MapB-Mod{l^B/A,M) BerA{B,M) 
is an isomorphism in Ho(S'5ei). 

Proof. The proof is the same as in jBa| . and uses our assumptions II. 1.0. II 
11.1.0.2111X0 and imn We wiU reproduce it for the reader convenience. 

We first consider the Quillen adjunction 

-®aB : A-Comm{C)/B — > B-Comm{C) /B A-Comm{C) /B < — B-Comm{C) /B 

where F is the forgetful functor. This induces an adjunction on the level of homotopy 
categories 

-®\B : Ho(A - Comm{C)/B) — > Ho(B - Comm.{C)/B) 

Ho(A - Comm{C)/B) < — Ho(B - Comm{C)/B) : F. 
We consider a second Quillen adjunction 

K : B~Commnu{C) — > B—Comm{C)/B B~Commnu{C) < — B—Comm{C)/B : I, 

where B — Commnu{C) is the category of non-unital commutative _B-algebras (i.e. 
non-unital commutative monoids in i? — Mod). The functor / takes a diagram of 

s P 

commutative monoids B ^ C ^ B to the kernel of p computed in the cat- 
egory of non-unital commutative B-algebras. In the other direction, the functor K 
takes a non-unital commutative i3-algebra C to the trivial extension of i? by C (de- 
fined as our B (B M but taking into account the multiplication on C). Clearly, / is 
a right Quillen functor, and the adjunction defines an adjunction on the homotopy 
categories 

LK : Ho(B - CommnuiC)) — > Ho(B - Comm{C)/B) 

Ho(B - CommnuiC)) < — Ho(B - Comm{C)/B) : RI. 

Lemma 1.2.1.3. The adjunction (LiiT, M/) is an equivalence. 

Proof. This follows easily from our assumption 11.1. OTl Indeed, it implies that 
for any fibration in C, f : X — > Y, which has a section s : Y — > X, the natural 
morphism 

il[s f]Iy ^ X, 

where i : F — > X is the fiber of /, is an equivalence. It also implies that the 
homotopy fiber of the natural morphism ic? ]J * : X ]J y — > X is naturally equivalent 
to Y. These two facts imply the lemma. □ 
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Finally, we consider a third adjunction 

Q . B — ComrrinuiC) — > B — Mod B — Commnu{C) < — B — Mod : Z, 
where Q of an object C £ B — ComninuiC) is the push-out of S-modules 

C^bC — ^ C 

• ^Q{C), 

and Z sends a i?-niodule M to the non-unital B-algebra M endowed with the zero 
multiplication. Clearly, (Q, Z) is a Quillen adjunction and gives rise to an adjunction 
on the homotopy categories 

LQ : Ho(B - ComrrinuiC)) — > Ho(B - Mod) 

Ro{B - Commnu{C)) < — Ho(S - Mod) : Z. 

We can now conclude the proof of the proposition by chaining up the various adjunc- 
tion to get a string of isomorphisms in }io{SSet) 

Der^(i3,M) ~ Mapj^_(jg,-^j„(^Q/g{B, F{BiS)M)) ~ MapB-comm{c)/B 

{B®\B,B(S)M) 

- MapB-comm„^ic)m{B®\B),miB(BM)) ~ Afaps-Comm„„(C)(K/(-B®^B), Z(Af)) 
~ MapB-Mod{^QRI{B ®\ B),M). 

Therefore, L^/a ■= l^Q^I{B B) and the image of id G MapB-Mod{^B /Aj^b/a) 
gives what we were looking for. □ 

Remark 1.2.1.4. Proposition II . 2.1.^ implies that the two functors 

M MapB-Mod{^B/A,M) M ^ BerA{B, M) 

are isomorphic as objects in llo{{B — Mod°P)^). In other words. Prop. 1 1.2. 1.21 implies 
that the functor 3erA{B, — ) is co-representable in the sense of H AGIj . 

Definition 1.2.1.5. Let A — > B be a morphism in Comm{C). 

(1) The B -module I^b/a G Ho(i? — Mod) is called the cotangent complex of B 
over A. 

(2) When A = 1, we will use the following notation 

and Ls will be called the cotangent complex of B. 

Using the definition and proposition ! 1 . 2 . 1 !^ it is easy to check the following facts. 

Proposition 1.2.1.6. (1) Let A — > B — > C be two morphisms inComm{C). 

Then, there is a homotopy cofiber sequence in C — Mod 

^B/A ® s C* — > LcM — ^ ^C/B ■ 

(2) Let 

A ^B 

A' ^B' 

be a homotopy cofiber square in Co7nm{C). Then, the natural morphism 
Lb/a ®s B' — > Ls'M' 
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is an isomorphism in Ho(i?' — Mod). Furthermore, the natural morphism 



L 



B/A ®B 



B'\[L 



A' I A ®\' B' 



L 



B'/A 



is an isomorphism in Ho(i?' — Mod). 
(3) Let 

A 




be a homotopy cofiber square in Comm{C). Then the following square is 
homotopy cocartesian in B' — Mod 

La (E>\ B' ^Ls B' 



i)h, B' 



(4) For any commutative monoid A and any A-module M , one has a natural 
isomorphism in Ho(y4 — Mod) 



IlLQZ(M), 



L^eM ®A®M ^ - 

where 

Q : A — Commnu{C) — > A — Mod A — Commnu{C) ■* — A — Mod : Z 

is the Quillen adjunction used during the proof of \1.2.1.'M 

Proof. (1) to (3) are simple exercises, using the definitions and that for any 
morphism of commutative monoids A — > B, and any i?-module A/, the foUowing 
square is homotopy cartesian in Comm(C) (because of our assumption 1 1 . 1 . . l|l 



A®M ■ 



B(BM 



A- 



B. 



(4) We note that for any commutative monoid A, and any A-modulcs M and N, 
one has a natural homotopy fiber sequence 

MapA-Comm{C)/AiA ®M,A®N) > Mapcom,n{C)/A{A ®M,A®N)^ 

y Mapcomrn(C)/A{AA® N) , 

or equivalently using lemma [1.2.1.3l 

MapA-ModO^QZiM), N) — > Ber{A © M, N) — > Ber{A, N). 
This implies the existence of a natural homotopy cofiber sequence of A-modules 

La — > La©m (®a(bm a — > 1LQZ{M). 
Clearly this sequence splits in Ho(A — Mod) and gives rise to a natural isomorphism 



L 



AeM 'Sy'^mM 



A^hAY[hQZ{M). 



□ 
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The importance of derivations come from the fact that they give rise to infinites- 
imal extensions in the following way. Let A — > B he a morphism of commutative 
monoids in C, and M be a S-module. Let d : I^b/a — *■ M be a morphism in 
Ho(-B — Mod), corresponding to a derivation d G 7ro(lD)er^(B, M)). This derivation 
can be seen as a section d : B — > B(BM oi the morphism of commutative A-algcbras 
B(BM — > B. We consider the following homotopy cartesian diagram in the category 
of commutative A-algebras 

C ^B 

d 

B^^B®M 

where s : B — > B (B M is the natural section corresponding to the zero morphism 
^B/A — ^ M. Then, C — > B is a morphism of commutative A-algebras such that 
its fiber is a non-unital commutative ^-algebra isomorphic in Ho(^ — Commnu{C)) 
to the loop ^-module QM := * x\j* with the zero multiplication. In other words, C 
is a square zero extension of B by QM. It will be denoted by B (Bd ^M. The most 
important case is of course when A = B, and we make the following definition. 

Definition 1.2.1.7. Let A be a commutative monoid, M and A-module and 

d S 7roID)er(A, M) be a derivation given by a morphism, in d : A — > A (B M in 
B.o{Comm{C)/A). The square zero extension associated to d, denoted by A (Bd ^M, 
is defined as the homotopy pullback diagram of commutative monoids 

A ®d Q.M A 

d 

A J — ^ A ® M, 

where s is the natural morphism corresponding to the zero derivation. The top hori- 
zontal morphism A ®d OM — »• A will be called the natural projection. 

1.2.2. Hochschild homology 

For a commutative monoid A e Comm{C), we set 

THH{A) := S^(^^Ag Ro{Comm{C)), 

where S^i^^ denotes the derived external product of object in Comm{C) by the sim- 
plicial circle := A^/9A^. Presenting the circle has the homotopy push-out 

L 
* ]J * 

one gets that 

THH{A) ~ A 4 A. 
The natural point * — > induces a natural morphism in Ho(Comm(C)) 

A — > THH{A) 

making THH{A) as a commutative A-algebra, and as a natural object in Ho(A — 
Comm{C)). 

Definition 1.2.2.1. Let A be a commutative monoid in C. The topological 
Hochschild homology oi A (or simply Hochschild homology ) is the commutative A- 
algebra THH{A) := ®^ A. 
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More generally, if A — > B is a morphism of commutative monoids in C, the 
relative topological Hochschild homology of B over A (or simply relative Hochschild 
homology^ is the commutative A-algebra 

THH{B/A) THH{B) <E)thh(A) ^• 

By definition, we have for any commutative monoid B, 

Mapcom.ni{C}{THH{A),B) ~ MapsSet{S'^ , Mapcom.ni{C}{A B)). 

This implies that if / : A — > B is a morphism of commutative monoids in C, then 
we have 

MapA-Comm(C){THH{A),B) ~ nfMapcomm{C){A,B), 
where Q.fMapcomm{c){'^iB) is the loop space of Map(jg^^(j^-^{A, B) at the point /. 
More generally, if B and C are commutative y4-algebras, then 

MapA-Comm(C){THH{B/A),C) ~ MapsSet{S\ MapA-Comm(C){B,C)), 

and for a morphism / : B — > C of commutative ^-algebras 

MapB^ComMC){THH{B/A),C) ~ nfMapA-comm(c)iB,C). 

Proposition 1.2.2.2. (1) Let A — > B — > C be two morphisms in Comm{C). 

Then, the natural morphism 

THH{C/A) ®^THHiB/A) B THH{C/B) 

is an isomorphism in Ho(i3 — Comm{C)). 
(2) Let 

A- 




be a homotopy cofiber square in Comni{C). Then, the natural morphism 

THH{B/A) ®\ THH{A'/A) — > THH{B'/A) 
is an isomorphism in Ho(A — C'omm{C)). 
Proof. Exercise. □ 
1.2.3. Finiteness conditions 

We present here two different finiteness conditions for objects in model categories. 
The first one is valid in any model category, and is a homotopy analog of the notion 
of finitely presented object in a category. The second one is only valid for symmetric 
monoidal categories, and is a homotopy generalization of the notion of rigid objects 
in monoidal categories. 

Definition 1.2.3.1. A morphism x — > y in a proper model category M is finitely 
presented (we also say that y is finitely presented over x) if for any filtered diagram 
of objects under x, {zi}i^j € x/M , the natural morphism 

Hocolimi^iMapx/M{y, Zi) — > Map^/Miy, Hocolinii^iZi) 
is an isomorphism in }io{SSet). 

Remark 1.2.3.2. If the model category M is not proper the definition ll.2.3.l| has 
to be modified by replacing Map.j./M with Mapq^/M^ where Qx is a cofibrant model 
for X. By our assumption 1 1 . 1 . U . 1 1 all the model categories we will use are proper. 

Proposition 1.2.3.3. Let M be a proper model category. 
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(1) Finitely presented morphisms in M are stable by equivalences. In other 
words, if one has a commutative diagram in M 



f 



such that p and q are equivalences, then f is finitely presented if and only if 
f is finitely presented. 

(2) Finitely presented morphisms in M are stable by compositions and retracts. 

(3) Finitely presented morphisms in M are stable by homotopy push-outs. In 
other words, if one has a homotopy push-out diagram in M 



f 



f 

then f is finitely presented if f is so. 

Proof. (1) is clear as Map^/n,j{a, b) only depends on the isomorphism class of a 
and b as objects in the homotopy category Ho(x/A'/). 

(2) Let X — > y — > z be two finitely presented morphisms in M, and let {zi}i^i e 
x/M be a filtered diagrams of objects. Then, one has for any object t G x/M a 
fibration sequence of simplicial sets 

Mapy/M(z,t) — > Map^/M{z,t) — > Map^/M{y,t). 

As fibration sequences are stable by filtered homotopy colimits, one gets a morphism 
of fibration sequences 

HocolimiQiMapy/M{z, Zi) ^ Hocolimi^iMap^jMiz, Zi) ^ HocolimiQiMap^/M{y, Zi) 



Mapyij^{z, Hocolimi^iZi) s- Map^/j^{z, Hocolimi^iZi) s- Map^j^iy, Hocolimi^iZi 

and the five lemma tells us that the vertical arrow in the middle is an isomorphism 

in Ho(55ei). This implies that z is finitely presented over x. 

The assertion concerning retracts is clear since, if x — > y is a retract of x' — > y' , 
for any z € x/M the simplicial set Map^/M{y, z) is a retract of Map^'/Miy' , z). 

(3) This is clear since we have for any object t G x'/M, a natural equivalence 
Map^,IM{y', t) ~ Map^/M{y, t). □ 

Let us now fix /, a set of generating cofibrations in M. 

Definition 1.2.3.4. (1) An object X is a strict finite /-cell object, if there 
exists a finite sequence 



■X, 



■ Xr, 



X, 
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and for any < i < n a push-out square 

Xi XiJ^i 



with Ui E I . 

(2) An object X is a finite /-cell object (or simply a finite cell object when I is 
clear) if it is equivalent to a strict finite I-cell object. 

(3) The model category M is compactly generated if it satisfies the following 
conditions. 

(a) The model category AI is cellular (in the sense of 'Hi' §12] J. 

(b) There exists a set of generating cofibrations I , and generating trivial 
cofibrations J whose domains and codomains are cofibrant, lo- compact 
(in the sense of |Hil §10. 8] j and uj-small with respect to the whole cat- 
egory M . 

(c) Filtered colimits commute with finite limits in M. 

The following proposition identifies finitely presented objects when M is com- 
pactly generated. 

Proposition 1.2.3.5. Let M be a compactly generated model category, and I be a 
set of generating cofibrations whose domains and codomains are cofibrant, oj-compact 
and uj- small with respect to the whole category M . 

(1) A filtered colimit of fibrations (resp. trivial fibrations) is a fibration (resp. a 
trivial fibration). 

(2) For any filtered diagram Xi in M , the natural morphism 

HocolirriiXi — > ColimiXi 

is an isomorphism in Ho(M). 

(3) Any object X in M is equivalent to a filtered colimit of strict finite I-cell 
objects. 

(4) An object X in M is finitely presented if and only if it is equivalent to a 
retract, in Ho(M), of a strict finite I-cell object. 

Proof. (1) By assumption the domain and codomain of morphisms of / are lo- 
small, so M is finitely generated in the sense of jHoll §7]. Property (1) is then proved 
in |H3T1 §7]. 

(2) For a filtered category A, the colimit functor 

Colim : — > M 

is a left Quillen functor for the levelwise projective model structure on M . By (1) we 
know that Colim preserves trivial fibrations, and thus that it also preserves equiva- 
lences. We therefore have isomorphisms of functors Hocolim ~ 'hColim ~ Colim. 

(3) The small object argument (e.g. jHoll Thm. 2.1.14]) gives that any object 
X is equivalent to a /-cell complex Q{X). By w-compactness of the domains and 
codomains of /, Q{X) is the filtered colimit of its finite sub-/-cell complexes. This 
implies that X is equivalent to a filtered colimit of strict finite /-cell objects. 



(4) Let ^ be a filtered category, and Y G M"^ be a A-diagram. Let c{Y) — > 
R*{Y) be a Reedy fibrant replacement of the constant simplicial object c{Y) with 
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values Y (in the model category of simplicial objects in M^, see |Holl §5.2]). By 
(2), the induced morphisni 

c{ColimaeAya) — > ColimaeAR*(Ya) 

is an equivalence of simplicial objects in M^. Moreover, (1) and the exactness of 
filtered colimits implies that Colima(^AR*iXa) is a Reedy fibrant object in the model 
categroy of simplicial objects in M (as filtered colimits commute with matching ob- 
jects for the Reedy category A^p, see |Holl §5.2]). This implies that for any cofibrant 
and cj-small object K in M, we have 

HocolimaeAMap{K,Ya) ~ ColimaeAM ap{K ,Ya) ~ ColimaeAHom{K, R^{Ya)) ~ 

Hom{K,ColimaeAR*iYa)) — Map{K,ColimaeAYa)- 
This implies that the domains and codomains of / are homotopically finitely presented. 

As filtered colimits of simplicial sets preserve homotopy pull-backs, we deduce that 
any finite cell objects is also homotopically finitely presented, as they are constructed 
from domains and codomains of / by iterated homotopy push-outs (we use here that 
domains and codomains of / are cofibrant). This implies that any retract of a finite 
cell object is homotopically finitely presented. Conversely, let X be a homotopically 
finitely presented object in Ho{M), and by (3) let us write it as ColirriiXi, where 
Xi is a filtered diagram of finite cell objects. Then, [X, X] — Colimi[X, Xi], which 
implies that this identity of X factors through some Xi, or in other words that X is 
a retract in Ho{M) of some Xi. □ 

Now, let M be a symmetric monoidal model category in the sense of |Holl §4] . We 
remind that this implies in particular that the monoidal structure on Ad is closed, and 
therefore possesses Horn's objects Hom^^ (a;,y) G M satisfying the usual adjunction 
rule 

Hom(x, Honi nf z))) ~ Hom{x ® y, z). 

The internal structure can be derived, and gives on one side a symmetric monoidal 
structure — ®^ — on Ho(M), as well as Horn's objects R Hom j^(a;, v) G Ho(M) 
satisfying the derived version of the previous adjunction 

[x,MHomjvf(2/,z))] ~ [x ®^v,z]. 

In particular, if 1 is the unit of the monoidal structure of A^f, then 

[l,MHom^^(a;,y)] ~ [x,y\, 

and more generally 

MapA/(l,MHomjvj(x,?/)) ~ MapM{x,y). 

Moreover, the adjunction between — and RHom^^ extends naturally to an ad- 
junction isomorphism 

RHom^j(x,RHom^,^(y, z))) ~ RHom^,^(a; ^'^ y,z). 

The derived dual of an object x ^ M will be denoted by 

:= R Hom jj(a;,l). 

Definition 1.2.3.6. Let M be a symmetric monoidal model category. An object 
X € M is called perfect if the natural morphism 

X (g)'^ a;^ — > RHom^,^(a;, x) 

is an isomorphism in Ho(Af). 

Proposition f .2.3.7. Let M be a symmetric monoidal model category. 
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(1) If X and y are perfect objects in M, then so is x ®^ y. 

(2) If X is a perfect object in M , then for any objects y and z, the natural 
morphism 

R Hom jjfty, x 0^ z) — > R Hom ,,^(?/ ®^ x^ ,z) 

is an isomorphism in Ho(Af). 

(3) // X in perfect in M , and y G M , then the natural morphism 

WRom .Ax.v) -^x"" ®^y 

is an isomorphism in Ho(Af). 

(4) // 1 is finitely presented in M , then so is any perfect object. 

(5) // M is furthermore a stable model category then perfect objects are sta- 
ble by homotopy push-outs and homotopy pullbacks. In other words, if 

X y z is a homotopy fiber sequence in M , and if two of the 

objects X, y, and z are perfect then so is the third. 

(6) Perfect objects are stable by retracts in Ho(Af). 

Proof. (1), (2) and (3) are standard, as perfect objects are precisely the strongly 
dualizable objects of the closed monoidal category Ho(Af) (see for example |May2| ). 

(4) Let X be a perfect object in Af , and {zi]i^i be a filtered diagram of objects 
in M . Let x^ := M. IIom (x. 1) the dual of x in Ho(A/). Then, we have 

MapM{x, HocolimiZi) ~ MapMi^^x^ ®^ HocolimiZi) ~ MapM{^,IIocolimiX^ (i)^Zi) 

~ HocolimiMapMi^, x^ ®^ Zi) ~ IIocolimiAIapM{x, Zi). 

(5) Let X ^ y ^ z be a homotopy fiber sequence in M . It is enough to 

prove that if y and z are perfect then so is x. For this, let x^, and the duals of 
X, y and z. 

One has a morphism of homotopy fiber sequences 

X ®^ z^ ^ X ®^ y^ ^ X ®^ x^ 



MHom^.j (z, x) 5- KHom^.j (y, x) ^ MHomj^^ (x, x) . 

The five lemma and point (3) implies that the last vertical morphism is isomorphism, 
and that x is perfect. 

(6) If X is a retract of y, then the natural morphism 
X ®^ x^ — R Hom „ (x, x) 

is a retract of 

□ 

The following corollary gives a condition under which perfect and finitely pre- 
sented objects are the same. 

Corollary 1.2.3.8. Suppose that M is a stable and compactly generated sym- 
metric monoidal model category with 1 being uj- compact and cofibrant. We assume 
that the set I of morphisms of the form 

5" 1 — > A"+i ® 1 
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is a set of generating cofibration for M . Then an object x in M is perfect if and only 
if it is finitely presented, and if and only if it is a retract of a finite I-cell object. 

Proof. This essentially follows from Prop. 11.2.3.51 and Prop. 11.2.3.71 the only 
statement which remains to be proved is that retract of finite /-cell objects are perfect. 
But this follows from the fact that 1 is always perfect, and from Prop. 11.2.3.71 (5) 
and (6). □ 

Remark 1.2.3.9. The notion of finitely presented morphisms and perfect objects 
depend on the model structure and not only on the underlying category M. They 
specialize to the corresponding usual categorical notions when M is endowed with the 
trivial model structure. 

1.2.4. Some properties of modules 

In this Section we give some general notions of flatness and projectiveness of 
modules over a commutative monoid in C. 

Definition 1.2.4.1. Let A G Comm(C) be a commutative monoid, and M be an 
A-module. 

(1) The A-module M is flat if the functor 

-®\M : Ho(A - Mod) — > Ho(A - Mod) 

preserves homotopy pullbacks. 

(2) The A-module M is projective if it is a retract in Ho(y4 — Mod) of \^ A 
for some V-small set E. 

Proposition 1.2.4.2. Let A — > B be a morphism of commutative monoids in 

C. 

(1) The free A-module A" of rank n is flat. Moreover, if infinite direct sums in 
}io(A — Mod) commute with homotopy pull-backs, then for any \]-small set 
E, the free A-module \^ A is flat. 

(2) Flat modules in Ho(A — Mod) are stable by derived tensor products, finite 
coproducts and retracts. 

(3) Projective modules in Ho(j4 — Mod) are stable by derived tensor products, 
finite coproducts and retracts. 

(4) If M is a flat ( resp. projective ) A-module, then M ®\ B is a fiat ( resp. 
projective) B -module. 

(5) A perfect A-module is flat. 

(6) Let us suppose that 1 is a finitely presented object in C. Then, a projective 
A-module is finitely presented if and only if it is a retract of A for some 
finite set E. 

(7) Let us assume that 1 is a finitely presented object in C. Then, a projective 
A-module is perfect if and only it is finitely presented. 

Proof. (1) to (4) are easy and follow from the definitions. 

(5) Let M be a perfect A-module, and A/^ := R Hom jM, A) be its dual. Then, 
for any homotopy cartesian square of A-modulcs 

P 



P' Q', 
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the diagram 

P®\M ^ Q®\M 

P' ®\ M ^ Q' ®\ M 

is equivalent to 

R Hom jM'-',P') *- RHom,j^{M'',Q'), 

which is again honiotopy cartesian by the general properties of derived internal Horn's. 
This shows that - ®^ M preserves homotopy puUbacks, and hence that M is flat. 

(6) Clearly, if i? a finite set, then Jj"^ A is finitely presented object, as for any 
A-module M one has 

E 

Therefore, a retract of Jj'^ A is also finitely presented. 

Conversely, let M be a projective A-module which is also finitely presented. Let 
i : M — > \^ A be a morphism which admits a retraction. As \^ A is the colimit 
of U'^jj A, for E(j running over the finite subsets of E, the morphism i factors as 

L L 

M^]lA^]\A 

Eq e 

for some finite subset Eq C E. This shows that M is in fact a retract of \^ A. 

(7) Using Prop. I1.2.3.7l f4) one sees that if M is perfect then it is finitely presented. 
Conversely, let M be a finitely presented projective A-module. By (6) we know that 
M is a retract of for some finite set E. But, as E is finite, U^; ^ is perfect, 
and therefore so is M as a retract of a perfect module. □ 

1.2.5. Formal coverings 

The following notion will be highly used, and is a categorical version of faithful 
morphisms of afhne schemes. 

Definition 1.2.5.1. A family of morphisms of commutative monoids {/^ : A — > 
Bi}iei is a formal covering if the family of functors 

{Lf* : Ho(A - Mod) — > Ho(Si - Mod)}iei 

is conservative (i.e. a morphism u in Ho(yl — Mod) is an isomorphism if and only if 
all the Lif*{u) are isomorphisms). 

The formal covering families are stable by equivalences, homotopy push-outs and 
compositions and therefore do form a model topology in the sense of [HAGII Def. 
4.3.1] (or Def. 11.3.1. ill . 

Proposition 1.2.5.2. Formal covering families form a model topology (Def. M.'d.l.l}) 
on the model category Comm{C). 
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Proof. Stability by equivalences and composition is clear. The stability by 
honiotopy push-outs is an easy consequence of the transfer formula Prop. 11.1.0.81 □ 

1.2.6. Some properties of morphisms 

In this part we review several classes of morphisms of commutative monoids in C, 
generalizing the usual notions of Zariski open immersions, unramified, etale, smooth 
and flat morphisms of afline schemes. It is interesting to notice that these notions 
make sense in our general context, but specialize to very different notions in various 
specific cases (see the examples at the beginning of each section >i2.1\ W2.2\ W2.'6\ and 

Definition 1.2.6.1. Let f : A — > B be a morphism of commutative monoids in 

C. 

(1) The morphism f is an epimorphism if for any commutative A-algebra C the 
simplicial set MapA-Comm{C){B , C) is either empty or contractible. 

(2) The morphism f is fiat if the induced functor 

hf* : Ho(A - Mod) — > Ho(B - Mod) 

commutes with finite homotopy limits. 

(3) The morphism f is a formal Zariski open immersion if it is flat and if the 
functor 

/, : Ho(B - Mod) — > Ro{A - Mod) 
is fully faithful. 

(4) The morphism f is formally unramified i/L^/^ ~ m IIo(_B — Mod). 

(5) The morphism f is formally etale if the natural morphism 

La^aB — > Ls 

is an isomorphism in IIo(i? — Mod). 

(6) The morphism f is formally thh-etale if the natural morphism, 

B — > THH{B/A) 
is an isomorphism in }io{Comm{C)). 

Remark 1.2.6.2. One remark concerning our notion of epimorphism of commu- 
tative monoids is in order. First of all, in a category C (without any model structure) 
having fiber products, a morphism x — > y is a monomorphism if and only the diag- 
onal morphism x — > x x x is an isomorphism. A natural generalization of this fact 
gives a notion of monomorphism in any model category M, as a morphism x — > y 
whose diagonal x — > x Xy x is a.n isomorphism in Ho(M). Equivalently, the mor- 
phism X — > y is a monomorphism if and and only if for any z g M the induced 
morphism of simplicial sets MapMiz, x) — *■ MapMiz,y) is a monomorphism in the 
model category SSet. Furthermore, it is easy to check that a morphism / : K — > L 
is a monomorphism in the model category SSet if and only if for any s G L the 
homotopy fiber of / at s is either empty or contractible. Therefore we see that a mor- 
phism A — > B in Comm{C) is an epimorphism in the sense of Def. 11.2.6.11 (1) if and 
only if it is a monomorphism when considered as a morphism in the model category 
Comm{C)°P , or equivalently if the induced morphism B B — > B is an isomor- 
phism in Ho(Com77i(C)). This justifies our terminology, and moreover shows that 
when the model structure on the category M is trivial, an epimorphism in the sense 
of our definition is nothing else than an epimorphism in M in the usual categorical 
sense. 
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Proposition 1.2.6.3. Epimorphisms, flat morphisms, formal Zariski open im- 
mersions, formally unramified morphisms, formally etale morphisms, and formally 
thh-etale morphisms, are all stable by compositions, equivalences and homotopy push- 
outs. 

Proof. This is a simple exercise using the definitions and Propositions 11.1.0.81 
[12221 and [12321 □ 

The relations between all these notions are given by the following proposition. 

Proposition 1.2.6.4. (1) A morphism f : A — > B is an epimorphism if 

and only if the functor 

/, : Ho(B - Mod) — > Ho(A - Mod) 

is fully faithful. 

(2) A formal Zariski open immersion is an epimorphism. A flat epimorphism 
is a formal Zariski open immersion. 

(3) A morphism f : A > B of commutative monoids is formally thh-etale if 

and only if for any commutative A-algebra C the simplicial set 

MapA^Comm(C){B, C) 

is discrete (i.e. equivalent to a set). 

(4) A formally etale morphism is formally unramified. 

(5) An epimorphism is formally unramified and formally thh-etale. 

(6) A morphism f : A — > B in Comm(C) is formally unramified if and only 
the morphism 

B®\B — >B 

is formally etale. 

Proof. (1) Let / : A — > i? be a morphism such that the right Quillen functor 
/* : B — Mod — > A — Mod induces a fully faithful functor on the homotopy categories. 
Therefore, the adjunction morphism 

M(^\B — > M 

is an isomorphism for any M G Ho(_B — Mod). In particular, the functor 

/* : Ho(S - Comm{C)) — > Ho(A - Comm{C)) 

is also fully faithful. Let C be a commutative ^-algebra, and let us suppose that 
Mapj^_Qoj^jji(^Q^(B , C) is not empty. This implies that C is isomorphic in Ho(A — 
Comm{C)) to some f*{C') for C E Ilo{B — Comm{C)). Therefore, we have 

MapA^Cor,im(C){B,C) ~ M ap A-CommioU *{B) J*[C' )) ~ MapB-Comm(C){B ,C') ~ *, 

showing that / is a epimorphism. 

Conversely, let / : A — > B be epimorphism. For any commutative A-algebra C, 
we have 

MapA~Co7nm(C){B,C) ~ MapA-Comm{C){B , C) X M ap A-Comm(C){B , C) , 

showing that the natural morphism B ®\ B — > B is an isomorphism in Ho(A — 
Comm{C)). This implies that for any B-module M, we have 

M B ~ M (g)"^ {B (g)\ B) ~ M, 

or in other words, that the adjunction morphism M — > /*L/*(Af) ~ Af B is an 
isomorphism in Ho(-B — Mod). This means that /* : Ho(i? — Mod) — > Ho(v4 — Mod) 
is fully faithful. 
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(2) This is clear by (1) and the definitions. 

(3) For any morphism of commutative A-algebras, / : B — > C we have 

MapB-comMC)iTHH{B /A),C)) ~ ^lfMapA_comm{c)i.B,C). 

Therefore, B — > THH{B/A) is an equivalence if and only if for any such / : B — > C, 
the simplicial set VLfMapA_comm(c){B, C) is contractible. Equivalently, / is formally 
thh-etale if and only if Mapj^^comm{c){B,C) is discrete. 

(4) Let / : A — > B he a, formally etale morphism of commutative monoids in C. 
By Prop. 11.2.1.61 fl). there is a homotopy cofiber sequence of B-modules 

1La®aB — > Lb — > l^B/A, 

showing that if the first morphism is an isomorphism then Iib/a — * and therefore 
that / is formally unramified. 

(5) Let / : A — > B an epimorphism. By definition and (3) we know that / 
is formally thh-etale. Let us prove that / is also formally unramified. Let M be a 
B-module. As we have seen before, for any commutative i3-algebra C, the adjunction 
morphism C — > C (E)\ B is an isomorphism. In particular, the functor 

: Ho(B - Comm{C)/B) — > Ho(A - Comm{C)/B) 

is fully faithful. Therefore we have 

I])erA{B,M) ~ MapA-Comn,{C)/B{B,B ® M) ~ MapB-Cornm{C)/B{B, B ® M) ~ *, 

showing that Der^(i3, M) ~ * for any S-module M, or equivalently that I^b/a — *■ 

(6) Finally, Prop. 11.2.1.61 (2') shows that the morphism B B — > B is formally 
etale if and only if the natural morphism 

L_b/a]J^Lb/A ^^B/A 

is an isomorphism in }io(B — Mod). But this is equivalent to Iib/a — *• ^ 

In order to state the next results we recall that as C is a pointed model category 
one can define a suspension functor (see [HoTl §7]) 

S: Ho(C) — > Ho(C) 

This functor possesses a right adjoint, the loop functor 

n : Ho(C) — > Ho(C) 

X ^ r2(X):=*x^*. 

Proposition 1.2.6.5. Assume that the base model category C is such that the 
suspension Junctor S : Ho(C) > IIo(C) is fully faithful. 

(1) A morphism of commutative monoids in C is formally Stale if and only if it 
is formally unramified. 

(2) A formally thh-etale morphism of commutative monoids in C is a formally 
etale morphism. 

(3) An epimorphism of commutative monoids in C is formally etale. 
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Proof. (1) By the last proposition we only need to prove that a formally un- 
ramified morphism is also formally etale. Let / : A — > B be such a morphism. By 
Prop. II. 2.1. til (1) there is a homotopy cofiber sequence of S-modules 

La<»\B >hB — > *. 

This implies that for any B-module M, the homotopy fiber of the morphism 

Ber{B, M) — > ©er(A, M) 

is contractible, and in particular that this morphism induces isomorphisms on all 
higher homotopy groups. It remains to show that this morphism induces also an 
isomorphism on ttq. For this, we can use the hypothesis on C which implies that the 
suspension functor on Ho(i? — Mod) is fully faithful. Therefore, we have 

7ro(Der(B,M)) ~ T:o{Oer{B ,nS{M))) ~ 7ri(Der(S, ^Af)) ~ 

~ TTi{Oer{A,SM)) ~ 7ro(Der(^, M)). 

(2) Let A — > _B be a formally thh-etsXe morphism in C'omm(C). 

As MapA-Comm{c)iB, C) is discrete for any commutative A-algebra C, the simplicial 
set Deryi(S,M) is discrete for any S-module M. Using the hypothesis on C we get 
that for any i3-module M 

7To{BerA{B,M)) 2± Tro{BerA{B,nS{M))) ~ tti (Der^ (J5, S'M)) ~ 0, 

showing that I}erA{B,M) ~ and therefore that hg/A — *■ This implies that / is 
formally unramified, and therefore is formally etale by the first part of the proposition. 

(3) This follows from (2) and Prop. \i.'2.(iA\ (5). □ 

The hypothesis of Proposition 11.2. 6"5l saving that the suspension is fully faithful 
will appear in many places in the sequel. It is essentially equivalent to saying that the 
homotopy theory of C can be embedded in a stable homotopy theory in such a way 
that homotopy colimits are preserved (it could be in fact called left semi- stable). It is 
a very natural condition as many statements will then simplify, as shown for example 
by our infinitesimal theory in §3. 

COROLLARY 1.2.6.6. Assume furthermore that C is a stable model category, and 
let f : A — > B be a morphism of commutative monoids in C. The following are 
equivalent. 

(1) The morphism f is a formal Zariski open immersion. 

(2) The morphism f is an epimorphism. 

(3) The morphism f is a formally etale epimorphism. 

Proof. Indeed, in the stable case all base change functors commute with limits, 
so Prop. I1.2.6.4l fl) and (2) shows that formal Zariski open immersions are exactly the 
epimorphisms. Furthermore, by Prop. 11.2.6.41 (5) and Prop. II. 2. 6. 51 all epimorphisms 
are formally etale. □ 

Definition 1.2.6.7. A morphism of commutative monoids in C is a Zariski open 
immersion (resp. unramified, resp. etale, resp. thh-etale) if it is finitely presented (as 
a morphism in the model category Comm{C) ) and is a formal Zariski open immersion 
(resp. formally unramified, resp. formally etale, resp. formally thh-etale). 

Clearly, using what we have seen before, Zariksi open immersions, unramified 
morphisms, etale morphisms, and thh-etale morphisms are all stable by equivalences, 
compositions and push-outs. 
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1.2.7. Smoothness 

We define two general notions of smootliness, both different generalizations of the 
usual notion, and both useful in certain contexts. A third, and still different, notion 
of smoothness will be given in the next section. 

Definition 1.2.7.1. Let f : A — > B be a morphism of commutative algebras. 

(1) The morphism f is formally perfect (or simply fpj if the B -module 'Lb /A "is 
perfect (in the sense of Def. \1.2.3.b]) . 

(2) The morphism f is formally smooth if the B -module Lb/a projective (in 
the sense of Def. \1.2.4.1\l and if the morphism 

'La®\B — > Ls 

has a retraction in Ho(_B — Mod). 

Definition 1.2.7.2. Let f : B — > C be a morphism of commutative algebras. 
The morphism f is perfect, or simply p, (resp. smoothj if it is finitely presented (as 
a morphism in the model category Comm{C)) and is fp (resp. formally smooth). 

Of course, (formally) etalc morphisms are (formally) smooth morphisms as well 
as (formally) perfect morphisms. 

Proposition 1.2.7.3. The fp, perfect, formally smooth and smooth morphisms 
are all stable by compositions, homotopy push outs and equivalences. 

Proof. Exercise. □ 

1.2.8. Infinitesimal lifting properties 

While the first two notions of smoothness only depend on the underlying symmet- 
ric monoidal model category C, the third one, to be defined below, will also depend 
on the HA context we are working in. 

Recall from Definition 1 1 . 1 . (J . ill that an HA context is a triplet (C,Co, A), consisting of 
a symmetric monoidal model category C, two full sub-categories stable by equivalences 

Co C C Ac Comm{C), 

such that: 

• 1 G Co, Co is closed under by U-small homotopy colimits, and X 0^ Y S 
Ho(Co) if X and Y in Ho(Co). 

• any A C A is Co-good (i.e. the functor 

Ro{A - Mod) — > Ho((A - Afod"^)^) 
is fully faithful); 

• assumptions 11.1.0. II 11.1.0.21 11.1.0.31 11.1.0.41 11.1.0.61 are satisfied. 

Recall also that Ci is the full subcategory of C consisting of all objects equivalent to 
suspensions of objects in Co, Comm{C)Q the full subcategory of Comm{C) consisting 
of commutative monoids whose underlying C-object is in Co, and, for A £ Comm{C), 
A — Modo (resp. A — Modi, resp. A — Comm{C)o) is the full subcategory of A — Mod 
consisting of A-modules whose underlying C-object is in Co (resp. of A — Mod consist- 
ing of ^-modules whose underlying C-object is in Ci, resp. of A~Comm{C) consisting 
of commutative A-algebras whose underlying C-object is in Co). 

Definition 1.2.8.1. Let f : A — > B be a morphism in Comm{C). 
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(1) The morphism f is called formally infinitesimally smooth relative to the 

HA context {C,Cq,A) (or simply formally i-smooth when the HA context is 
clear) if for any R & A, any morphism A — > R of commutative monoids, 
any M G R — Modi, and any d e 7ro(ID)erA(^?, M)), the natural morphism 

TTo {MapA-Comm{C){B, R ®d ^M)) > TTq {MapA-Comm{C){B, R)) 

is surjective. 

(2) The morphism f is called i-smooth if it is formally i-smooth and finitely 

presented. 

The following proposition is immediate from the definition. 

Proposition 1.2.8.2. Formally i-smooth and i-smooth morphisms are stable by 
equivalences, composition and homotopy push-outs. 

The next result provides a criterion for formally i-smooth morphisms in terms of 
their cotangent complexes. 

Proposition 1.2.8.3. A morphism f : A — > B is formally i-smooth if and only 
if for any morphism B — > R with R & A, and any R-module M £ R — Modi, the 
natural morphism 

[hR/A,M] ~ TToi^erAiR, M))) Tro{DerA{B, M)) ~ [I^b/a, M]B-Mod 
is zero. 

Proof. Let us first assume that the condition of the proposition is satisfied. 
Let us consider R & A, & morphism A — > R, an ii-module M G R — Modi and 
d e 7ro{]D)erA{R, M)). The homotopy fiber of the natural morphism 

MapA-Comm{C)iB,R®d^M) > MapA-Comm{C){B,R) 

taken at some morphism B — > R in Ho(ComTO(C)), can be identified with the path 
space PathQ^ii'^erA{B,M) from to d' in OerA{B,M), where d' is the image of d 
under the natural morphism 

7ro(DerA(i?,M)) 7ro(DerA(B, M)). 

By assumption, and d' belong to the same connected component of JierA{B,M), 
and thus we see that Patho,d'^srA{B , M) is non-empty. We have thus shown that 

MapA-Co7nm(C){B, R ®d ^M) > MapA-Comm{C){B, R) 

has non-empty homotopy fibers and therefore that 

TTO {MapA-Comm{C){B,R®d ^M)) > TTq {MuPa —Comm{C) 

{B,R)) 

is surjective. The morphism / is therefore formally i-smooth. 

Conversely, let R £ A, A — > R a morphism, M e R-Modi and d e 7ro(lD'erA(-R, M)). 
Let A — > i? be a morphism of commutative monoids. We consider the diagram 

A ^ R[9.dM] ^ R 



B ^ R — ^ R®M. 

The homotopy fiber of 

MapA-Comm(e){B, R ®d ^M) — > MapA-Comm(e){B, R) 
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is non-empty because / is formally i-smooth. By definition this means that the image 
of d by the morphism 

7ro(DeM(i?,Af)) — > Tro{BerA{B, M)) 
is zero. As this is true for any d, this finishes the proof of the proposition. □ 

Corollary 1.2.8.4. (1) Any formally unramified morphism is formally i- 

smooth. 

(2) Assume that the suspension functor S is fully faithful, that Ci = C (so that 
in particular C is stable), and A — Comm(C). Then formally i-smooth 
morphisms are precisely the formally Stale morphisms. 

Proof. It follows immediately from ll.2.0l □ 

Corollary 1.2.8.5. We assume that for any M e Ci one has [l,Af] = 0. Then 
any formally smooth morphism is formally i-smooth. 

Proof. By Prop. 11.2.8.31 and definition of formal smoothness, it is enough to 
show that for any commutative monoid A £ C, any A-module M G A — Modi and any 
projective A-module P we have [P, M] — 0. By assumption this is true for P = A, 
and thus also true for free A-modules and their retracts. □ 

1.2.9. Standard localizations and Zariski open immersions 

For any object yl G C, we can define its underlying space as 

\A\ := Mapc{l,A) e }io{SSetv). 

The model category C being pointed, the simplicial set \A\ has a natural base point 
* G 1^1, and one can therefore define the homotopy groups of A 

n,{A) 7r,;(|A|,*). 

When A is the underlying object of a commutative monoid A G Comm{C) one has 
by adjunction 

7ro(A) = 7ro(Afapc(l,^)) - [l,^]c - [A,A]A-Mod. 

Since A is the unit of the monoidal structure on the additive category Ho (A — Mod), 
the composition of endomorphisms endows ttq {A) with a multiplicative structure mak- 
ing it into a commutative ring. More generally, the category Ho(A — Mod) has a nat- 
ural structure of a graded category (i.e. has a natural enrichment into the symmetric 
monoidal category of N-graded abelian groups), defined by 

[M,N], := ®^[S'(N),M] ~ ©,[iV,ff(M)], 

where S'* is the i-fold iterated suspension functor, and fi* the i-fold iterated loop func- 
tor. Therefore, the graded endomorphism ring of the unit A has a natural structure 
of a graded commutative ring. As this endomorphism ring is naturally isomorphic to 

7r,(A) := ®^^T^{A), 

we obtain this way a natural structure of a graded commutative ring on 7r*(A). This 
clearly defines a functor 

TT, ; Ho(ComTO(C)) — > GComm, 

from }io{Comm{C)) to the category of N-graded commutative rings. 

In the same way, for a commutative monoid A G Comm(C), and a A-module M , 
one can define 

7r,(Af) 7r,(|Af|) 7r,(A/apA-Mo<i(A M)), 
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which has a natural structure of a graded tt, (A)-module. This defines a functor 

TT, : Ho(A - Mod) — > n^{A) ~ GMod, 

from Ho(A — Mod) to the category of N-graded 7r*(A)-niodules. 

Proposition 1.2.9.1. Let A G Comm{C) be a commutative monoid in C, and 
a G 7ro(A). There exists an epimorphism A — > A[a'^'^], such that for any commutative 
A-algebra C, the simplicial set Mapj^_Qi^^^i^c^{A[a~^],C) is non-empty (and thus 
contractible) if and only if the image of a in 7ro(C) by the morphism tto{A) — > 7ro(C) 
is an invertible element. 

Proof. We represent the element a as a morphism in Ilo{A~ Mod) a : A — > A. 
Taking the image of a by the left derived functor of the free commutative A-algebra 
functor (which is left Quillen) 

Fa: A -Mod — > A- Comm{C) 

we find a morphism in Ho(y4 — Comm{C)) 

a:l.FA{A) — >I.Fa{A). 

As the model category A — Comm{C) is a U-combinatorial model category, one can 
apply the localization techniques of in order to invert any U-small set of morphisms 
in A - Comm{C) (see Sml IPu2| ). We let LaA ~ Comm{C) be the left Bousfield 
localization of A — Comm(C) along the set of morphisms (with one element) 

Sa -.^{a-.hFAiA) ^I.Fa{A)}. 

We define A[a~^] £ Ho(A — Comm{C)) as a local model of A in LaA — Comm{C), 
the left Bousfield localization oi A — Comm{C) along Sa- 

First of all, the So-local objects are the commutative A-algebras B such that the 
induced morphism 

a* : MapA-Mod{A,B) — > MapA-Mod{A,B) 

is an equivalence. Equivalently, the multiplication by a G 7ro(v4.) 

xa : 7r,(B) — > 7r»(i?) 

is an isomorphism. This shows that the S'^-local objects are the commutative A- 
algebras A — > B such that the image of a by 7ro(A) — > t^o{B) is invertible. 

Suppose now that C G A — Commifi) is such that MapA-Comm{c){M'^''~^]^ ^) 
not empty. The morphism Tro(j4) — > 7ro(C) then factors through 7ro(A[a^^]), and 
thus the image of a is invertible in 7ro(C). Therefore, C is a S'a-local object, and thus 

MapA^Cornm(C){Mo-^^]^C) ~ M apA-CommioiA, C) ~ *. 

This implies that A — > yl[a^^] is an epimorphism. It only remain to prove that 
if C G A ~ Comm{C) is such that the image of a is invertible in 7ro(C), then 
MapA-comm{c){^[0'~'^],C) IS non-cmpty. But such a C is a S'a-local object, and 
therefore 

* ~ MapA-CommioiA C) ~ MapA-Com7n{C){M0'^^]i C) . 

□ 

Definition 1.2.9.2. Let A G Comm{C) and a G 7ro(A). The commutative A- 
algebra A[a~^] is called the standard localization of A with respect to a. 
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A useful property of standard localizations is given by the following corollary of 
the proof of Prop. 11.2.9.11 In order to state it, we will use the following notations. For 
any A S Comm{C) and a G 'Kq{A), we represent a as a morphism in Ho(A — Mod), 
A — > A. Tensoring this morphism with M gives a morphism in Ho(A — Mod), 
denoted by 

xa: M — > M. 

Corollary 1.2.9.3. Let A e Comm{C), a e tto{A) and let f : A — > ^[a"^] be 
as in Prop. \1.2.9.1\ 

(1) The Junctor 

Ho(A[a~i] - Com.m{C)) — > Ho(.4 - Com.m{C)) 

is fully faithful, and its essential image consists of all commutative B -algebras 
such that the image of a is invertible in t:q{B). 

(2) The functor 

/, : Ho(A[a"i] - Mod) — > Ho(A - Mod) 

is fully faithful and its essential image consists of all A-modules M such that 
the multiplication by a 

xa: M — > M 
is an isomorphism in }io{A — Mod). 

Proof. (1) The fact that the functor is fully faithful is immediate as / is an 
epimorphism. The fact that the functor /* takes its values in the required subcategory 
is clear by functoriality of the construction tt^ . 

Let _B be a commutative A-algebra such that the image of a is invertible in 7ro(-B). 
Then, we know that _B is a ^a-local object. Therefore, one has 

MapA~Comm{C){A[a^^], B) ~ MapA-Comm{C){A B) ~ 

showing that B is in the image of 

(2) The fact that is fully faithful follows from Prop. 11.^.6.41 (1). Let M 6 

A[a^^] — Mod and let us prove that the morphism xa: M — > M is an isomorphism 
in Ho(A — Mod). Using that A — > y4[a^^] is an epimorphism, one finds M 
M ®\ A[a~^], which reduces the problem to the case where M = A[a~^]. But then, 
the morphism xa : A[a~^] — > A[a~^], as a morphism in Ho(A[a^^] — Mod) lives in 
[A[a~"'^], j4[a^^]] ~ 7ro(A[a^^]), and correspond to the image of a by the morphism 
'Kq{A) — > 7ro(A[a~^]), which is then invertible. In other words, xa : A[a^^] — > 
A[a~^] is an isomorphism. 

Conversely, let M be an A- module such that the morphism xa : M — > M is an 
isomorphism in IIo(A — Mod). We need to show that the adjunction morphism 

M — > M A[a"i] 

is an isomorphism. For this, we use that the morphism A — > A[a~^] can be con- 
structed using a small object argument with respect to the horns over the morphism 
a : 1^Fa{A) — > hFA{A) (see |Hil 4.2]). Therefore, a transfinite induction argument 
shows that it is enough to prove that the morphism induced by tensoring 

a® Id: LFa(A) ®^ M ~ 1LFa{M) — > LFa(A) ®\ M ~ LFa(M) 

is an isomorphism in Ho(yl — Mod). But this morphism is the image by the functor 
L,Fa of the morphism xa : M — > M, and is therefore an isomorphism. □ 
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Proposition 1.2.9.4. Let A e Comm{C), a e Tro{A) and A — > A[a^^] the 
standard localization with respect to a. Assume that the model category C is finitely 
generated (in the sense of jHol) ). 

(1) The morphism A > A[a~^] is a formal Zariski open immersion. 

(2) // 1 is a finitely presented object in C, then A > yl[a^"'^] is a Zariski open 

immersion. 

Proof. (1) It only remains to show that the morphism A — > yl[a~^] is flat. 
In other words, we need to prove that the functor M M ®\ A[a~^], preserves 
homotopy fiber sequences of A-modules. 

The model category A — Mod is U-combinatorial and finitely generated. In par- 
ticular, there exists a U-small set G of w-small cofibrant objects in A — Mod, such 
that a morphism N — > P is an equivalence in A — Mod if and only if for any X ^ G 
the induced morphism MapA-Mod{X, N) — > MapA-Aiod{X, P) is an isomorphism 
in }io{SSet). Furthermore, filtered homotopy colimits preserve homotopy fiber se- 
quences. For any A-module M, we let Ma be the transfinitc homotopy colimit 



where the morphism xa is composed with itself cj-times. 

The functor M i— > Ma commutes with homotopy fiber sequences. Therefore, it 
only remain to show that Ma is naturally isomorphic in }io(A — Mod) to M(g)'^yl[a~^]. 
For this, it is enough to check that the natural morphism M — > Ma induces an 
isomorphism in Ho(A — Mod) 

M®\A[a~^] ~ iMa)®\A[a-% 

and that the natural morphism 

(Ma) ®\ Ma 

is an isomorphism in Ho (A — Mod). The first assumption follows easily from the 
fact that — ®\ A[a~^] commutes with homotopy colimits, and the fact that xa : 
A[a~^] — > A[a~^] is an isomorphism in IIo(yl — Mod). For the second assumption 
we use Cor. 11.2.9.31 {2). which tells us that it is enough to check that the morphism 

xa : Ma — > Ma 

is an isomorphism in IIo(A — Mod). For this, we need to show that for any X ^ G 
the induced morphism 

MapA-Mod{X,Ma) > MapA-Mod{X,Ma) 

is an isomorphism in Ho(S'5ei). But, as the objects in G are cofibrant and tj-small, 
MapA-Mod{X, —) commutes with o^-filtered homotopy colimits, and the morphism 

MapA-Mod{X,Ma) > MapA-Mod{X,Ma) 

is then obviously an isomorphism in Yio{SSet) by the construction of Ma. 

(2) When 1 is finitely presented, one has for any filtered diagram of commutative 
A-algebras Bi an isomorphism 

ColimiTT^^^Bi) ~ n,,{HocolimiBi). 

Using that A{apA-comm(c){^[0'^^]7 B) is either empty or contractible, depending 
whether of not a goes to a unit in n^{B), we easily deduce that 

Hocolim^MapA^Comm{c)iA[a^^],Bi) ~ MapA-corn7nic)iA["-^^]^ HocolimiB^). 

□ 
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We can also show that the natural morphism A — > A[a ^] is a formally etale 
morphism in the sense of Dcf. 11.2.6.11 

Proposition 1.2.9.5. Let A e Comm{C) and a G 7ro(A). Then, the natural 
morphism A > j4[a~^] is formally etale. 

Proof. Let M be any yl[a^^]-niodule. We need to show that the natural mor- 
phism 

MapA-Conini(C)/A[a-^] (^[a^^] , A[a^^]®M) > MapA-Comm(C)/A[a-^] {A A[a^^]®M) 

is an isomorphism in Ho(S'S'et). Using the universal property of A — > A[a^^] given 
by Prop. 11.2.9.11 we see that it is enough to prove that for any B £ Comm{C), and 
any B- module M the natural projection tto{B © M) — > t^o{B) reflects invertible 
elements (i.e. an element in tto{B © M) is invertible if and only its image in tto{B) is 
so). But, clearly, tto{B © M) can be identified with the trivial square zero extension 
of the commutative ring t:q{B) by 7ro(M), which implies the required result. □ 

Corollary 1.2.9.6. Assume that the model category C is finitely presented, and 
that the unit 1 is finitely presented in C. Then for any A S Comm{C) and a G t:o{A), 
the morphism A — > yl[a~^] is an etale, flat epimorphism. 

Proof. Put 11.2.9.41 and ll. 2.9.51 together. □ 

1.2.10. Zariski open immersions and perfect modules 

Let A be a commutative monoid in C and K be a perfect yl-module in the sense 
of Def. 11.2.3.61 We are going to define a Zariski open immersion A — > Ak, which 
has to be thought as the complement of the support of the A-module K. 

Proposition 1.2.10.1. Assume thatC is stable model category. Then there exists 
a formal Zariski open immersion A — > Ak , such that for any commutative A-algebra 
C , the simplicial set 

MapA-Commioi^K, C) 

is non-empty (and thus contractible) if and only if K ®^ C ^ * in Ho(C — Mod). If 
the unit 1 is furthermore finitely presented, then A — > Ak is finitely presented and 
thus is a Zariski open immersion. 

Proof. The commutative A-algebra is constructed using a left Bousfield local- 
ization of the model category A — Comm{C), as done in the proof of Prop. 11.2.9.11 

We let / be a generating U-small set of cofibrations in A — Comm{C), and := 
^HojRA-Modi^j ^) be the dual of K in Ho(A — Mod). For any morphism X — > Y 
in /, we consider the morphism of free commutative A-algebras 

hFAiK"" (g,\X) — > hFAiK"" (g,\ Y), 

where Fa ■ A — Mod — > A — C'omm(C) is the left Quillen functor sending an A- 
module to the free commutative A-algebra it generates. When X — > Y varies in / 
this gives a U-small set of morphisms denoted by Sk in A — Comm{C). We consider 
LkA — Comm{C), the left Bousfield localization of A — Comm{C) along the set Sk- 
By definition, A — > Ak is an S^f-local model of A in the localized model category 
LkA — Comm{C). 

Lemma 1.2.10.2. The Sk-^ocuI objects in LKA~'C'omm{C) are precisely the com- 
mutative A-algebras B such that K B ~ * in Ho(A — Mod). 
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Proof. First of all, one has an adjunction isomorphism in llo{SSet) 

MapA-commioi^FAiK" ®\ X),B) ~ MapA-Mod{X,K®\ B). 

This implies that an object B ^ A — Comm{C) is S'K-local if and only if for all 
morphisni X — > Y in / the induced morphism 

MapA-Mod{y, K®\B)^ MapA-ModiX, K ®\ B) 

is an isomorphism in Ho(55et). As / is a set of generating cofibrations in A — Mod 
this implies that B is S'A'-local if and only if K ®\ C ~ * in Ho(y4. — Mod). □ 

We now finish the proof of proposition ll.2.10.11 First of all, Lem. I1.2.10.2| implies 
that for any commutative ^-algebra -B, if the mapping space M apA-c'omm{c)i^K , B) 
is non-empty then 

B®\K^B {Ak ®\ K) ^ *, 

and thus B is an 5'if-local object. This shows that if MapA~comrn{C)i^KT B) is 
non-empty then one has 

MapA-Conim{C){AK,B) ~ M apA^Com7n{C){A B) ~ *. 

In other words A — > Ak is a formal Zariski open immersion by Cor. II. 2. 6. 61 and the 
stability assumption on C. It only remains to prove that A — > Ak is also finitely 
presented when 1 is a finitely presented object in C. 

For this, let {Ci}i^i be a filtered diagram of commutative A-algebras and C be its 
homotopy colimit. By the property of A — > Ak, we need to show that if K^\C ~ * 
then there is an i S J such that K Ci ~ *. For this, we consider the two elements 
Id and * in [K ®\ C, K ®\ C]c-Mod- As K is perfect and 1 is a finitely presented 
object, K is a. finitely presented A-module by Prop. 11.2.3.71 (41. Therefore, one has 

*^[K®\C,K ®\ C] ~ CoUm,^i[K, K ®\ C^U-Uod- 

As the two elements Id and * becomes equal in the colimit, there is an i such that 
they are equal as elements in 

[K, K ®\ Ci]A-^Mod '^[K®\Ci,K ®\ Ci]c,-Mod, 
showing that (g)'^ ~ * in Ho(Ci - Mod). □ 

Corollary 1.2.10.3. Assume thatC is a stable model category, and let f : A — > 
Ak be as in Prop. \1.2.10.1\ 

(1) The functor 

Ho(Ak - Comm{C)) — > Ho(A - Comm{C)) 

is fully faithful, and its essential image consists of all commutative B -algebras 
such that B ®\K 

(2) The functor 

: YLo{Ak - Mod) — > Ho(^ - Mod) 
is fully faithful and its essential image consists of all A-modules M such that 

Proof. As the morphism A — > Ak is an epimorphism, we know by Prop. 
I1.2.6.4l that the functors 

Ho(Ak - Comm{C)) — > Ho(A - Comm{C)) YIo{Ak - Mod) — > Ho(A - Mod) 
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are both fully faithful. Furthermore, a commutative A-algebra B is in the essential 
image of the first one if and only if MapA-Comm{C){^K , B) — and therefore if and 
only if B ^\ K ~ *. For the second functor, its clear that if M is a ^/^-module, then 

M(E)\K:^M Ak<E)\K2^ *. 

Conversely, let M be an A- module such that M ^\ if ~ 

Lemma 1.2.10.4. For any A-module M, K®\M ~ * if and only if K"^ ®\M ~ *. 

Proof. Indeed, as K is perfect, if^ is a retract of K"-^ ®\ K ®\ K'^ in Ho(^ - 
Mod). This implies that K"^ ®\M isa retract of K'^ ®\ K ®\ K"^ ®\ M, showing 
that 

By symmetry this proves the lemma. □ 
We need to prove that the adjunction morphism 

M — > M®\ Ak 

is an isomorphism in Ho(^ — Mod). For this, we use the fact that the morphism 
A — > Ak can be constructed using a small object argument on the set of horns on 
the set Sk (see jHil 4.2]). By a transfinite induction we are therefore reduced to show 
that for any morphism X — > y in C, the natural morphism 

l.FAiK"' ®\ X)®\M — > I.Fa{K'^ ®\ Y) ®\ M 

is an isomorphism in Ho(C). But, using that M ®\ K ~ * and lemma IT. 2. 10.41 this 
is clear by the explicit description of the functor Fa. □ 

1.2.11. Stable modules 

We recall that as C is a pointed model category one can define a suspension 
functor (see jHolL §7]) 

S: Ho(C) — > Ho(C) 

This functor possesses a right adjoint, the loop functor 

n : Ho(C) — > Ho(C) 

X ^ n{X) := * x'}^ *. 

We fix, once for all an object e C, which is a cofibrant model for S'(l) G Ho(C). 
For any commutative monoid A G Comm{C), we let 

S\:^ Sc®AeA~ Mod 

be the free A-module on S^. It is a cofibrant object in yl — Mod, which is a model 
for the suspension S{A) (note that S\ is cofibrant in A — Mod, but not in C unless 
A is itself cofibrant in C). The functor 

S\®A - ■■ A - Mod — > A- Mod 

has a right adjoint 

Hom A(S\. -) : A - Mod — > A~ Mod. 

Furthermore, assumption II . implies that Sa ®a — is a left Quillen functor. We 
can therefore apply the general construction of Ho2 in order to produce a model 
category Sp^^{A — Mod), of spectra in A — Mod with respect to the left Quillen 
endofunctor Sa ®a — • 
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Definition 1.2.11.1. Let A G Comm(C) be a commutative monoid in C. The 
model category of stable A-modules is the model category Sp^A{A — Mod), of spectra 
in A — Mod with respect to the left Quillen endo-functor 

S\®A - ■ A - Mod — > A- Mod. 

It will simply he denoted by Sp{A -~ Mod), and its objects will be called stable A- 
modules. 

Recall that objects in the category Sp{A — Mod) are families of objects M„ S 
A — Mod for n > 0, together with morphisms an ■ S\ (E)a Mn — > Mn+i- Morphisms 
in Sp{A — Mod) are simply families of morphisms /„ : Mn —>■ Nn commuting with 
the morphisms (t„. One starts by endowing Sp{A — Mod) with the levelwise model 
structure, for which equivalences (resp. fibrations) are the morphisms / : Af* — > iV* 
such that each morphism : M„ — > N^, is an equivalence in A — Mod (resp. a 
fibration). The definitive model structure, called the stable model structure, is the 
left Bousfield localization of Sp{A — Mod) whose local objects are the stable modules 

£ Sp{A — Mod) such that each induced morphism 

Mn — > RHom^iS]^, Mn+i) 

is an isomorphism in Ho(A — Mod). These local objects will be called fl-stable A- 
modules. We refer to |Ho2| for details concerning the existence and the properties of 
this model structure. 

There exists an adjunction 

Sa-A- Mod — > Sp{A - Mod) A - Mod < — Sp{A - Mod) : (-)o, 

where the right adjoint sends a stable ^-module M^, to Mq. The left adjoint is 
defined by S'yi(M)„ := (5^)®-*" (S)a M, with the natural transition morphisms. This 
adjunction is a Quillen adjunction, and can be derived into an adjunction on the level 
of homotopy categories 

LSa ^ Sa ■■ Ho(A - Mod) — > llo{Sp{A - Mod)) 

Ho(^ - Mod) < — }lo{Sp{A - Mod)) : M(-)o. 

Note that bv ll. 1.0.21 Sa preserves equivalences, so LSa — Sa- On the contrary, the 
functor (— )o does not preserve equivalences and must be derived on the right. In 
particular, the functor Sa '■ Ho(^ — Mod) — > llo{Sp{A — Mod)) is not fully faithful 
in general. 

Lemma 1.2.11.2. (1) Assume that the suspension functor 

S : Ho(C) — > Ho(C) 

is fully faithful. Then, for any commutative monoid A G Comm{C), the 
functor 

Sa ■■ Ho(yl - Mod) — > llo{Sp{A - Mod)) 
is fully faithful. 

(2) If furthermore, C is a stable model category then Sa is a Quillen equivalence. 

Proof. (1) As the adjunction morphism M — > Sa{M)o is always an isomor- 
phism in A — Mod, it is enough to show that for any M £ A — Mod the stable 
A- module Sa{M) is a Jl-stable A-module. For this, it is enough to show that for any 
M £ A — Mod, the adjunction morphism 

M — y R Hom ^ (S\. S\ (i)A M) 
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is an isomorphism in Ho(C). But, one has natural isomorphisms in Ho(C) 

S\ (Sa M ^Sl®M ^ S{M) 

R Hom ^(S\ . S\ ®A M) ~ R Hom ^(S\ S{M)) ~ n{S{M)). 

This shows that the above morphism is in fact isomorphic in Ho(C) to the adjunction 
morphism 

M — > n{S{M)) 
which is an isomorphism by hypothesis on C. 

(2) As C is a stable model category, the functor 5^ (X> — : C — > C is a Quillen 
equivalence. This also implies that for any A e Comm{C), the functor S\ : A — 
Mod — > A — Mod is a Quillen equivalence. We know by jHo2| that Sa '■ A~Mod — > 
Sp{A — Mod) is a Quillen equivalence. □ 

The Quillen adjunction 

Sa- A- Mod — > Sp{A ~ Mod) A - Mod < — Sp{A - Mod) : (-)o, 

is furthermore functorial in A. Indeed, for A — > B a morphism in Cojnm{C), one 
defines a functor 

-(E)aB: Sp{A - Mod) — > Sp{B - Mod) 

defined by 

(M, S)„ := Mn ®A B. 
The transitions morphisms are given by 

Si ®B (Mn (E)A B) ~ {S\ (E)A Mn) ®aB — > M„+i ®A B. 

Clearly, the square of left Quillen functors 

A - Mod Sp{A - Mod) 



iAB 



B - Mod — ^ Sp{B - Mod) 

OB 

commutes up to a natural isomorphism. So does the square of right Quillen functors 

B - Mod ^ Sp{B - Mod) 



A ~ Mod ^ Sp{A - Mod). 

Finally, using techniques of symmetric spectra, as done in |Ho2| . it is possible to 
show that the homotopy category of stable j4-modules inherits from Ho(A — Mod) a 
symmetric monoidal structure, still denoted by — —■ This makes the homotopy 
category llo{Sp{A — Mod)) into a closed symmetric monoidal category. In particular, 
for two stable v4-modules and A^* one can define a stable ^-modules of morphisms 

R Hom: '^P(M..N.) e }io{Sp{A - Mod)). 

We now consider the category {A — Mod^^)^ of pre-stacks over A — Mod^^, as 
defined in HAGI . Recall it is the category of V-simplicial presheaves on A — Mod'o', 
and that its model structure is obtained from the projective levelwise model structure 
by a left Bousfield localization inverting the equivalences in A — Mod. The homotopy 
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category Ho((A — Mod!^)^) can be naturally identified with the full subcategory of 
Y{o{SPr{A — Mod!^)) consisting of functors 

F : A- Moda — > SSetv, 

sending equivalences of ^-modules to equivalences of simplicial sets. 
We define a functor 

: Sp{A - ModyP — > {A- Modl^)'' 

by 

/if* : A - Modo — > SSetY 

N ^ Hom{M,,T,{SA{N))), 

where is a simplicial resolution functor on the model category Sp{A — Mod). 

Finally we will need some terminology. A stable A-module M, e }io{Sp{A — 
Mod)) is called 0- connective, if it is isomorphic to some Sa{M) for an A-module 
M G Ho(A — Modo). By induction, for an integer n > 0, a stable A-module M» S 
Ko{Sp{A — Mod)) is called {—n)- connective, if it is isomorphic to r2(M^) for some 
— (n — l)-connective stable A-module M^ (here is the loop functor on }io{Sp{A — 
Mod))). Note that if the suspension functor is fully faithful, connective stable modules 
are exactly connective objects with respect to the natural ^-structure on A-modules. 

Proposition 1.2.11.3. For any A e Comm{C), the functor has a total right 
derived Junctor 

m- : Ho(5p(A - Mod))°P — > Ho((yl - Mod°P)^), 
which commutes with homotopy limits ^. If the suspension functor 

S : Ho(C) — > Ho(C) 

is fully faithful, and if A A, then for any integer n > 0, the functor S.hJ is fully 
faithful when restricted to the full subcategory of {~n)- connective objects. 

Proof. As Sa ■ A — Modo — > Sp{A — Mod) preserves equivalences, one checks 
easily that /if* is a fibrant object in {A — Mod^^)^ when M^ is cofibrant in Sp{A — 
Mod). This easily implies that i-^ /if ^* is a right derived functor for , and the 
standard properties of mapping spaces imply that it commutes with homotopy limits. 

We now assume that the suspension functor 

S : Ho(C) — > Ho(C) 

is fully faithful, and that A ^ A. Let n > be an integer. 

Let : A — Mod — > A — Mod be a left Quillen functor which is a model for the 
suspension functor iterated n times (e.g. S^{N) := S^^aN, where := (5'^)®'*"). 
There is a puUback functor 

(S*")* : Ho((A - Mod^P)"-) Ho((A ~ Afod"^)^) 

defined by (5'")*(F)(7V) := F(S'"(iV)) for any N e A- Modo (note that 5" stablizes 
the subcategory A— Modo because of our assumption ll . 1 . . For an (— ri)-connective 
object M,, we claim there exists a natural isomorphism in }Io{{A — Mod^^)^) between 

^This makes sense as the functor KhJ is naturally defined on the level of the Dwyer-Kan 
simplicial localizations with respect to equivalences 

LSp{A - Mod)°P y L({A - Modl^)'^). 
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M/if * and {S'^)* {Rlf' ) , where Rh" is the value at M of the restricted Yoneda em- 
bedding 

Rh^ : Ho(A - Mod) — > Ro{{A - Mod"^)^). 

Indeed, let us write M as f2"(5A(M)) for some object M G Ho(A — Mod), where 
ri" is the loop functor of Sp{A — Mod), iterated n times. Then, using our lemma 
Lem. I1.2.11.2| for any N G }io{A — Mod), we have natural isomorphisms in lio{SSet) 

MapspiA-Mod){M,,SA{N)) ~ Mapsp(^A~Mod){SA{M),S'\SA{N))) ~ 

^MapA-Mod{M, S^{N)), 

where S*" denotes the suspension functor iterated n-times. Using that A is Co-good, 
this shows that 

Rhf' 2± (S'")*(M/if ). 

Moreover, for any (— n)-connective objects M^ and N^, in Ho(S'p(A — Mod)) one has 
natural isomorphisms in Ho(S'S'ei) 

Mapsp(A-Mod){M*, N^) ~ MapA-Mod{M,N) 

where M, ~ fl'^SAiM)) and iV, ~ ff^SAiN)). We are therefore reduced to show 
that for any A-modules M and N in llo{A — Mod), the natural morphism in }Io{SSet) 

MapA-Mod{M,N) --^ Afap(^_Mod-)A((^")*m^), (^")*mo')) 

is an isomorphism. To see this, we define a morphism in the opposite direction in the 
following way. Taking the n-th loop functor on each side gives a morphism 

iV/aP(A-Mod7)A((^")*(K/i^), (5")*(MZi^^)) ^ 

^Map^A~A4od^,n4^'\Sn*iRh^),n-{Sn*m^')- 
Moreover, there are isomorphisms 

n^MapA-ModiM, S"{P)) ^ MapA-Mod{M, n"{S"{P))) ^ MapA-Mod{M, P) ^ Rh^ 

showing that there exists a natural isomorphism in Ho((yl — Afodg^)'^) between 
r2"(S'")*(M/if ) and Rh^^. One therefore gets a morphism 

Map^A^Mod^MiSn*m^), iSn*(Mh^')) - 

- ^aP(A-Mo<i°'')A(K/i^,IR/io^). 
Using that A is Co-good we get the required morphism 

Map(^„Mod7)A((^")*m^),(^")*mo')) MapA-Mod{M,N), 
and it is easy to check it is an inverse in Ho(S'S'e<) to the natural morphism 

MapA-Mod{M,N) Map^A-Mod",n-iiSn*m^)ASn*{^h^'))- 

□ 
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1.2.12. Descent for modules and stable modules 

In this last section we present some definitions concerning descent for modules and 
stable modules in our general context. In a few words, a co-augmented co-simplicial 
object A — > Bi, in Commifi), is said to have the descent property for modules (resp. 
for stable modules) if the homotopy theory of A-modules (resp. of stable A-modules) 
is equivalent to the homotopy theory of certain co-simplicial i3*-modules (resp. stable 
i3,-modules). From the geometric, dual point of view, the object A — > should be 
thought as an augmented simplicial space K» — > X , and having the descent property 
essentially means that the theory of sheaves on X is equivalent to the theory of certain 
sheaves on (see |SGA4-ir ' Exp. V^^^] for more details on this point of view). 

The purpose of this section is only to introduce the basic set-up for descent that 
will be used later to state that the theory of quasi-coherent modules is local with 
respect to the topology, or in other words that hypercovers have the descent property 
for modules. This is a very important property allowing local-to-global arguments. 

Let A* be a co-simplicial object in the category Comm(C) of commutative monoids. 
Therefore, A* is given by a functor 

A — > Comm{C) 
[n] ^ A„. 

A co-simplicial A*-module A/» is by definition the following datum. 

• A A„-module M„ G A„ — Mod for any n G A. 

• For any morphism u : [n] ^ [m] in A, a morphism of 74„-modules : 
Mn — > M,n, such that a^, o — a^ou for any [n] — [to] — ^^—^ [p] in 
A. 

In the same way, a morphism of co-simplicial A,-modules / : Af, — > is the data 
of morphisms fn ■ Mn — > Nn for any n, commuting with the a's 

N r r M 

a« ° fn^ fmO a„ 

for any u : [n] — > [to] . 

The co-simplicial A,-modules and morphisms of A,-modules form a category, de- 
noted by csAf — Mod. It is furthermore a U-conibinatorial model category for which 
the equivalences (resp. fibrations) are the morphisms / : Af, — > such that each 
/„ : Mn — > Nn is an equivalence (resp. a fibration) in An — Mod. 

Let A be a commutative monoid, and B^ be a co-simplicial commutative A- 
algebra. We can also consider as a co-simplicial commutative monoid together 
with a co-augmentation 

A^B,, 

which is a morphism of co-simplicial objects when A is considered as a constant co- 
simplicial object. As a co-simplicial commutative monoid A possesses a category of 
co-simplicial A^-modules csA — Mod which is nothing else than the model category 
of co-simplicial objects in A — Mod with its projective levelwise model structure. 

For a co-simplicial A- module A/*, we define a co-simplicial i3*-module i?, ®^ Af, 
by the formula 

(B* (g>A Af,) Bn ®A Af„, 

and for which the transitions morphisms are given by the one of B^ and of Af» . This 
construction defines a functor 

i?* ®A — ■ csA — Mod — > csB* — Mod, 
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which has a right adjoint 

csB^ — Mod — > csA — Mod. 

This right adjoint, sends a i?,-niodule M, to its underlying co-simpHcial A-niodule. 
Clearly, this defines a Quillen adjunction. There exists another adjunction 

ct : Ro{A~Mod) — > }io{csA-Mod) Ko{A-Mod) < — Ro{csA-Mod) : Holim, 

where Holim is defined as the total right derived functor of the functor lim (see |Hil 
8.5], inSI 10.13]). 

Composing these two adjunctions gives a new adjunction 

B^®\- : YLo[A~Mod) — > Ho(csS,-Afod) YLo[A-Mod) < — llo{csB^-Mod) : J . 

Definition 1.2.12.1. (1) Let be a co-simplicial commutative monoid 

and M» be a co-simplicial B^-module. We say that is homotopy cartesian 
if for any u : [n] [m] in A the morphism, induced by a^, 

Mn (S^^ B„, — > M,„ 

is an isomorphism in Ho(i?m — Mod). 
(2) Let A be a commutative monoid and B^ be a co-simplicial commutative A- 
algebra. We say that the co- augmentation morphism A — > B^ satisfies the 
descent condition, if in the adjunction 

B^®\- : Ho(A-A/od) — > Ho(csS,-A/od) Y^o{A-Mod) < — llo{csB,.-Mod) : j 

the functor ®\ — is fully faithful and induces an equivalence between 
Ho(A — Mod) and the full subcategory of Ho(cs_B, — Mod) consisting of 
homotopy cartesian objects. 

Remark 1.2.12.2. If a morphism A — > B^ satisfies the descent condition, then 
so does any co-simplicial object equivalent to it (as a morphism in the model category 
of co-simplicial commutative monoids). 

Lemma 1.2.12.3. Let A — > B^ be a co- augmented co-simplicial commutative 
monoid in Comm(C) which satisfies the descent condition. Then, the natural mor- 
phism 

A — > HolimnBn 
is an isomorphism in Ho(Comm(C)). 

Proof. This is clear as J B^ = HolimnBn- □ 

We now pass to descent for stable modules. For this, let again A, be a co- 
simplicial object in the category Comm{C) of commutative monoids. A co-simplicial 
stable A,-module M, is by definition the following datum. 

• A stable A„-module Af„ £ Sp{An — Mod) for any n G A. 

• For any morphism u : [n] [m] in A, a morphism of stable A„-modules 

au '. Mn — > Mm, such that o a„ = a.„ou for any [n] — [m] — '^—^ [p] 
in A. 

In the same way, a morphism of co-simplicial stable A^-modules / : A/, — > iV» is the 
data of morphisms /„ : M„ — *■ Nn in Sp{An — Mod) for any n, commuting with the 

a's 

N r t AI 

for any u : [n] —> [m] . 
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The co-simplicial stable ^*-modules and morphisms of ^*-modules form a cate- 
gory, denoted by Sp{csAt:—Mod). It is furthermore a U-combinatorial model category 
for which the equivalences (resp. fibrations) are the morphisms / : — > such 
that each /„ : Af„ — > Nn is an equivalence (resp. a fibration) in Sp{An — Mod). 
We note that Sp{csA^, — Mod) is also naturally equivalent as a category to the cate- 
gory of S'^-spectra in csA^Mod, hence the notation Sp{csA^,—Mod) is not ambiguous. 

Let A be a commutative monoid, and be a co-simplicial commutative A- 
algebra. We can also consider B^ as a co-simplicial commutative monoid together 
with a co-augmentation 

A^B,, 

which is a morphism of co-simplicial objects when A is considered as a constant co- 
simplicial object. As a co-simplicial commutative monoid A possesses a category of 
co-simplicial stable A*-modules Sp{csA — Mod) which is nothing else than the model 
category of co-simplicial objects in Sp{A — Mod) with its projective levelwise model 
structure. 

For a co-simplicial stable A- module M*, we define a co-simplicial stable B^,- 
module B^, iS)a M^, by the formula 

(B* (g>A A/,) Bn (g>A Afn, 

and for which the transitions morphisms are given by the one of B^ and of A/*. This 
construction defines a functor 

B^^A - ■■ Sp{csA - Mod) — > Sp{csB^ - Mod), 

which has a right adjoint 

Sp{csB^ - Mod) — > SpiyCsA - Mod). 

This right adjoint, sends a co-simplicial stable S^-module Af* to its underlying co- 
simplicial stable A-module. Clearly, this is a Quillen adjunction. One also has an 
adjunction 

ct : Ko{Sp{A - Mod)) — > }io{Sp{csA - Mod)) 
}io{Sp{A - Mod)) < — EoiSp{csA - Mod)) : Holim, 
where Holim is defined as the total right derived functor of the functor lim (see jHil 
8.5], inSI 10.13]). 

Composing these two adjunctions gives a new adjunction 

B^(^\-: Ho(S'p(A - Mod)) — > Ro{Sp{csB^ - Mod)) 
Eo{Sp{A - Mod)) i — }lo{Sp{csB^ - Mod)) : 

Definition 1.2.12.4. (1) Let be a co-simplicial commutative monoid 

and Af* be a co-simplicial stable B<,-module. We say that Af* is homotopy 
cartesian if for any u :[n\ ^ [m] in A the morphism, induced by au, 

is an isomorphism in }io{Sp{Bm — Mod)). 
(2) Let A be a commutative monoid and B^ be a co-simplicial commutative A- 
algebra. We say that the co- augmentation morphism A — > B<, satisfies the 
stable descent condition, if in the adjunction 

B^®\-: Ho(5p(A - Mod)) — > Yio{Sp{csB^ - Mod)) 
Ylo{Sp{A - Mod)) i — llo{Sp{csB^ - Mod)) : 
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the functor B<, ®\ — is fully faithful and induces an equivalence between 
Jio{Sp(A— Mod)) and the full subcategory ofYio{Sp{csBir~Mod)) consisting 
of homotopy cartesian objects. 

The following proposition insures that the unstable descent condition implies the 
stable one under certain conditions. 

Proposition 1.2.12.5. Let A be a commutative monoid and B^: be a co-simplicial 
commutative A-algebra, such that A — > i?* satisfies the descent condition. Assume 
that the two following conditions are satisfied. 

(1) The suspension functor S : Ho(C) — > Ho(C) is fully faithful. 

(2) For any n, the morphism A — > i?„ is flat in the sense of Def. \1.2.4.1\ 
Then A — > B^ satisfies the stable descent property. 

Proof. The second condition insures that the diagram 

Ro{Sp{A - Mod)) ^ RoiSpicsB^ - Mod) 



Ho(^ - Mod) ^ Ho(csB* - Mod) 

commutes up to a natural isomorphism (here the vertical functors are the right adjoint 
to the suspensions inclusion functors, and send a spectrum to its 0-th level). So, for 
any M G Sp{A — Mod), the adjunction morphism 

M — > I (B, ®^ M) 



is easily seen to induces an isomorphism on the 0-th level objects in Ho(A — Mod). As 
this is true for any M, and in particular for the suspensions of M, we find that this 
adjunction morphism induces isomorphisms on each n-th level objects in }io{A—Mod). 
Therefore it is an isomorphism. In the same way, one proves that for any cartesian 
object M^, € }io{Sp{csB^, — Mod)) the adjunction morphism 



B^ ®A J (M*) — > M* 
is an isomorphism. □ 

1.2.13. Comparison with the usual notions 

In this last section we present what the general notions introduced before give, 
when C is the model category of fc-modules with the trivial model structure. The 
other non trivial examples will be given at the beginning of the various chapters ^2.21 
tl2.3l and t i2.4l where the case of simplicial modules, complexes and symmetric spectra 
will be studied. 



Let A: be a commutative ring in U, and we let C be the category of fc-modules 
belonging to the universe U, endowed with its trivial model structure for which equiv- 
alences are isomorphisms and all morphisms are fibrations and cofibrations. The cat- 
egory C is then a symmetric monoidal model category for the tensor product — (8)fc — ■ 
Furthermore, all of our assumption I l.l.oTl ll.l.o!^ 11.1.0.21 and 11.1.0.41 are satisfied. 
The category Comm{C) is of course the category of commutative fc-algebras in U, 
endowed with its trivial model structure. In the same way, for any commutative fc- 
algebra A, the category A — Mod is the usual category of A-modules in U together 
with its trivial model structure. We set Cq = C and A = Comm{C). The notions we 
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have presented before restrict essentially to the usual notions of algebraic geometry 
with some remarkable caveats. 

• For any morphism of commutative fc-algebras A — > B and any _B-module 
M, the simplicial set Der^(i?,M) is discrete and naturally isomorphic to 
the set DerA{B, M) of derivations from B to M over A. Equivalently, the 
_B-module L^/a (defined in Def. I1.2.1.5|l is simply the usual i?- module of 
Kahler differentials Note that this I^b/a is not the Quillen-IUusie 
cotangent complex of yl ^ _B. 

• For any morphism of commutative fc-algebras A — > B the natural morphism 
B — > THH{B/A) is always an isomorphism. Indeed 

THH{A) ~ A ®A®,A A^A. 

• A morphism of commutative fc-algebras A — > B is finitely presented in the 
sense of Def. 11.2.3.11 if and only if it i? is a finitely presented A-algebra in 
the usual sense. In the same way, finitely presented objects in A — Mod in 
the sense of Def. 11.2.3.11 are the finitely presented A- modules. Also, perfect 
objects in A — Mod are the projective A-modules of finite type. 

• A morphism A — > B of commutative fc-algebras is a formal covering if and 
only if it is a faithful morphism of rings. 

• Let / : A — > i? be a morphism of commutative fc-algebras, and Sjtec B — > 
Spec A the associated morphism of schemes. We have the following compar- 
ison board. 



In the sense of Def . 11.2.6.11 1.2.6.71 1.2.TT1 

epimorphism 
flat 

formal Zariski open immersion 
Zariski open immersion 
(formally) unramified 
formally thh — etale 
formally i — smooth 
thh — etale 



As a morphism of affine schemes 

monomorphism 
flat 

flat monomorphism 
open immersion 
(formally) unramified 
always satisfied 
always satisfied 
finitely presented 



The reader will immediately notice the absence of (formally) smooth 
and (formally) etale maps in the previous table. This is essentially due 
to the fact that there are no easy general characterizations of this maps in 
terms of the module of Kahler differentials alone (which in this trivial model 
structure context is our cotangent complex). On the contrary such charac- 
terizations do exist in terms of the "correct" cotangent complex which is 
the Quillen-IUusie one. But this correct cotangent complex of a morphism 
of usual commutative fc-algebras A ^ B will appear as the cotangent com- 
plex according to our definition 11.2.1.51 only if we consider this morphism 
in the category of simplicial fc-modules, i.e. if we replace the category C of 
fc-modules with the category of simplicial fc-modules. In other words our 
definitions of (formally) smooth and (formally) etale maps reduce to the 
usual ones (e.g. |EGAlV] ) between commutative fc-algebras only if we con- 
sider them in the context of derived algebraic geometry (see H2.2|l . This is 
consistent with the general philosophy that some aspects of usual algebraic 



1.2.13. COMPARISON WITH THE USUAL NOTIONS 



59 



geometry, especially those related to infinitesimal lifting properties and de- 
formation theory, are conceptually more transparent in (and actually already 
a part of) derived algebraic geometry. See also Remark |2 . 1 . 2 . 21 for another 
instance of this point of view. 

• For commutative monoid A, one has tt^,{A) = A, and for any a £ A the 
commutative ^-algebra A — > ^[a~^] is the usual localization of A inverting 
a. 

• One has that Ak — for any projective A-module K of constant finite rank 
n > (for example if the scheme Spec A is connected and K is non zero) . 



CHAPTER 1.3 



Geometric stacks: Basic theory 

In this chapter, after a brief reminder of |H AGI| . we present the key definition 
of this work, the notion of n-geometric stack. The definition we present here is a 
generahzation of the original notion of geometric n-stack introduced by C. Simpson 
in |S3| . As already remarked in |S3| , the notion of n-geometric stack only depends on 
a topology on the opposite category of commutative monoids Comm{C)°P, and on a 
class P of morphisms. Roughly speaking, geomeric stacks are the stacks obtained by 
taking quotient of representable stacks by some equivalence relations in P. By choos- 
ing different classes P one gets different notions of geometric stacks. For example, in 
the classical situation where C = Z — Mod, and the topology is chosen to be the etale 
topology, Deligne-Mumford algebraic stacks correspond to the case where P is the 
class of etale morphisms, whereas Artin algebraic stacks correspond to the case where 
P is the class of smooth morphisms. We think it is important to leave the choice 
of the class P open in the general definition, so that it can be specialized differently 
depending of the kind of objects one is willing to consider. 

From the second section on, we will fix a HA context {C,Co,A), in the sense of 
Dcf. ll.l.O.llI 

1.3.1. Reminders on model topoi 

To make the paper essentially self-contained, we briefiy summarize in this sub- 
section the basic notions and results of the theory of stacks in homotopical contexts 
as exposed in [HAGIj . We will limit ourselves to recall only the topics that will be 
needed in the sequel; the reader is addressed to jHAGI) for further details and for 
proofs. 

Let M be a U-small model category, and W{M) its class of weak equivalences. 
We let SPr{M) := SSets^^ ^ be the category of simplicial presheaves on M with its 
projective model structure, i.e. with equivalences and fibrations defined objectwise. 

The model category of prestacks on M is the model category obtained as the 
left Bousfield locahzation of SPr{M) at {K\u(^ W{M)}, where h : M ^ Pr{M) ^ 
SPr{M) is the (constant) Yoneda embedding. The homotopy category Ho(M^) can 
be identified with the full subcategory of Y{o{SPr{M)) consisting of those simplicial 
presheaves F on M that preserve weak equivalences (" jHAGll Def. 4.1.4]); any such 
simplicial presheaf (i.e. any object in Ho(M^)) will be called a prestack on M . 
is a U-cellular and U-combinatorial { HAGIi App. A]) simplicial model category and 
its derived simplicial Ham's, will be denoted simply by M. Hom (denoted as M.,„ Hom 
in |TTA(4TI §4.1]). 

If r* : M ^ is a cofibrant resolution functor for M f |Hil 16.1]), and we 
define 

h-.M-^M^ : x I — > {h^:y^ HomM{T^{y), x)), 
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we have that h preserves fibrant objects and weak equivalences between fibrant objects 
f jHAGll Lem. 4.2.1]). Therefore we can right-derive h to get a functor Rh := ho R : 
Ho(M) Ho(M^), where i? is a fibrant replacement functor in M; Rft is in fact fully 
faithful f HAGTI Thm. 4.2.3]) and is therefore called the (model) Yoneda embedding 
for the model category M (Rh, as opposed to h, does not depend, up to a unique 
isomorphism, on the choice of the cofibrant resolution functor F*). 

We also recall that the canonical morphism hx ^hx is always an isomorphism 
in Ho(Af^) ( HAGI, Lem. 4.2.2]), and that with the notations introduced above for 
the derived simplicial Hom^s in M^, the model Yoneda lemma ( jHAGll Cor. 4.2.4]) 
is expressed by the isomorphisms in }io{SSets) 

R Hom (Rh^.F) ~ RHom{hx,F) ~ F{x) 

for any fibrant object F in A/^. 

A convenient homotopical replacement of the notion of a Grothendieck topology 
in the case of model categories, is the following ( HA^T] Def. 4.3.1]) 

Definition 1.3.1.1. A model (pre-)topology t on a V-small model category M , 
is the datum for any object x £ M, of a set CoVt{x) of subsets of objects in }lo{M)/x, 
called T-covering families of x, satisfying the following three conditions 

(1) (Stability) For all x ^ M and any isomorphism y —> x in Ho(M), the 
one-element set {y —>■ x} is in CoVt{x). 

(2) (Composition) // {ui x}i^i £ CoVr{x), and for any i G /, {vij 
Ui}j^j- G CoVriui), the family {vij x}i^ij(zj. is in CoVrix). 

(3) (Homotopy base change) Assume the two previous conditions hold. For any 
{ui — > x}i^i e CoVr{x), and any morphism in Ho(M), y ^ x, the family 
{ui y-xV ^ y}iei is in CoVriy). 

A V-small model category M together with a model pre-topology r will be called a 
V-small model site. 

By |HAGII Prop. 4.3.5] a model pre-topology r on M induces and is essentially 
the same thing as a Grothendieck topology, still denoted by r, on the homotopy cat- 
egory Ho(M). 

Given a model site (M, r) we have, as in IHAGJI Thm. 4.6.1], a model cate- 
gory M"^'"^ (U-combinatorial and left proper) of stacks on the model site, which is 
defined as the left Bousfield localization of the model category of prestacks on M 
along a class Hr of homotopy r-hypercovers ( HAGII 4.4, 4.5]). To any prestack F 
we can associate a sheaf ttq of connected components on the site (Ho(M), r) defined 
as the associated sheaf to the presheaf x i — > 7ro(i^(a;)). In a similar way f jHAGll 
Def. 4.5.3]), for any i > 0, any fibrant object x G M, and any s G F(x)o, we can 
define a sheaf of homotopy groups TTi{F, s) on the induced comma site (Ho{M/x), r). 
The weak equivalences in M~''^ turn out to be exactly the 7r»-sheaves isomorphisms 
f |HAGll Thm. 4.6.1]), i.e. those maps tt : F — > G in inducing an isomorphism 
of sheaves 7ro(i^) ~ 7ro(G) on (Ho(M),t), and isomorphisms TTi{F,s) ~ TTi{G,u{s)) of 
sheaves on (Ho(M/x), r) for any i > 0, for any choice of fibrant x £ AI and any base 
point s G F{x)q. 

The left Bousfield localization construction defining M"'''^ yields a pair of adjoint 
Quillen functors 

Id : — > M^-^ Af^ < — A/~^^ : Id 
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which induces an adjunction pair at the level of homotopy categories 

a := Lid : Ho(A/^) — > Ho(Af~'"') Ho(Af'') < — UoiM^-'') : j Rid 

where j is fully faithful. 

Definition 1.3.1.2. (1) A stack on the model site {M,t) is an object F e 

SPr(M) whose image in Ho(Af'^) is in the essential image of the functor j. 

(2) If F and G are stacks on the model site {M,t), a morphism of stacks is 
a morphism F ~> G in in }io{SPr{M)), or equivalently in Ho(M^), or 
equivalently in Ho(Af ''^). 

(3) A morphism of stacks f : F — > G is a covering (or a cover or an epimor- 
phism ) if the induced morphism of sheaves 

Mf) ■■ MF) MG) 

is an epimorphism in the category of sheaves. 

Recall that a simplicial presheaf F : Af°P SSet^ is a stack if and only if 
it preserves weak equivalences and satisfy a r-hyperdescent condition (descent, i.e. 
sheaf-like, condition with respect to the class Hr of homotopy hypercovers): see 
[HAGII Def. 4.6.5 and Cor. 4.6.3]. We will always consider Ho(A/'"'^) embedded in 
Ho(Ar^) embedded in llo{SPr{M)), omitting in particular to mention explicitly the 
functor j above. With this conventions, the functor a above becomes an endofunctor of 
Ho(Af^), called the associated stack functor for the model site {M, r). The associated 
stack functor preserves finite homotopy limits and all homotopy colimits f jHAGJ 
Prop. 4.6.7]). 

Definition 1.3.1.3. A model pre-topology r on M is sub-canonical if for any 
X ^ M the pre- stack Rft,^ is a stack. 

Af '"^ is a left proper (but not right proper) simplicial model category and its de- 
rived simplicial Horn's will be denoted by Wt-ILqel (denoted by M.^^^ r Hom in (HAGII 
Def. 4.6.6]); for F and G prestacks on Af , there is always a morphism in Ho{SSet) 

RrHoEkiF, G) RHom{F, G) 

which is an isomorphism when G is a stack (|HAGI, Prop. 4. 6. 7]). 
Moreover M"'''^ is a t-complete model topos ( [H AGI- Def. 3.8.2]) therefore possesses 
important exactness properties. For the readers' convenience we collect below (from 
|HAGIp the definition of (t-complete) model topoi and the main theorem character- 
izing them (Giraud-like theorem). 

For a U-combinatorial model category N, and a U-small set S of morphisms in 
N, we denote by LsN the left Bousfield localization of N along S. It is a model 
category, having N as underlying category, with the same cofibrations as N and 
whose equivalences are the S-local equivalences f jHil Ch. 3]). 

Definition 1.3.1.4. (1) An object x in a model category N is truncated if 

there exists an integer n > 0, such that for any y G N the mapping .space 
Ma,pff{y,x) / |Hil §17.4]J is a n-truncated simplicial set 
(i.e. 7ri(Map^(x, y),u) = for all i > n and for all base point u). 
(2) A model category N is t-complete if a morphism u : y —>■ y' in Ho(iV) is an 
isomorphism if and only if the induced map u* : [y',x] [y,x] is a bijection 
for any truncated object x £ N . 

Recall that for any U-small iS-category T (i.e. a category T enriched over sim- 
plicial sets, |HAGTI Def. 2.1.1]), we can define a U-combinatorial model category 
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SPr{T) of simplicial functors T°p — > SSetv, in which equivalences and fibrations 
are defined levelwise ^ |HAGII Def. 2.3.2]). 

Definition f.3.1.5. ( HAGI, §3.8]) A U-model topos is a V- combinatorial model 
category N such that there exists a V -small S -category T and a V -small set of mor- 
phisms S in SPr(T) satisfying the following two conditions. 

(1) The model category N is Quillen equivalent to LsSPr{T). 

(2) The identity functor 

Id : SPr{T) — > LsSPr{T) 

preserves homotopy pullbacks. 

A i-complete model topos is a V-model topos N which is t-complete as a model 
category. 

We need to recall a few special morphisms in the standard simplicial category A. 
For any n > 0, and < i < n we let 

ai : [1] — > [71] 

i 

1 i + 1. 

Definition 1.3.1.6. Let N be a model category. A Segal groupoid object in N 
is a simplicial object 

X, ■.A°P — > N 
satisfying the following two conditions. 

(1) For any n > 0, the natural morphism 

0<i<n ' 

n times 

is an isomorphism in Ho(iV). 

(2) The morphism 

do X di : X2 ^ Xi x'i^^Xo,do ^1 

is an isomorphism in Ho(iV). 

The homotopy category of Segal groupoid objects in N is the full subcategory of 
Ho(A^'^ '') consisting of Segal groupoid objects. It is denoted by llo{SeGpd{N)) . 

The main theorem characterizing model topoi is the following analog of Giraud's 
theorem. 

Theorem 1.3.1.7. f |HAGII Thm. 4.9.2]) A model category N is a model topos 
if and only if it satisfies the following conditions. 

(1) The model category N is V- combinatorial. 

(2) For any V-small family of objects {a^ijie/ in N , and any i ^ j in I the 
following square 

*- Xi 



^3 ^ Ulei 

is homotopy cartesian. 
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For any V-small category I , any morphism y ^ z and any I-diagram x : 
/ > IS! I z, the natural morphism 

Hocolimi,zj{xi y) > {H ocolimi^iXi) y 

is an isomorphism in Ho(A^). 

For any Segal groupoid object (in the sense of Def. \1.S.1.6\) 
X, : A°f N, 

the natural morphism 

Xi — > Xq x'l^x^i 
is an isomorphism in Ho(A^). 
An important consequence is the following 

Corollary 1.3.1.8. For any V-model topos N and any fibrant object x G N, the 
category }lo{N/x) is cartesian closed. 

The exactness properties of model topoi will be frequently used all along this 
work. For instance, we will often use that for any cover of stacks p : F — > G (over 
some model site (Af, r)), the natural morphism 

> G 

is an isomorphism of stacks, where i^, is the homotopy nerve of p (i.e. the nerve of 
a fibration equivalent to p, computed in the category of simplicial presheaves). This 
result is also recalled in Lem. 11.3.4.31 

1.3.2. Homotopical algebraic geometry context 

Let us fix a HA context (C,Co,-4). 

We denote by Af fc the opposite of the model category Comm{C): this will be 
our base model category M to which we will apply the [HAGIj constructions recalled 
in 

An object X G Af fc corresponding to a commutative monoid A £ Comm(C) 
will be symbolically denoted hy X — Spec A. We will consider the model category 
Af fc of pre-stacks on Af fc as described in HI. 3. II above. By definition, it is the 

left Bousfield localization of SPr{Affc) := SSet^ (the model category of V- 
simplicial presheaves on Affc) along the (V-small) set of equivalences of Af fc, and 
the homotopy category ^Ao{Af f^) will be naturally identified with the full subcate- 
gory of \io[SPr{Af fc)) consisting of all functors F : Aff^^ — > SSety preserving 
weak equivalences. Objects in Ho(A//^) will be called pre-stacks, and the derived 
simplicial iJom's of the simplicial model category Affc will be denoted by R iJom . 

We will fix once for all a model pre-topology r on Affc (Def. I1.3.1.1|l . which 
induces a Grothendieck topology on Ho(A//c), still denoted by the same symbol. As 
recalled in HI. 3. 1.11 one can then consider a model category Aff^'^, of stacks on the 
model site (Affcr). A morphism F — > G of pre-stacks is an equivalence in Aff^''^ 
if it induces isomorphisms on all homotopy sheaves (for any choice of X G Affc and 
any s € F{X)). 

To ease the notation we will write St(C, r) for the homotopy category Ho(A//^'^) 
of stacks. 
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The Bousfield locahzation construction yields an adjunction 

a : Ho(A//c^) ^ St(C, r) Ho(A//c^) ^ St(C, r) : j 
where j is fully faithful. 

Definition 1.3.2.1. (1) A stack is an object F e SPr{Affc) whose image 

in Ho(y4//|^) is in the essential image of the functor j above. 

(2) A morphism of stacks is a morphism between stacks in }lo{S Pr(Af fc)) , or 
equivalently in }lo{Af f^) , or equivalently in St(C,r). 

(3) A morphism of stacks f : F — > G is a covering (or a coverj if the induced 
morphism of sheaves 

Mf) ■■ MF) ^ vro(G) 
is an epimorphism in the category of sheaves. 

We will always omit mentioning the functor j and consider the category St(C, r) 
as embedded in llo{Af f^), and therefore embedded in llo{SPr{Af fc)). With these 
conventions, the endofunctor a of Ho(A//^) becomes the associated stack functor, 
which commutes with finite homotopy limits and arbitrary homotopy colimits. 

A functor F : Af f^^ — > SSet^ is a stack f iil.3.1|l if and only if it preserves equiv- 
alences and possesses the descent property with respect to homotopy r-hypercovers. 
The derived simplicial Horn's in the model category Aff^'^ of stacks will be denoted 
by M.rHom. The natural morphism 

lS. Hom (F. G) — > RrHomiF, G) 

is an isomorphism in Ho(55et) when G is a stack. 

The model category Aff^'^ is a i-complete model topos (Def. I1.3.1.5|l . We warn 
the reader that neither of the model categories Aff^ and Aff^'^ is right proper, 
though they are both left proper. Because of this certain care has to be taken when 
considering homotopy puUbacks and more generally homotopy limit constructions, 
as well as comma model categories of objects over a base object. Therefore, even 
when nothing is specified, adequate fibrant replacement may have been chosen before 
considering certain constructions. 

The model Yoneda embedding f til. 3. 1(1 

h : Affc — > Aff^ 

has a total right derived functor 

M/i:Ho(A//c) — >Ho(A//c^), 
which is fully faithful. We also have a naive Yoneda functor 

h : Affc Aff^ 

sending an object X G Affc to the prcshcaf of sets it represents (viewed as a simplicial 
presheaf). With these notations, the Yoneda lemma reads 

RHom{mx,F) ~ R Hom (hx.F) ~ F{X) 

for any fibrant object F e Aff^. The natural morphism hx — > is always an 
isomorphism in Ho(A//^) for any X G Affc- 

We will also use the notation Spec A for hspecA- We warn the reader that Spec A 
lives in Affc whereas Spec A is an object of the model category of stacks Aff^'^. 

We will assume the topology r satisfies some conditions. In order to state them, 
recall the category sAffc of simplicial objects in Affc is a simplicial model category 
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for the Reedy model structure. Therefore, for any object G sAffc and any U- 
small simpHcial set K we can define an object xf— G }lo{sAf fc), by first taking a 
Reedy fibrant model for X^ and then the exponential by K. The zero-th part of X^, — 
will be simply denoted by 

We also refer the reader to |HAGII §4.4] for more details and notations. 

The following assumption on the pre-topology will be made. 

Assumption 1.3.2.2. (1) The topology r on Ho(A//c) is quasi- compact. 

In other words, for any covering family {Ui — > X}i^j in Af fc there exists 
a finite subset Iq C I such that the induced family {Ui — > X}i^j„ is a 
covering. 

(2) For any finite family of objects in Af fc (including the empty family) 
the family of morphisms 

{Xi — > y 

form a t -covering family of\^^j Xj. 

(3) Let A* > Y be an augmented simplicial object in Af fc, corresponding to a 

co-augmented co-simplicial object A — > in Comm{C). We assume that 
for any n, the one element family of morphisms 

form a T-covering family in Af fc. Then the morphism 

A — >B^ 

satisfies the descent condition in the sense of Def. \1.2.12.R 

The previous assumption has several consequences on the homotopy theory of 
stacks. They are subsumed in the following lemma. 

Lemma 1.3.2.3. (1) For any finite family of objects Xi in Af fc the natural 

morphism 

i 

is an equivalence in Af f^'^ . 
(2) Let H be the (V -small) set of augmented simplicial objects A* — > Y in 
Af fc such that for any n the one element family of morphisms 

Y , yMdA" h Y 

is a T-covering family in Af fc. Then, the model category Af f^'^ is the left 
Bousfield localization of Af fc along the set of morphisms 

\^hx, I — ' ^h.Y II ^hui — ' ^h.i[^ Ui 

i 

where X^, — » Y runs in H and {Ui} runs through the set of all finite families 
of objects in Af fc. 
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Proof. (1) The case where the set of indices / is empty follows from om as- 
sumption 11.3.2.21 (2) with / empty, as it states that the empty family covers the 
initial object on Affc- 

Let us assume that the set of indices is not empty. By induction, it is clearly 
enough to treat the case where the finite family consists of two objects X and Y. Our 
assumption II. 3. 2. 21 (2) then implies that the natural morphism 

p : Rhx Y[ ^h.Y — > Rhx ^L y 

is a covering. Therefore, Rhxu'^Y naturally equivalent to the homotopy colimit of 
the homotopy nerve of the morphism p. Using this remark we see that it is enough 
to prove that 

as then the homotopy nerve of p will be a constant simplicial object with values 
Rhx Yi^hy- As the functor Rh commutes with homotopy puUbacks, it is therefore 
enough to check that 

for A and B two commutative monoids in C such that X = Spec A and Y = Spec B 
(here is the final object in Comm{C)). For this we can of course suppose that A 
and B are fibrant objects in C. 
We define a functor 

F : Ax B- Comm{C) — > A- Comm{C) x B- Comm{C) 

by the formula 

F{C) [C ®AxB A, C ®Ay.B B). 

The functor F is left Quillen for the product model structures on the right hand side, 
and its right adjoint is given by G(C, D) := C x D for any (C, D) e A — Conim{C) x 
B — Comm{C). For any C € A x B — Comm{C), one has 

C^C (AxB)^ {C A) X (C B) , 

because of our assumptions 11.1. (J. II and 11.1. (J. 41 which implies that the adjunction 
morphism 

C — > RG(LF(C)) 

is an isomorphism in Ho(yl x B — Comm{C)). As the functor G reflects equivalences 
(because of our assumotion 11.1. OTT]! this implies that F and G form a Quillen equiv- 
alence. Therefore, the functor RG commutes with homotopy push outs, and we have 

A B ~ RG(A, 0) ®\g(a,b) KG(0, B) ~ RG | (A, 0) \[ (0, S) ] ^ MG(0) - 0. 

(2) We know by HAGI that AfJ^'^ is the left Bousfield locahzation of Af f(> 
along the set of morphisms ji^* | — > hx , where f * — > hx runs in a certain V-small set 
of r-hypercovers. Recall that for each hypercover F^ — > hx in this set, each simplicial 
presheaf Fn is a coproduct of some hjj. Using the quasi-compactness assumption 
11.3.2.21 (1) one sees immediately that one can furthermore assume that each F„ is a 
finite coproduct of some hij. Finally, using the part (1) of the present lemma we see 
that the descent condition of |HAGI| can be stated as two distinct conditions, one 
concerning finite coproducts and the other one concerning representable hypercovers. 
From this we deduce part (2) of the lemma. □ 

Lemma ri.3.2.31 (2) can be reformulated as follows. 
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Corollary 1.3.2.4. A simpHcial presheaf 

F : Comm{C) — > SSetY 
is a stack if and only if it satisfies the following three conditions. 

• For any equivalence A — > B in CommiC) the induced morphism F{A) — > 
F{B) is an equivalence of simplicial sets. 

• For any finite family of commutative monoids in C (including the 
empty family), the natural morphism 

FiY['^A,)^l[FiA,) 

iei iei 
is an isomorphism in }io{SSet). 

• For any co-simplicial commutative A-algebra A — > B^, corresponding to a 
T-hypercover 

SpecB^ — > Spec A 
in Affc, the induced morphism 

F{A) Hohm[,,]eAF{B„) 
is an isomorphism in }io{SSet). 
Another important consequence of lemma [1.3. 2. 31 is the following. 

Corollary 1.3.2.5. The model pre-topology r on Affc is sub-canonical in the 
sense of Def. 

Proof. We need to show that for any Z € Affc the object G := Rh^ is a stack, 
or in other words is a local object in Aff^'^. For this, we use our lemma [1.3.2.31 
(2). The descent property for finite coproducts is obviously satisfied because of the 
Yoneda lemma. Let X, — > F be a simplicial object in Affc such that 

is a T-hypercover. By lemma [1.2. 12.31 the natural morphism 

HocolimnXn — > Y 

is an isomorphism in Yio{Af fc). Therefore, the Yoneda lemma implies that one has 
RHomihy, G) ~ Map{Y, Z) ~ HolimnMap{Xn, Z) ~ Holim„M. Hom (F.,.G), 

showing that G is a stack. □ 

The corollary 11.3.2.51 implies that M.h provides a fully faithful functor 

R/i:Ho(A//c) ^St(C,r). 

Objects in the essential image of Rh will be called representable objects. If such an 
object corresponds to a commutative monoid A € Ilo(Comm{C)), it will also be 
denoted by R Spec A e St(C,r). In formula 

RSpecA-.^RhspecA: 
for any A e Gomm{C) corresponding to Spec A e Affc. As Rh commutes with U- 
small homotopy limits, we see that the subcategory of representable stacks is stable 
by U-small homotopy limits. The reader should be careful that a V-small homotopy 
limit of representable stacks is not representable in general. Lemma [l.3.2.3l (1) also 
implies that a finite coproduct of representable stacks is a representable stack, and 
we have 

y y Rhjj. — M/z.jjL . 
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Also, by identifying the category Ho(CoTOm(C))°^ with the full subcategory of 
St(C,T) consisting of representable stacks, one can extend the notions of morphisms 
defined in ^l.'2\ (e.g. (formally) etale, Zariski open immersion, flat, smooth . . . ) to 
morphisms between representable stacks. Indeed, they are all invariant by equiva- 
lences and therefore are properties of morphisms in }io{Comm(C)). We will often use 
implicitly these extended notions. In particular, we will use the expression r-covering 
families of representable stacks to denote families of morphisms of representable stacks 
corresponding in Ilo{Comm(C))°^ to r-covering families. 

We will use the same terminology for the morphisms in ilo{Comm{C)) and for 
the corresponding morphisms of representable stacks, except for the notion of epimor- 
phism (Def. I1.2.6.1|l . which for obvious reasons will be replaced by monomorphism in 
the context of stacks. This is justified since a morphism A — *■ B is an epimorphism 
in the sense of Def. 11.2.6.11 if and only if the induced morphism of stacks 

R Spec B — > R Spec A 

is a monomorphism in the model category Af f^'^ (see Remark ll.2.6.2ll . 

Remark 1.3.2.6. The reader should be warned that we will also use the expression 
epimorphism of stacks, which will refer to a morphism of stacks that induces an 
epimorphism on the sheaves ttq (see Def. 11.3.1.21 or jHAGI| , where they are also 
called coverings) . It is important to notice that a r-covering family of representable 
stacks {Xi — > X} induces an epimorphism of stacks Yi-^i — ^ On the contrary, 
there might very well exist families of morphisms of representable stacks {Xi — > X} 
such that Yl — ^ ^ is an epimorphism of stacks, but which are not r-covering 
families (e.g. a morphism between representable stacks that admits a section). 

Corollary 1.3.2.7. Let {ui : Xi — SpecAi — > X = Spec A}i^i be a covering 
family in Af fc ■ Then, the family of base change functors 

{Lu* : Ho(A - Mod) — > Ho(A, - Mod)},^/ 

is conservative. In other words, a r-covering family in Af fc is a formal covering in 
the sense of Def. \1.2.5.1\ 

Proof. By the quasi-compactness assumption on r we can assume that the cov- 
ering family is finite. Also, the morphism A — > J^^ A; = i? is a covering. Therefore, 
the descent assumption ll.3.2'!^ f3) implies that the base change functor 

B®\-: Ho(A - Mod) — > Ho(B - Mod) 

is conservative. Finally, we have seen during the proof of ll.3.2.^^ fl^ that the product 
of the base change functors 

Jl A, - : Ho(B - Mod) — > \Y Ho(Aj - Mod) 

i i 

is an equivalence. Therefore, the composition 

Jl Ai 0^ - : Ho(yl - Mod) — > W Ho(yl, - Mod) 

i i 

is a conservative functor. □ 

We also recall the Yoneda lemma for stacks, stating that for any A G Comm{C), 
and any fibrant object F S Af f^'^ , there is a natural equivalence of simplicial sets 

WHojnSRSpecA, F) ~ IR^ij'om(R5'pec A, F) ~ F{A). 
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For an object F G St(C,T), and A G Comm{C) we will use the following notation 

RF{A) := R^ Hom {R Spec A, F). 

Note that RF(yl) ~ RF{A), where i? is a fibrant replacement functor on Aff^'^. 
Note that there is always a natural morphism F{A) — > ]RF(yl), which is an equiva- 
lence precisely when _F is a stack. 

Finally, another important consequence of assumption 1 1 . 3 . 2^ is the local charac- 
ter of representable stacks. 

Proposition 1.3.2.8. Let G be a representable stack and F — > G be any mor- 
phism. Assume there exists a r-covering family of representable stacks 

{G, G}, 

such that each stack F Xq Gi is representable. Then F is a representable stack. 

Proof. Let X e Affc be a fibrant object such that G ~ hx- We can of course 
assume that G — hx ■ We can also assume that F — > G is a fibration, and therefore 
that G and F are fibrant objects. 

By choosing a refinement of the covering family {Gi — > G}, one can suppose that 
the covering family is finite and that each morphism Gi — > G is the image by of a 
fibration Ui — > X in Affc- Finally, considering the coproduct U = Ui — > X in 
^ffc and using lemma [1.3.2.31 (1) one can suppose that the family {Gi — > G} has 
only one element and is the image by /i of a fibration U — > X in Affc. 

We consider the augmented simplicial object C/* — > X in Affc, which is the 
nerve of the morphism U —f X, and the corresponding augmented simplicial object 
hjj^ — > hx in Aff^'^. We form the puUback in Aff^'^ 

F ^hx 



^hu, 

which is a homotopy puUback because of our choices. In particular, for any n, Fn is 
a representable stack. 

Clearly is the nerve of the fibration F x^^ h^ — > F. As this last morphism 
is an epimorphism in Af f^''^ the natural morphism 

\F^ \ :— Hocolim„Fn — > F 

is an isomorphism in St(C, r). Therefore, it remains to show that \F.^, \ is a representable 
stack. 

We will consider the category sAff^'^oi simplicial objects in Aff^'^, endowed 
with its Reedy model structure (see jHAGIi §4.4] for details and notations). In the 
same way, we will consider the Reedy model structure on sAffc, the category of 
simplicial objects in Af fc. 

Lemma 1.3.2.9. There exists a simplicial object in Af fc and an isomorphism 
Rhy^ ~ in Ho(sA//c '^). 

Proof. First of all, our functor h extends in the obvious way to a functor on the 
categories of simplicial objects 

h : sAffc sAffc'\ 

by the formula 

{hx, )n '■— hx„ 
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for any X* e sAffc- This functor possesses a right derived functor 

Rh : noisAffc) Ro{sAff--^), 

which is easily seen to be fuUy faithful. 

We claim that the essential image of Rh consists of all simplicial objects G 
Ho(sA//^'^) such that for any n, Fn is a representable stack. This will obviously 
imply the lemma. Indeed, as Rh commutes with homotopy limits, one sees that this 
essential image is stable by (U-small) homotopy limits. Also, any object G sAff^''^ 
can be written as a homotopy limit 

F^ ~ HolimnRCoskn{F^) 

of its derived coskeleta (see |HAGI[ §4.4]). Recall that for a fibrant object in 
sAff^'^ one has 

Coskn{F,)p ~ RCoskn{F,)p ~ 

where, for a simplicial set K, (F^)^ is defined to be the equalizer of the two natural 
maps 

[n] [n]-»[ni] 

Now, for any simplicial set and any integer n > 0, there is a homotopy push out 
square 

Sk„K ^ Sk„+iK 



Using this, and the fact that K i-^ F^ sends homotopy push outs to homotopy 
puUbacks when F^ is fibrant, we see that for any fibrant object F, G sAff^'^, and 
any n, we have a homotopy puUback diagram in sAff^'^ 

RCosk„{F^) ^RCoskn-iiF^) 



A^ ^ B?. 

Here, A" and B" are defined by the following formulas 

: A°P — > Affp^ 

[p] - n(A.)-+i^r^' 

Therefore, by induction on n, it is enough to see that if F* is fibrant then 
CosA:o(F*), A^ and B" all belongs to the essential image of Rh. 

The simplicial object Cosko^F^) is isomorphic to the nerve of Fq — > *, and 
therefore is the image by Rh of the nerve of a fibration X — > * in Affc representing 
Fq. This shows that Cosko{F^,) is in the image of Rh. 

We have F^" = F„+i, which is a representable stack. Let Xn+i G Affc be 
a fibrant object such that Fn+i is equivalent to hx^^i- Then, as h commutes with 
limits, we see that A" is equivalent the image by h of the simplicial object 

[P] ^ n ^n+l- 
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In the same way, can be written as a finite homotopy limit of F^'s, and 

therefore is a representable stack. Let be a fibrant object in Affc such that 

F^^ is equivalent to hy^^-^- Then, i?" is equivalent to the image by h of the 
simplicial object 

[p] ^ n ^"+1- 

(Ap)8A" + 1 

This proves the lemma. □ 

We now finish the proof of Proposition II. 3. 2"HI Let V^, be a simplicial object in 
sAffc such that ~ I^/iv, • The augmentation F* — > M/ij/^ gives rise to a well 
defined morphism in Ho^sAf f^'^) 

q : Rhy^ — > Rhjj_^ . 

We can of course suppose that is a cofibrant object in sAffc- As J7* is the nerve 
of a fibration between fibrant objects it is fibrant in sAffc- Therefore, as Rh is fully 
faithful, we can represent q, up to an isomorphism, as the image by ft. of a morphism 
in sAffc 

r : K — > [/». 

On the level of commutative monoids, the morphism r is given by a morphism — > 
C* of co-simplicial objects in Comm{C). By construction, for any morphism [n\ — > [m\ 
in A, the natural morphism 

Fm > Fn Xr?,^^ I^^a™ 

is an isomorphism in St(C,r). This implies that the underlying co-simplicial B^,- 
module of C* is homotopy cartesian in the sense of Def. 11.2.12.11 Our assumption 
11.3.2.21 (3) implies that if Y := HocolininV^, € Affc, then the natural morphism 

is an isomorphism in Ho(sA//c). As homotopy colimits in Aff^'^ commute with 
homotopy puUbacks, this implies that 

\F,\^\RhyJ^\RhuJX^^^Rhy. 

But, as Rhjj^ — > Rhx is the homotopy nerve of an cpimorphism we have 

\RhuJ ~ Rhx, 

showing finally that |F*| is isomorphic to Rhy and therefore is a representable stack. 

□ 

Finally, we finish this first section by the following description of the comma model 
category Aff^'^/h-^, for some fibrant object X G Affc- This is not a completely 
trivial task as the model category Aff^''^ is not right proper. 

For this, let A G Comm{C) such that X = Spec A, so that A is a cofibrant object 
in Comm{C). We consider the comma model category A — Comm{C) = {Affc/X)°P, 
which is also the model category Af f'^_j^j^^ — Comm{A — Mod). The model pre- 
topology r on Affc induces in a natural way a model pre-topology r on Affc/X = 
AffA-Mod- Note that there exists a natural equivalence of categories, compatible 
with the model structures, between {Af fc/X)"'''^ and Aff^'^/hx- We consider the 
natural morphism hx — > hx- It gives rise to a Quillen adjunction 

Affc^^/hx ^ Aff-'^/hx Affp^/hx — Aff-'^/hx 
where the right adjoint sends F — > h-^ to F Xf^ hx — > hx- 
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Proposition 1.3.2.10. The above Quillen adjunction induces a Quillen equiva- 
lence between Af f^''^ /hx — {Af fc / X)"^''^ and Aff^''^/hx- 

Proof. For F — > hx a fibrant object, and Y E Affc/X, there is a homotopy 
cartesian square 

(Fxh^hxW) ^hx{Y) 



FiY) ^hx{Y). 

As the morphism hxiY) — *■ hx(Y) is always surjective up to homotopy when Y is 
cofibrant, this impHes easily that the derived puUback functor 

RoiAffp^/hx) — RoiAffp^/hx) 

is conservative. Therefore, it is enough to show that the forgetful functor 

Uo{Affc/X-n RoiAff-'^hx) 

is fully faithful. 

Using the Yoneda lemma for Affc/X, we have 

Map(Affc/x)~.-{hY,hz) ~ MapAf fc/x{Y, Z) 

for any two objects Y and Z in Affc/X. Therefore, there exists a natural fibration 
sequence 

Map(Affc/x)~.-{hY, hz) MapAffdY, Z) ^ MapAffdZ, X). 

In the same way, the Yoneda lemma for Af fc implies that there exists a fibration 
sequence 

MapA f f~--/h^ (hy , hz) ^ M apA / fc {Y, Z) ^ MapA / fc {Z, X) . 

This two fibration sequences implies that the forgetful functor induces equivalences 
of simplicial sets 

MapAffc/x~.AhY,hz) ~ MapAff-'- /h^{Y,Z). 
In other words, the functor 

m{Affc/x-n no{Affp^/hx) 

is fully faithful when restricted to the full subcategory of representable stacks. But, 
any object in Ho(A//c/X~^'^) is a homotopy colimit of representable stacks. Fur- 
thermore, as the derived puUback 

Ho(A//~'7/i;,) ^ Ho(A//~'7/^x) 

commutes with homotopy colimits (as homotopy puUbacks of simplicial sets do), this 
implies that the functor 

Yio{Affc/X-n ^ Ho(A//~'V/ix) 
is fully faithful on the whole category. □ 

The important consequence of Prop. 11.3.2.101 comes from the fact that it allows 
to see objects in Mo{Af f^'^ /hx) functors 

A — Comm(C) — > SSet. 

This last fact will be used implicitly in the sequel of this work. 
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As explained in the introduction to this chapter, we will need to fix a class P of 
morphisms in Affc- Such a class will be then used to glue representable stacks to get 
a geometric stack. In other words, geometric stacks will be the objects obtained by 
taking some quotient of representable stacks by equivalence relations whose structural 
morphisms are in P. Of course, different choices of P will lead to different notions of 
geometric stacks. To fix his intuition the reader may think of P as being the class of 
smooth morphisms (though in some applications P can be something different). 

From now, and all along this section, we fix a class P of morphism in Affc, that 
is stable by equivalences. As the Yoneda functor 

Rh-.RoiAffcr ^St{C,T) 

is fully faithful we can extend the notion of morphisms belonging to P to its essential 
image. So, a morphism of representable objects in llo{SPr{Af f^'^)) is in P if by 
definition it correspond to a morphism in Ho(j4//c) which is in P. We will make 
the following assumtions on morphisms of P with respect to the topology r, making 
"being in P" into a r-local property. 

Assumption 1.3.2.11. (1) Covering families consist of morphisms in P i.e. 
for any T-covering family {Ui — > Xj^g/ in Affc, the morphism Ui — > X 
is in P for all i G I . 

(2) Morphisms in P are stable by compositions, equivalences and homotopy pull- 
backs. 

(3) Let f : X — > Y be a morphism in Af fc. If there exists a T-covering family 

{U, X} 

such that each composite morphism Ui 
P. 

(4) For any two objects X and Y in Affc, 

L 

X — > ^n^^ Y - 

are in P. 

The reader will notice that assumptions II .3 . 2 . 21 and [1.3.2.111 together imply the 
following useful fact. 

Lemma 1.3.2.12. Let {Xi — > X} be a finite family of morphisms in P. The total 
morphism 

L 
i 

is also in P. 

Proof. We consider the family of natural morphisms 

L 

{X,^1[X,},. 

i 

According to our assumption 1 1 . 3 . 2 it is a r-covering family in Af fc. Moreover, each 
morphism Xj — > Ui" -''^i and Xj — > X is in P, so assumption 11.3.2.111 (3) implies 
that so is Ul' X, — > X. □ 

We finish this section by the following definition. 



— > Y lies in P, then f belongs to 
the two natural morphisms 

L 

^X\IY 
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Definition 1.3.2.13. A Homotopical Algebraic Geometry context (or simply 
HAG context^ is a 5-tuple {C,Co,A,t, P), where {C,Co,A) is a HA context in the 
sense of Def. M.l.U.lR t is a model pre-topology on Af fc, P is a class of morphism 
in Af fc, and such that assumvtions \1.S.2.2\ and \1.3.2.1l\ are satisfied. 

1.3.3. Main definitions and standard properties 

From now on, we fix a HAG context (C, Co, -4, r, P) in the sense of Def. 11.3.2. 13| 
We will consider the model category of stacks Aff^'^ as described in the previous 
section, and introduce the notion of geometric and n-geometric stacks, which are 
objects in Af f^'^ satisfying certain properties. 

The basic geometric idea is that a stack is geometric if it is obtained by taking 
the quotient of a representable stack X (or more generally of a disjoint union of 
representable stacks) by the action of a groupoid object Xi acting on X, such that Xi 
is itself representable, and such that the source morphism Xi — > X is a morphism in 
the chosen class P. If one thinks of P as being the class of certain smooth morphisms, 
being geometric is thus equivalent of being a quotient by a smooth groupoid action. 

It turns out that this notion is not enough for certain applications, as some natu- 
rally arising stacks are obtained as quotients by an action of a groupoid in geometric 
stacks rather than in representable stacks (e.g. the quotients by a group-stack action). 
We will therefore also introduce the notion of n-geometric stack, which is defined in- 
ductively as a stack obtained as a quotient by an action of a groupoid object in 
[n — l)-geometric stacks whose source morphism is in P. Of course, for this definition 
to make sense one must also explain, inductively on n, what are the morphisms in P 
between n-geometric stacks. 

The inductive definition we give below uses a different (though equivalent) point 
of view, closer to the original definition of algebraic stacks due to Deligne-Mumford 
and M. Artin. It says that a stack F is n-geometric if for any pair of points of F, the 
stack of equivalences between them is (n — l)-geometric, and if moreover it receives a 
morphism, which is surjective and in P, from a representable stack (or from a disjoint 
union of representable stacks) . The equivalence of this definition with the previously 
mentioned quoticnt-by-groupoids point of view will be established in the next section 
(see Prop. I1.3.4.2fl . 

Definition 1.3.3.1. (1) A stack is (— l)-geometric if it is representable. 

(2) A morphism of stacks f : F — > G is (— l)-representable if for any rep- 
resentable stack X and any morphism X — > G, the homotopy pullback 
F X is a representable stack. 

(3) A morphism of stacks f : F — > G is in (— 1)-P if it is [—1) -representable, 
and if for any representable stack X and any morphism X — > G, the in- 
duced morphism 

F x'l;X — > X 
is a P-morphism between representable stacks. 

Now let n > 0. 

(1) Let F be any stack. An n-atlas for F is a V-small family of morphisms 
{Ui — > F}i^i such that 

(a) Each Ui is representable. 

(b) Each morphism Ui — *■ F is in (n — 1)--P- 
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(c) The total morphism 

iG/ 

is an epimorphism. 

(2) A stack F is n-geometric if it satisfies the following two conditions. 

(a) The diagonal morphism F — > F F is {n — l)-representable. 

(b) The stack F admits an n-atlas. 

(3) A morphism of stacks F — > G is n-representable if for any representable 
stack X and any morphism X — > G, the homotopy pullhack F X is 
n-geometric. 

(4) A morphism of stacks F — > G is in n-P (or has the property n-P, or is 
a n-P-morphism j if it is n-representable and if for any representable stack 

X , any morphism X > G, there exists an n-atlas {Ui} of F xji, X , such 

that each composite morphism Ui — > X is in P. 

Remark 1.3.3.2. In the above definition, condition (2a) foUows from condition 
(2b). This is not immediate now but will be an easy consequence of the description 
of geometric stacks as quotients by groupoids given in the next section. We prefer to 
keep the definition of n-geometric stacks with the two conditions (2a) and (2b) as it 
is very similar to the usual definition of algebraic stacks found in the literature (e.g. 
in |La-Mop . 

The next Proposition gives the fundamental properties of geometric n-stacks. 

Proposition 1.3.3.3. 

(1) Any {n — 1) -representable morphism is n-representable. 

(2) Any (n — 1) -P-morphism is a n-P-morphism. 

(3) n-representable morphisms are stable by isomorphisms, homotopy pullbacks 
and compositions. 

(4) n-P-morphisms are stable by isomorphisms, homotopy pullbacks and com- 
positions. 

Proof. We use a big induction on n. All the assertions are easily verified for 
n — —1 using our assumptions II. 3. 2. Ill on the morphisms in P. So, we fix an integer 
n > and suppose that all the assertions are true for any m < n; let's prove that 
they all remain true at the level n. 

(1) By definition II. 3. 3. ll it is enough to check that a (n — l)-geometric stack F is 
n-geometric. But an (n — l)-atlas for F is a n-atlas by induction hypothesis (which 
tells us in particular that a (n — 2)-P-morphism is a (n — l)-P-morphism), and more- 
over the diagonal of is (n — 2)-representable thus (n — l)-representable, again by 
induction hypothesis. Therefore F is n-geometric. 

(2) Let / : F — > G be an (n — l)-P-morphism. By definition it is (n — 1)- 
representable, hence n-representable by (1). Let X — > G be a morphism with X 
representable. Since / is in (n — 1)-P, there exists an (n — l)-atlas {Ui} of FxqX such 
that each Ui — > X is in P. But, as already observed in (1), our inductive hypothesis, 
shows that any (n — l)-atlas is an n-atlas, and we conclude that / is also in n-P. 

(3) Stability by isomorphisms and homotopy pullbacks is clear by definition. To 
prove the stability by composition, it is enough to prove that \i f : F — > G is an 
n-representable morphism and G is n-geomctric then so is F . 
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Let {Ui} be an n-atlas of G, and let Fi FxQUi. The stacks Fi are n-geometric, 
so we can find an n-atlas for Fi, for any i. By induction hypothesis (telling 

us in particular that {n — l)-P-morphisms are closed under composition) we see that 
the family of morphisms {Vij — > F} is an n-atlas for F. It remains to show that 
the diagonal of F is (n — l)-representable. 

There is a homotopy cartesian square 

F x^F ^ F F 



G ^Gx^G. 

As G is n-geometric, the stability of (n— l)-representable morphisms under homotopy 
puUbacks (true by induction hypothesis) implies that F Xq F — > F x^ F is (n — 1)- 
representable. Now, the diagonal of F factors has F — > F Xq F — > F x^ F, and 
therefore by stability of (n — l)-representable morphisms by composition (true by 
induction hypothesis), we see that it is enough to show that F — > F x^F is (n — 1)- 
representable. Let X be a representable stack and X — > F xji, F be any morphism. 
Then, we have 

As by hypothesis F x'^ X is n-geometric this shows that F x^^^^ X is {n — 1)- 
geometric, showing that F — > F F is (n — l)-representable. 

(4) Stability by isomorphisms and homotopy puUbacks is clear by definition. Let 
F — > G — > H be two n-P-morphisms of stacks. By (3) we already know the 
composite morphism to be n-representable. By definition of being in n-P one can 
assume that H is representable. Then, there exists an n-atlas {Ui} for G such that 
each morphism Ui — > H is in P. Let Fi := F x^ Ui, and let {Vij}j be an n-atlas 
for Fi such that each Vi,j — > Ui is in P. Since by induction hypothesis (n — 1)-P- 
morphisms are closed under composition, we see that {T/^j} is indeed an n-atlas for 
F such that each Vij — > i7 is in P. □ 

An important consequence of our descent assumption ^^^^ and Prop. 11.3.2.81 is 

the following useful proposition. 

Proposition 1.3.3.4. Let f : F — > G be any morphism such that G is an n- 
geometric stack. We suppose that there exists a n-atlas {Ui} ofG such that each stack 
F Xq Ui is n-geometric. Then F is n-geometric. 

If furthermore each projection F x'^ Ui > Ui is in n-P, then so is f . 

Proof. Using the stability of n-representable morphisms by composition (see 
Prop. 11.3.3.31 (^)) we see that it is enough to show that / is n-representable. The 
proof goes by induction on n. For n = — 1 this is our corollary Prop. 11.3.2.81 Let us 
assume n > and the proposition proved for rank less than n. Using Prop. 11.3.3.31 
(3) it is enough to suppose that G is a representable stack X. 

Let {Ui} be an n-atlas of X as in the statement, and let {l^i.j} be an n-atlas for 
Fi F x\ Ui. Then, the composite family Vij — > F is clearly an n-atlas for F. It 
remains to prove that F has an (n — l)-representable diagonal. 

The diagonal of F factors as 

F — >Fx'lF — > F x'^ F. 
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The last morphism being the homotopy puUback 

F x'' F ^ F x'^' F 



X 



■X x'' X 



is representable and therefore (n— l)-representable. Finahy, let Z be any representable 
stack and Z — > F x'^ F he a. morphism. Then, the morphism 

F — > X 



satisfies the conditions of the proposition 1 1 . 3 . 3 !H for the rank (n — 1). Indeed, for any 
i we have 

(Z x^^. ^ F) x\ ~ (Z x^^ U,) x\^, p^ F. 



F is 



Therefore, using the induction hypothesis we deduce that the stack Z x' 

{n — l)-geometric, proving that F — > F x^ F is (n — l)-representable. 

The last part of the proposition follows from the fact that any n-atlas {V^j} of 
Fi is such that each morphism Vij — > X is in n-P by construction. □ 

Corollary 1.3.3.5. The full subcategory of n- geometric stacks in St(C,r) is 
stable by homotopy pullbacks, and by V-small disjoint union if n>Q. 



Proof. Let F ■ 



H 



topy cartesian squares 
F x^G- 



G 



G be a diagram of stacks. There are two homo- 
Fx'IjG 



H 



F- 



Fx'^G- 



^ H x'' H, 

showing that the stability under homotopy pullbacks follows from the stability of 
n-representable morphisms under compositions and homotopy pullbacks. 

Let us prove the second part of the corollary, concerning U-small disjoint union. 
Suppose now tha n > and let F be Fi with each Fi an n-geometric stack. Then, 
we have 

F x'' F c^Y[F, x'^Fj. 



For any representable stack X, and any morphism X 
0-atlas {Uk} of X, and commutative diagrams of stacks 



F x"- F, there exists a 



We apply Prop. II. 3. 3. 41 to the morphism 

G :~ F x'p^hp X — > X 
and for the covering {Uk}- We have 

Gx^t/fe~0i/z(fc)^j-(fc) 

and 

G x'^^Uk^ F,(k) XFn^-^xi-Fn^y Uk 
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otherwise. Prop. 11.3.3.41 implies that G is (n — l)-geometric, and therefore that the 
diagonal of F is (n — l)-representable. Finally, the same argument and assumption 
11.3.2.111 show that the disjoint union of n-atlases of the i^^'s will form an n-atlas for 
F. □ 

Finally, let us mention the following important additional property. 

Proposition 1.3.3.6. Let f : F — > G be an n-representable morphism. If f is 
in m-P for m > n then it is in n-P. 

Proof. By induction on m it is enough to treat the case ni = n + I. The proof 
goes then by induction on n. For n = —I this is our assumption 11.3.2.111 (3). For 
n > we can by definition assume G is a representable stack and therefore that F is 
n-geometric. Then, there exists an (n + l)-atlas {Ui} for F such that each Ui — > G 
is in P. By induction, {Ui} is also an n-atlas for F, which implies that the morphism 
/ is in fact in P. □ 

The last proposition implies in particular that for an rt-representable morphism 
of stacks the property of being in n-P does not depend on n. We will therefore give 
the following definition. 

Definition 1.3.3.7. A morphism in St(C,T) is in P if it is in n-P for some 
integer n. 

1.3.4. Quotient stacks 

We will now present a characterization of geometric stacks in terms of quotient 
by groupoid actions. This point of view is very much similar to the presentation of 
manifolds by charts, and much less intrinsic than definition Def. 11.3.3.11 However, 
it is sometimes more easy to handle as several stacks have natural presentations as 
quotients by groupoids. 

Let X^, be a Segal groupoid object in a model category M (Def. I1.3.1.6|l . Inverting 
the equivalence 

X2 — > Xi x^^ Xi 

and composing with di : X2 — > Xi gives a well defined morphism in Ho(M) 

^i-.Xi x^^Xi^Xi, 
that is called composition. In the same way, inverting the equivalence 

X2 > Xi x'^g^XoMo ^1' 

and composing with 

Id x'\so : X^ ^ X, xX^XoMo ^1 

^2 ■ X2 > Xi 

gives a well defined isomorphism in IIo(Af ) 

i : Xi — > Xi , 

called inverse. It is easy to check that di o i — d^ as morphisms in IIo(i\f ), showing 
that the two morphisms ^^nd di are always isomorphic in Ho(M). Finally, using 
condition (1) of Def. II. 3. 1.61 we see that for any z > 0, all the face morphisms 

Xi — > Xi^i 

of a Segal groupoid object are isomorphic in Ho(Af ). 
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Definition 1.3.4.1. A Segal groupoid object X, in }lo{SPr{Af f^''^)) is an n-P 
Segal groupoid if it satisfies the following two conditions. 

(1) The stacks Xq and Xi are disjoint unions of n- geometric stacks. 

(2) The morphism do : Xi > Xq is in n-P. 

As n-geometric stacks are stable by homotopy puUbacks, Xi is a disjoint union 
of n-geometric stacks for any i and any n-P Segal groupoid X^. Furthermore, the 
condition (2) of Def. ll.3.1.6l imDlies that the two morphisms 

dojdi : Xi — > Xq 

are isomorphic as morphisms in St(C,T). Therefore, for any n-P Segal groupoid X*, 
all the faces Xi — > Xi-i are in P. 

Proposition 1.3.4.2. Let F e llo{SPr{Aff~'^)) be a stack and n > 0. The 
following conditions are equivalent. 

(1) The stack F is n-geometric. 

(2) There exists an (n — 1)-P Segal groupoid object X, in SPr{Af f^'^), such 
that Xq is a disjoint union of representable stacks, and an isomorphism in 
Yio{SPr{Aff-^^)) 

F ~ |X, I := Hocolim[n]eA^n- 

(3) There exists an {n — 1)-P Segal groupoid object X^ in SPr{Aff^'^), and 
an isomorphism in }io{SPr{Af f^'^)) 

F ~ \X^ \ := Hocolim[n]eA^7i- 

If these conditions are satisfied we say that F is the quotient stack of the (71 — 1)-P 
Segal groupoid X, . 

Proof. We have already seen that a 0-geometric stack is n-geometric for any n. 
Therefore, (2) (3). It remains to show that (1) implies (2) and (3) implies (1). 

(1) ^ (2) Let F be an n-geometric stack, and {Ui} be an n-atlas for F. We let 

P:Xq:=]]_U,^F 

i 

be the natural projection. Up to an equivalence, we can represent p by a fibration 
Xq — > F between fibrant objects in SPr{Af f^'^). We define a simplicial object X^, 
to be the nerve of p 

Xn '■= Xq ':<F Xq Xp ■ ■ ■ X p Xq . 

n times 

Clearly, X* is a groupoid object in SPr{Af f^'^) in the usual sense, and as p is a 
fibration between fibrant objects it follows that it is also a Segal groupoid object in 
the sense of Def. 11.3.1.61 Finally, as F is n-geometric, one has Xi ~ Wi j Ui Xp Uj 
which is therefore an (n — l)-geometric stack by Cor. 11.3.3.51 The morphism do : 
Xi — > Xq ~ ]J^ Ui is then given by the projections Ui Xp Uj — > Ui which are in 
(n — 1)-P as {Ui} is an n-atlas. This implies that X^, is an (n — 1)-P Segal groupoid 
such that Xq is a disjoint union of representable. 

Lemma 1.3.4.3. The natural morphism 

\X^\^F 

is an isomorphism in Jio{S Pr(Af f^'^)) . 
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Proof. For any fibration of simplicial sets / : X — > Y , we know that the 
natural morphism from the geometric reahzation of the nerve of / to K is equivalent 
to an inclusion of connected components. This implies that the morphism \X^\ — > F 
induces an isomorphisms on the sheaves tt^ for i > and an injection on ttq. As 
the morphism p : Xq — > F is an epimorphism and factors as \X^\ F, the 

morphism — > F is also an epimorphism. This shows that it is surjective on the 
sheaves ttq and therefore is an isomorphism in llo{SPr{Af f^'^). □ 

The previous lemma finishes the proof of (1) (2). 

(3) (1) Let X^, be an {n — 1)-P Segal groupoid and F = \X^,\. First of all, we 
recall the following important fact. 

Lemma 1.3.4.4. Let M be a V-model topos, and X* be a Segal groupoid object in 
M with homotopy colimit Then, for any n > 0, the natural morphism 

Xn > Xo X 1*^^ I Xo ^'^X,\ ' ' ■ ^ |X. I ^0 

^ ; ^ , 

n times 

is an isomorphism in Ho(M). 

Proof. This is one of the standard properties of model topoi. See Thm. 11.3.1.71 

□ 

Let {Ui} be an {n — l)-atlas for Xo, and let us consider the composed morphisms 

^ F. 

Clearly, ]Jj Ui — > F is a composition of epimorphism, and is therefore a epimorphism. 
In order to prove that {Ui} form an n-atlas for F it is enough to prove that the 
morphism Xq — > F is in {n — 1)-P- 

Let X be any representable stack, X — > F be a morphism, and let G be Xq XpX. 
As the morphism Xq — > F is an epimorphism, we can find a covering family {Zj — > 
X}, such that each Zj is representable, and such that there exists a commutative 
diagram in St(C,T) 

Xo ^F 

By assumotion 11.3.2.111 (1) we can also assume that each morphism Zj — > X is in 
P, and therefore that {Zj — > X} is a 0-atlas of X. 

In order to prove that G — > X is in {n — 1)-P it is enough by Prop. 11.3.3.41 to 
prove that each stack Gj := Gx'^Zj ~ Xo^pZj is (n — l)-geometric, and furthermore 
that each projection Gj — > Zj is in P. We have 

Gj ~ {Xo XpXo) x'xg Zj. 

Therefore, lemma H .3.4.41 imolies that Gj ~ Xi x^^ Zj, showing that each Gj is 
(n — l)-geometric and finally that G is (ti — l)-geometric. Furthermore, this also 
shows that each projection Gj — > Zj is of the form Xi x^^ Zj — > Zj which is in P 
by hypothesis on the Segal groupoid object X^,. □ 
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Corollary 1.3.4.5. Let f : F — > G be an epimorphism of stacks and n>0. If 
F is n-geometric and f is {n — l)-representahle and in P. then G is n-geometric. 

Proof. Indeed, let U — > F be an n-atlas, and let g : U — > G be the compo- 
sition. The morphism g is stih an epimorphism and (n — l)-representable, and thus 
we can assume that F is 0-representable. The morphism / being an epimorphism, G 
is equivalent to the quotient stack of the Segal groupoid which is the homotopy 
nerve of /. By assumption this Segal groupoid is an (n — 1)-Segal groupoid and thus 
G is n-geometric by Prop. 11.3.4.21 (1). □ 



1.3.5. Quotient stacks and torsors 

Writing a stack as a quotient stack of a Segal groupoid is also useful in order 
to describe associated stacks to certain pre-stacks. Indeed, it often happens that a 
pre-stack is defined as the quotient of a Segal groupoid, and we are going to show 
in this section that the associated stack of such quotients can be described using an 
adequate notion of torsor over a Segal groupoid. This section is in fact completely 
independent of the notion of geometricity and concern pure stacky statements that 
are valid in any general model topos. We have decided to include this section as it 
helps understanding the quotient stack construction presented previously. However, 
it is not needed for the rest of this work and proofs will be more sketchy than usual. 

We let M be a general U-model topos in the sense of Def. 11.3.1.51 The main case 
of application will be M = Aff^'^ but we rather prefer to state the results in the 
most general setting (in particular we do not even assume that AI is i-complete) . 

Let X* be a Segal groupoid object in M in the sense of Def. 11.3.1.61 and we 
assume that each X„ is a fibrant object in M. We will consider sM, the category 
of simplicial objects in M, which will be endowed with its levelwise projective model 
structure, for which fibrations and equivalences are defined levelwise. We consider 
sM/X^,, the model category of simplicial objects over X^,. Finally, we let Z he a 
fibrant object in M, and X^, — > Z he a morphism in sM (where Z is considered as 
a constant simplicial object), and we assume that the induced morphism 

\X,\ Z 

is an isomorphism in IIo(Af). 

We define a Quillen adjunction 

(/) : sM/X., — > M/Z sM/X^ < — M/Z : -0 

in the following way. For any Y — > Z in M, we set 

V'(r) :=¥ XzX,e sM, 

or in other words ip{Y)n = Y Xz X„ and with the obvious transitions morphisms. 
The left adjoint to tp sends a simplicial object Y^, — > X^, to its colimit in M 

<j>{Y^,) :— ColimneA''pYn — > CoZim„X„gA°p — > Z. 

It is easy to check that ((/), tp) is a Quillen adjunction. 

Proposition 1.3.5.1. The functor 

: Ho(M/Z) — > Ho(sM/X,) 
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is fully faithful. Its essential image consists of all — > X* such that for any 
morphism [n] [m] in A the square 

Y 9- Y 



is homotopy cartesian. 

Proof. Let Y ^ Z in M/Z. Proving that Rip is fully faithful is equivalent to 
prove that the natural morphism 

\Y x|X,| — > Y 

is an isomorphism in Ho(M). But, using the standard properties of model topoi (see 
Thm. I1.3.1.7|) . we have 

as I ~ Z. This shows that Rip is fully faithful. 

By definition of the functors (f> and tp, it is clear that Rip takes its values in the 
subcategory described in the statement of the proposition. Conversely, let Y^ — > 
be an object in Ho(Af) satisfying the condition of the proposition. As X^, is a Segal 
groupoid object, we know that X^ is naturally equivalent to the homotopy nerve of 
the augmentation morphism Xq — > Z (see Thm. I1.3.1.7f) . Therefore, the object 
Riph(p{Y^,) is by definition the homotopy nerve of the morphism 



But, we have 



mi x|xo ^ m 



mi x|xo~ m x|xoi -m 



by hypothesis on y,. Therefore, the object Rip'L(p{Y^,) is naturally isomorphic in 
Ho(sM/X») to the homotopy nerve of the natural 

Yo mi. 

Finally, as X^ is a Segal groupoid object, so is by assumption. The standard 
properties of model topoi (see Thm. I1.3.1.7|) then tell us that is naturally equivalent 
to the homotopy nerve of Yq — > |y*|, and thus to Riph(p{Y^,) by what we have just 
done. □ 

The model category sM/X^,, or rather its full subcategory of objects satisfying 
the conditions of Prop. 11.3.5.11 can be seen as the category of objects in M together 
with an action of the Segal groupoid X^ . Proposition 11.3.5.11 therefore says that the 
homotopy theory of stacks over \X^,\ is equivalent to the homotopy theory of stacks 
together with an action of X^. This point of view will now help us to describe the 
stack associated to \X^\. 

For this, let F be a fixed fibrant object in M. We define a new model category 
sM/{X^,, F) in the following way. Its objects are pairs {Y^,,f), where Y^, X^, is 
an object in sM/X^, and / : ColirrinYn — > F is a morphism in M . Morphisms 

/) ~^ (XI, /') are given by morphisms Y^ — > Yl in sMjX^, such that 

ColininYn s- ColininY^ 
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commutes in M. The model structure on sM / {X^, F) is defined in such a way that 
fibrations and equivalences are defined on the underlying objects in sM . The model 
category sM/{X^.,F) is also the comma model category sM/{X^ x F) where F is 
considered as a constant simplicial object in M . 

Definition 1.3.5.2. An object e sM / (X*, F) is a X*-torsor on F if it satisfies 
the following two conditions. 

(1) For all morphism [n] [m] in A, the square 



is homotopy cartesian. 
(2) The natural morphism 

im — > F 

is an isomorphism in Ho(M). 

The space of X,-torsors over F, denoted by Torsx, {F), is the nerve of the sub category 
of fibrant objects sAI/{X^, F)^ , consisting of equivalences between X^,-torsors on F. 

Suppose that / : F — > F' is a morphism between fibrant objects in M. We get 
a puUback functor 

sM/{X^,F') — > sM/{X^,F), 
which is right Quillen, and such that the induced functor on fibrant objects 

sM/{X^„F'y — >sM/{X^,F)f 

sends X*-torsors over F to X,-torsors over F' (this uses the commutation of homotopy 
colimits with homotopy puUbacks). Therefore, restricting to the sub categories of 
equivalences, we get a well defined morphism between spaces of torsors 

f* -.TorsxAF') -^TorsxAF). 

By applying the standard strictification procedure, we can always suppose that (/ o 
g)* = g*of*. This clearly defines a functor from {Alf)°P, the opposite full subcategory 
of fibrant objects in M-^ , to SSet 

Torsx, : {M^^p — > SSet. 

This functor sends equivalences in to equivalences of simplicial sets, and therefore 
induces a Ho(55et)-enriched functor (using for example |D-Klp 

Torsx, : Ho(A/^)°p ~ Ho(Af)°f ^ Ho(55ei). 

In other words, there are natural morphisms in }io{SSet) 

MapM{F,F') — > Mapsset{TorsxAF'),TorsxAF)), 

compatible with compositions. 

The main classification result is the following. It gives a way to describe the stack 
associated to for some Segal groupoid object X* in M. 

Proposition 1.3.5.3. Let X^ be a Segal groupoid object in M and Z be a fibrant 
model for in M. Then, there exists an element a £ nolTorsx^iZ)), such that 
for any fibrant object F £ M, the evaluation at a 

a* : MapM{F, Z) — > Torsx,{F) 

is an isomorphism in Yio{SSet) . 
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Proof. We can of course assume that X^, is cofibrant in sM, as everything is 
invariant by changing X* with something equivalent. Let ColimnXn — > Z he a 
morphism in M such that Z is fibrant and such that the induced morphism 

is an equivalence. Such a morphism exists as Colim„Xn is cofibrant in M and com- 
putes the homotopy colimit \X^\. The element a e T:o{Torsx,{Z)) is defined to be 
the pair {X^,,p) G Ho(sM/(X», Z)), consisting of the identity of X^ and the natural 
augmentation p : ColimnXn — > Z. Clearly, a is a X*-torsor over Z. 

Applying Cor. IA.0.51 of Appendix A, we see that there exists a homotopy fiber 
sequence 

MapM{F, Z) N{{M/Z){^) N{mI) 

where the (M/Z)^ (resp. M^) is the subcategory of equivalences between fibrant 
objects in M/Z (resp. in M), and the morphism on the right is the forgetful functor 
and the fiber is taken at F . In the same way, there exists a homotopy fiber sequence 

Torsx, (F) N{iisM/X,){^r^') 7V(M^) 

where (sM/AT,)^)'^'"'* is the subcategory of sM/X^ consisting of equivalence between 
fibrant objects satisfying condition (1) of Def. 11.3.5.21 and where the morphism on 
the right is induced my the homotopy colimit functor of underlying simplicial objects 
and the fiber is taken at F. There exists a morphism of homotopy fiber sequences of 
simplicial sets 

MapM{F, Z) N{{M/Z){^) N{mI) 

Id 

Torsx. {F) N{{{sM/X,y^r--') iV(Af4) 

and the arrow in the middle is an equivalence because of our proposition 11.3.5.11 □ 

1.3.6. Properties of morphisms 

We fix another class Q of morphisms in Affc, which is stable by equivalences, 
compositions and homotopy puUbacks. Using the Yoneda embedding the notion of 
morphisms in Q (or simply Q-morphisms) is extended to a notion of morphisms 
between representable stacks. 

Definition 1.3.6.1. We say that morphisms in Q are compatible with r and 
P (or equivalently that morphisms in Q are local with respect to t and P) if the 
following two conditions are satisfied: 

(1) // / : X — > Y is a morphism in Affc such that there exists a covering 
family 

{U, ^ X} 

with each composite morphism Ui — > Y in Q, then f belongs to Q. 

(2) If f : X > Y is a morphism in Af fc and there exists a covering family 

{U. Y} 
such that each homotopy pullhack morphism 

A [/, — ^ [/, 
is in Q, then f belongs to Q. 
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For a class of morphism Q, compatible with r and P in the sense above we can 
make the following definition. 

Definition 1.3.6.2. Let Q be a class of morphisms in Affc, stable by equiva- 
lences, homotopy pullbacks and compositions, and which is compatible with r and P 
in the sense above. A morphism of stacks f : F — > G is in Q (or equivalently is a 
Q-morphism^ if it is n-representable for some n, and if for any representable stack X 
and any morphism X — > G there exists an n-atlas {Ui} of F XqX such that each 
morphism Ui — > X between representable stacks is in Q. 

Clearly, because of our definition ! 1.3. 6. J the notion of morphism in Q of definition 
11.3.6.21 is compatible with the original notion. Furthermore, it is easy to check, as it 
was done for P-morphisms, the following proposition. 

Proposition 1.3.6.3. (1) Morphisms in Q are stable by equivalences, com- 

positions and homotopy pullbacks. 
(2) Let f : F — > G be any morphism between n-geometric stacks. We suppose 
that there exists a n-atlas {Ui] of G such that each projection Fx'^Ui — s- Ui 
is in Q. Then f is in Q. 

Proof. Exercise. □ 
We can also make the following two general definitions of morphisms of stacks. 

Definition 1.3.6.4. Let f : F — > G be a morphism of stacks. 

(1) The morphism is categorically locally finitely presented if for any repre- 
sentable stack X = RSpecA, any morphism X — > G, and any \J -small 
filtered system of commutative A-algebras {Bi}, the natural morphism 

HocolimiMapj^fj:-.^ /xi^Spec Bi, FxqX) — > Mapj^^j:-.^ j xi^Spec{HocolimiBi) , Fxq 

is an isomorphism in }io{SSet). 

(2) The morphism f is quasi-compact if for any representable stack X and any 
morphism X — > G there exists a finite family of representable stacks {Xi} 
and an epimorphism 

Jlx.^Fx'^X. 

i 

(3) The morphism f is categorically finitely presented if it is categorically locally 
finitely presented and quasi- compact. 

(4) The morphism f is a monomorphism if the natural morphism 

F — >F x%F 

is an isomorphism in St (C,r). 

(5) Assume that the class Q of finitely presented morphism in Af fc is compatible 
with the model topology t in the sense of Def. The morphism f is 
locally finitely presented if it is a Q-morphism in the sense of Def. \1.3.6.Sl 
It is a finitely presented morphism if it is quasi- compact and locally finitely 
presented. 

Clearly, the above notions are compatible with the one of definition 11.2.6.11 in 
the sense that a morphism of commutative monoids A — > B has a certain property 
in the sense of Def. 11.2.6.11 if and only if the corresponding morphism of stacks 
MS'pec B — > M.Spec A has the same property in the sense of Def. 11.3.6.41 
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Proposition 1.3.6.5. Quasi- compact morphisms, categorically (locally) finitely 
presented morphisms, (locally) finitely presented morphisms and monomorphisms are 
stable by equivalences, composition and homotopy pullbacks. 

Proof. Exercise. □ 

Remark 1.3.6.6. When the class of finitely presented morphisms in Affc is 
compatible with the topology r, Def. 11.3.6.41 gives us two different notions of locally 
finitely presented morphism which are a priori rather difficult to compare. Giving 
precise conditions under which they coincide is however not so important as much 
probably they are already different in some of our main examples (e.g. for each 
example for which the representable stacks are not truncated, as in the complicial, 
or brave new algebraic geometry presented in §2.3 and §2.4). In this work we have 
chosen to use only the non categorical version of locally finitely presented morphisms, 
the price to pay being of course that they do not have easy functorial characterization. 

1.3.7. Quasi-coherent modules, perfect modules and vector bundles 

For a commutative monoid A in C, we define a category A — QCoh, of quasi- 
coherent modules on A (or equivalently on Spec A) in the following way. Its objects 
are the data of a i3-module Mb for any commutative A-algebra B E A ~ Comm{C), 
together with an isomorphism 

au : Mb ®b B' — > Mb' 

for any morphism u : B — > B' in A — Comm(C), such that one has ayo{au®B' B") — 
Oivou for any pair of morphisms 

B^^B'^^B" 

in A—Comm{C). Such data will be denoted by {M, a). A morphism in A— QCoh, from 
(M, a) to [M' , a') is given by a family of morphisms of i?-modules fs ■ Mb — > Mg, 
for any B E A — Comm(C), such that for any u : B B' m A — Comm{C) the 
diagram 

Mb Ob B' > Mb' 

{M'g)®B B'^^M'g, 

commutes. As the categories A — Mod and Comm{C) are all V-small, so are the 
categories A — QCoh. 

There exists a natural projection A — QCoh — > A — Mod, sending (M, a) to 
Mj^, and it is straightforward to check that it is an equivalence of categories. In 
particular, the model structure on A— Mod will be transported naturally on A — QCoh 
through this equivalence. Fibrations (resp. equivalences) in A — QCoh are simply the 
morphisms / : {M, a) — > (M', a') such that /a ■ Ma — > M'j^ is a fibration (resp. 
an equivalence). 

Let now / : A — > A' be a morphism of commutative monoids in C. There exists 
a puUback functor 

f* -.A- QCoh — > A' - QCoh 

defined by f*{M,a)B ■= Mb for any B e A - Comm{C), and for u : B — > B' in 
A — Comm(C) the transition morphism 

/*(M, a)B ®B B' = Mb ®b B' r{M, a)B' = Mb' 
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is given by au- By definition of tlic model structure on A — QCoh, the functor 

f* -.A- QCoh — >A'~ QCoh 
is clearly a left Quillen functor, as the natural diagram 

A - QCoh — ^ A' - QCoh 



A ~ Mod — ^ A' - Mod 
commutes up to a natural isomorphism. Furthermore, for any pair of morphisms 

A — ^ A' — ^ A" 

in Comm{C), there is an equality {g o /)* = g* o f* . In other words, the rule 

A^A^ QCoh if -.A^ A')^ f* 

defines a U-cofibrantly generated left QuilUen presheaf on Affc = Comm{C)"P in the 
sense of Appendix B. 

We now consider for any A G Comm{C), the subcategory A — QCoh^ of A — 
QCoh, consisting of equivalences between cofibrant objects. As these are preserved 
by the puUback functors /*, we obtain this way a new presheaf of V-small categories 

QCo/i^ : Comm{C) = Aff"^ — > Cah 

A ^ A- QCoh'^. 

Composing with the nerve functor 

N : Cat-i/ — > SSetY 

we get a simplicial presheaf 

7V(QCo/i^) : Comm{C) = Aff°P — > SSetv 

A ^ N{A - QCoh'^). 

Definition 1.3.7.1. The simplicial presheaf of quasi-coherent modules is 
N(QCohy^/) defined above. It is denoted by QCoh, and is considered as an object in 
Affpr 

It is important to note that for any A e Comm{C), the simplicial set QCoh(A) 
is naturally equivalent to the nerve of A — Mod^, the subcategory of equivalences 
between cofibrant objects in A— Mod, and therefore also to the nerve of A—M odw, the 
subcategory of equivalences in A — Mod. In particular, 7ro(QCoh(yl)) is in bijection 
with isomorphisms classes of objects in Ho(A — Mod) (i.e. equivalence classes of 
objects in A — Mod). Furthermore, by |D-K3j (see also Appendix A), for any x e 
QCoh(yl), corresponding to an equivalence class of M 6 A — Mod, the connected 
component of QCoh(yl) containing x is naturally equivalent to BAut{M), where 
Aut{M) is the simplicial monoid of self equivalences of M in A — Mod. In particular, 
we have 

7ri(QCoh(A), a;) ~ A'utjjo(yl-Mod) 

(M) 

^,+1 (QCoh(A), x) ~ [S'M, M]A-Mod V z > 1. 
The main result of this section is the following. 

Theorem 1.3.7.2. The simplicial presheaf (^Cdh is a stack. 
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Proof. This is a direct application of the strictification theorem IB. 0.71 recalled 
in Appendix B. 

More precisely, we use our lemma Fl. 3 .2. 31 (2). Concerning finite direct sums, we 
have already seen (during the proof of lemma IT. 3. 2. 3|l that the natural functor 

(- i^Axi^B ^) X (- '^Ax'^B B) : {Ax'' B)- Mod — > A- Mod x B - Mod 

is a Quillen equivalence. This implies that for any two objects X,Y Affc the 
natural morphism 

L 

QCoh(x]Jr) — > QCoh(X) X QCoh(y) 

is an equivalence. It only remains to show that QCoh has the descent property with 
respect to hypercovers of the type described in lemma [T.3.2.3l f2). But this is nothing 
else than our assumption II. 3. 2T^ (3) together with Cor. IB. 0.81 □ 

An important consequence of theorem II . 3 . 7 . 21 is the following. 

Corollary 1.3.7.3. Let A G Comm{C) be a commutative monoid, A — Modw 
the subcategory of equivalences in A — Mod, and N(A — Modw) be its nerve. Then, 
there exists natural isomorphisms in }lo{SSet) 

RQCoh(A) ~ m.rHom(RSpecA, QCoh) ~ N{A - Modw). 

To finish this section, we will describe two important sub-stacks of QCoh, namely 
the stack of perfect modules and the stack of vector bundles. 

For any commutative monoid A in C, we let Perf(A) be the sub-simplicial set of 
QCoh(j4) consisting of all connected components corresponding to perfect objects in 
Ho(A — Mod) (in the sense of Def. 11.2.3.6(1 . More precisely, if Iso{D) denotes the set 
of isomorphisms classes of a category D, the simplicial set Perf(yl) is defined as the 
pullback 

Perf (A) ^ /.so(Ho(^ - Modf^^'^f) 

QCoh(A) ^ 7roQCoh(A) ~ /so(Ho(A - Mod)) 

where Ho(v4 — Mod)^'^'^^ is the full subcategory of Ho(74 — Mod) consisting of perfect 
A-modules in the sense of Def. 11.2.3.61 

We say that an A-module M G Ho(yl — Mod) is a rank n vector bundle, if there 
exists a covering family A — > A' such that M ®\ A' is isomorphic in Ho (A' — 
Mod) to {A')". As we have defined the sub simplicial set Perf(A) of QCoh(A) we 
define Vect„(A) to be the sub simplicial set of QCoh(yl) consisting of connected 
components corresponding to rank n vector bundles. 

For any morphism of commutative monoids u : A — > A' , the base change functor 

hu* : Ho(A - Mod) — > Ho (A' - Mod) 

preserves perfect modules as well as rank n vector bundles. Therefore, the sub sim- 
plicial sets Vect„(A) and Perf form in fact full sub simplicial presheaves 

Vect„ C QCoh Perf C QCoh. 

The simplicial presheaves Vect„ and Perf then define objects in Aff^'^. 

Corollary 1.3.7.4. The simplicial presheaves Perf and Vect„ are stacks. 
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Proof. Indeed, as they are fuU sub-simphcial presheaves of the stack QCoh, it 
is clearly enough to show that being a perfect module and being a vector bundle or 
rank n is a local condition for the topology r. For vector bundles this is obvious from 
the definition. 

Let A G Comm(C) be a commutative monoid, and P be an A- module, such 
that there exists a r-covering A — > B such that P ^\ B is a perfect i?-module. 
Assume that A B is a. cofibration, and let be its co-nerve, considered as a co- 
simplicial object in A — Comm(C). Let Q be any A-module, and define two objects 
in Ho(csB, - Mod) by 

R Hom ^iP. Q), := R Hom jP. Q) ®\ B^ 

R Hom jP. g,) := R Hom ^iP. Q ®\ B^). 

There is a natural morphism 

R Hom jP, Q), — > R Hom jP. Q,). 

These co-simplicial objects are both cartesian, and by assumption ll.3.2?^ (3) applied 
to the A- modules Q and R ffom 4 (P, Q) the induced morphism in Ho(A — Mod) 

J R Hom ^lP, Q), ~ R Hom j^lP, Q) ~ 

~ Holimr,aAR Hom JP. Q ®\ S„) ~ J R Hom JP, Q ^\ B^) 

is an isomorphism. Therefore, assumption 11.3.2.21 (3) implies that the natural mor- 
phism 

R Hom ^lP, Q)o — ' R Hom jP. Qo) 
is an isomorphism. By definition this implies that 

R Hom ^iP, Q)®\B — > R Hom ^jP, Q ®\ B) 

is an isomorphism in Ho(A — Mod). In particular, when Q ^ A we find that the 
natural morphism 

P"" ®\B — >R Hom p{P ®\B,B) 

is an isomorphism in Y{o{B — Mod). As P®\B is by assumption a perfect i3-module, 
we find that the natural morphism 

P'^ ®\Q — > R Hom iP. Q) 

becomes an isomorphism after base changing to B, and this for any A-module Q. As 
A — > _B is a r-covering, we see that this implies that 

P^ ®\Q — > R Hom iP. Q) 

is always an isomorphism in Ho (A — Mod), for any Q, and thus that P is a perfect 
A-module. □ 

Definition 1.3.7.5. The stack of vector bundles of rank n is Vect„. The stack 
of perfect modules is Perf . 

The same construction can also been done in the stable context. For a commu- 
tative monoid A in C, we define a category A — QCoh^P, of stable quasi- coherent 
modules on A (or equivalently on Spec A) in the following way. Its objects are the 
data of a stable P- module Mb G Sp{B — Mod) for any commutative A-algebra 
B E A — Comm(C), together with an isomorphism 

an : Mb ®bC — > Mb' 
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for any morphism u : B — > B' in A — Comm{C) , such that one has ay o (a„ (8> b' B") = 
ayou for any pair of morphisms 

B B' — ^ B" 

in ^ — Comm{C). Such data will be denoted by (M, a). A morphism in ^ — QCoh^P, 
from (M, a) to {M',a') is given by a family of morphisms of stable B-modules /b : 
Mb — > Mg, for any B e A - Comm{C), such that for any u : B ^ B' in A - 
Comm{C) the diagram 

Mb (8)r -B' > Mr/ 



fB«IBB' 



B> 



(M'b) — ^ M^, 

commutes. As the categories 5*^(^4 — Mod) and Comm{C) arc all V-small, so arc the 
categories A — QCoh^P. 

There exists a natural projection A — QCoh^P — > Sp{A — Mod), sending (M, a) 
to Ma, and it is straightforward to check that it is an equivalence of categories. In 
particular, the model structure on Sp{A — Mod) will be transported naturally on 
A — QCoh^P through this equivalence. 

Let now / : A — > A' be a morphism of commutative monoids in C. There exists 
a puUback functor 

f* -.A- QCoh^P — > A' - QCoh^P 

defined by f{M,a)B ■= Mb for any B G A — Comm{C), and for m : i? — > B' in 
A — Comm{C) the transition morphism 

/(M, a)B 0s B' = Mb 0b B' f{M, a)B' = Mb' 

is given by a„. By definition of the model structure on A — QCoh^^, the functor 

f* :A- QCoh^P ^A'- QCoh^P 

is clearly a left Quillen functor. Furthermore, for any pair of morphisms 

/ Q 

A ^ A' — ^ A" 

in Comm{C), there is an equality {g o f)* = g* o f* . In other words, the rule 

A^A- QCoh^P if :A^A')^ f* 

defines a U-cofibrantly generated left Quilllen presheaf on Affc = Comm{C)°P in the 
sense of Appendix B. 

We now consider for any A e Comm{C), the subcategory A — QCoh^''^ of ^ — 
QCoh^P, consisting of equivalences between cofibrant objects. As these are preserved 
by the puUback functors /* , one gets this way a new presheaf of V-small categories 

QCoh^'" : Comm{C) = Aff"^ Caty 

A ^ A- QCoh^^'". 

Composing with the nerve functor 

N : CatY — > SSety 

one gets a simplicial presheaf 

N{QCoh'^''') : Comm{C) = Aff°^ — > SSet^ 

A ^ N{A - QCoh^'"). 
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Definition 1.3.7.6. The simplicial presheaf of stable quasi-coherent modules is 
N{QCoh^''^) defined above. It is denoted by QCoh"^^, and is considered as an object 

It is important to note that for any A G Comm{C), the simplicial set QlCoh^^ {A) 
is naturally equivalent to the nerve oi A — Mod^''^, the subcategory of equiva- 
lences between cofibrant objects in Sp{A — Mod), and therefore also to the nerve 
of Sp{A — Mod)w^ the subcategory of equivalences in Sp{A — Mod). In particular, 
7ro(QCoh'^^(yl)) is in bijection with isomorphisms classes of objects in 110(5*^(^1 — 
Mod)) (i.e. equivalence classes of objects in Sp{A — Mod)). Furthermore, by |D-K3| 
(see also Appendix A), for any x S QCoh^P(A), corresponding to an equivalence 
class of M e Sp(A — Mod), the connected component of QCoh'^-''(A) containing x 
is naturally equivalent to BAut{M), where Aut{M) is the simplicial monoid of self 
equivalences of M in Sp{A — Mod). In particular, we have 

7ri(QCoh^P(A),a;) ~ Aut^o{Sp{A-Mod)}{M) 

7r,+i(QCoh^P( A),x) - [S'M,M]sp^j,^Mod)yi> 1- 
The same proof as theorem 11.3.7.21 but based on Proposition 11.2. Iir5l gives the 
following stable version. 

Theorem 1.3.7.7. Assume that the two conditions are satisfied. 

(1) The suspension functor S : Ho(C) — > Ho(C) is fully faithful. 

(2) For all t -covering family {Ui ^ X} in Af fc, each morphism Ui —>■ X is 
flat in the sense of Def. \1.2.4-1\ 

Then, the simplicial presheaf QCoh'^^ is a stack. 

For any commutative monoid A in C, we let Perf'^^(A) be the sub-simplicial set of 
QCoh'^''(A) consisting of all connected components corresponding to perfect objects 
in Yio{Sp{A — Mod)) (in the sense of Def. II. 2. 3.6(1 . This defines a full sub-prestack 
Perf'^^ of QCoh'^^. Then, the same argument as for Cor. 11.3.7.41 gives the following 
corollary. 

COROLLARY 1.3.7.8. Assume that the two conditions are satisfied. 

(1) The suspension functor S : Ho(C) > IIo(C) is fully faithful. 

(2) For all T-covering family {Ui — > X} in Af fc, each morphism Ui ^ X is 
flat in the sense of Def. \1.2.4-1\ 

The simplicial presheaf Perf '^^ is a stack. 

This justifies the following definition. 

Definition 1.3.7.9. Under the condition of Cor. \1.3.7.H[ the stack of stable 
perfect modules is Perf'^''. 

We finish this section by the standard description of Vect„ as the classifying stack 
of the group stack Gl„, of invertible n by n matrices. For this, we notice that the 
natural morphism of stacks * — > Vect„, pointing the trivial rank n vector bundle, 
induces an isomorphism of sheaves of sets * ~ 7ro(Vect„). Therefore, the stack Vect„ 
can be written as the geometric realization of the homotopy nerve of the morphism 
* — > Vect„. In other words, we can find a Segal groupoid object X,, such that 
Xq = *, and with | ~ Vect„. Furthermore, the object Xi is naturally equivalent 
to the loop stack 51,Vect„ := * Xvect *• construction and by Prop. IA.0.61 this 
loop stack can be described as the simplicial presheaf 

r2,Vect„ : Comm{C) — > SSet 

A ^ Map^(l",A"), 
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where Map^(l",yl") is the sub simphcial set of the mappmg space Mapc(l",^") 
consisting of all connected components corresponding to automorphisms in 

^oMapc(l",^") - ^oMapA^Mod{A^,A^) ~ [A^ , A^U-Mod- 
The important fact concerning the stack r2*Vect„ is the following result. 

Proposition 1.3.7.10. (1) The stack r2*Vect„ is representable and the mor- 

phism r2,Vect„ > * is formally smooth. 

(2) // Moreover 1 is finitely presented in C, then the morphism r2*Vect„ — > * 
is finitely presented (and thus smooth by (1) ). 

Proof. (1) We start by defining a larger stack M„, of n by n matrices. We set 

M„ : Comm{C) — > SSet 

A Mapc(l",^")- 
This stack is representable, as it is isomorphic in St(C,r) to S^SpecB, where 

B = 'LF{1" ) is the free commutative monoid generated by the object 1" G C. We 
claim that the natural inclusion morphism 

ri*Vect„ — > M„ 

is (— l)-representable and a formally etale morphism. Indeed, let A be any commu- 
tative monoid, 

X : X -.^ R Spec A — > M„ 

be a morphism of stacks, and let us consider the stack 

F n^Vectn x'm^ X — > X. 

The point x corresponds via the Yoneda lemma to a morphism u : A" — > A" in 
Ho(yl — Mod). Now, for any commutative monoid A', the natural morphism 

RF{A') — > (R Spec A)iA') 

identifies RF(A') with the sub simplicial set of {R Spec A){A') ~ Mapcomm{C){A, A') 
consisting of all connected components corresponding to morphisms A — > A' in 
Ho{Comm(C)) such that 

u(s\A' : {A'y {AT 
is an isomorphism in Ho(A' — Mod). Considering u as an element of [A", A"] ~ 
Mn{T^oiA)), we can consider its determinant d{u) G ^^{A). Then, using notations 
from Def. 11.2.9.21 we clearly have an isomorphism of stacks 

F ~RSpec{A[d{u)-^]). 
By Prop. I1.2.9.5l this shows that the morphism 

F — > R Spec A 

is a formally etale morphism between representable stacks. As ]VI„ is representable 
this implies that r2*Vect„ is a representable stack and that the morphism 

ri*Vect„ — > M„ 

is formally etale (it is also a flat monomorphism bv ll.2.9.H) . 

Moreover, we have M„ ~ M.SpecB, where B := LF(1" ) is the derived free 

commutative monoid over 1" . This implies that is a free i3-module of rank rt , 
and therefore that the morphism 1 — > B is formally smooth in the sense of Def. 
11.2.7.11 By composition, we find that f2*Vect„ — > * is a formally smooth morphism 
as required. 
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(2) This follows from (1), Prop. 11.2.9.41 (2) and the fact that B = L^(l"') is a 
finitely presented object in Comm{C). □ 

Definition 1.3.7.11. (1) The stack r2,Vect„ is denoted by Gl„, and is 

called the linear group stack of rank n. The stack Gli is denoted by Grm, 
and is called the multiplicative group stack. 
(2) The stack M„ defined during the proof of \1.3. 7.10\ (1) is called the stack of 
n X n matrices. The stack Mi is denoted by Ga, and is called the additive 
group stack. 

Being a stack of loops, the stack Gl„ = r2*Vect„ has a natural group structure, 
encoded in the fact that it is the Xi of a Segal groupoid object X^, with Xq = *. 
Symbolically, we will simply write 

BGln '■= \X^,\. 

Our conclusion is that the stack Vect„ can be written as BG\n, where Gl„ is a 
formally smooth representable group stack. Furthermore this group stack is smooth 
when the unit 1 is finitely presented. As a corollary we get the following geometricity 
result on Vect„. 

Corollary 1.3.7.12. Assume that the unit 1 is a finitely presented object in 
C. Assume that all smooth morphisms in Comm{C) belong to P. Then, the stack 
Vect„ is 1- geometric, the morphism Vect„ — > * is in P and finitely presented, and 
furthermore its diagonal is a -representable morphism. 

Proof. The 1-geometricity statement is a consequence of Prop. 11.3.4.21 and the 
fact that the natural morphism * — > Vect„ is a 1-P-atlas. That * is a 1-P-atlas also 
implies that Vect„ — > * is in P and finitely presented. The statement concerning 
the diagonal follows from the fact that Gl„ is a representable stack and the locality 
of representable objects Prop. 11.3.2.81 □ 

We finish with an analogous situation for perfect modules. We let K he & perfect 
object in C, and we define a stack M. End jK) in the following way. We chose a cofibrant 
replacement QK of K , and F, a simplicial resolution functor on C. One sets 

REnd(K) : Comm{C) — > SSety 

A ^ Hom{QK,T^{QK (E)A)). 

Note that for any A the simplicial set M. End (K)(A) is naturally equivalent to 

MapA-Mod {K ®^ A,K®^ A). 

Lemma 1.3.7.13. The simplicial presheaf M.Erid{K){A) G Aff^'^ is a stack. It 
is furthermore representable. 

Proof. This is clear as K being perfect one sees that there exists an isomorphism 
in Ho(5Pr(A//c)) 

R End (K) 2± R Spec B, 
where B :— L,F{K (g)^ K'^) is the derived free commutative monoid on the object 

We now define a sub-stack M. Aut {K) of M. End {K). For a commutative monoid 
A e Comm{C), we define M. Aut (K)(A) to be the union of connected components of 
R End (K)(A) corresponding to isomorphisms in 

TToiREnd{K){A)) ~ [K ®^ A, K ®^ AU-Mod- 

This clearly defines a full sub-simplicial presheaf M. Aut (K) of M. End (K) , which is a 
sub-stack as one can see easily using Cor. 11.3.2.71 
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Proposition 1.3.7.14. Assume thatC is a stable model category. Then, the stack 
W Aut (K) is representable. Furthermore the morphism S. Aut (K) — > W End (K) is a 
formal Zariski open immersion, and W Aut iK) — > * is fp. If furthermore 1 is finitely 
presented in C then R Aut (K) — > * is a perfect morphism. 

Proof. It is the same as 11.3. 7.101 but using the construction Ak and Prop. 
11.2.10.11 instead of the standard locahzation A[a^^]. More precisely, for a repre- 
sentable stack X :— M.SpecA and a morphism x : X — > M. End (K). the homotopy 
puUback 

RAutiK) x;^(^) X^X 

is isomorphic in }io{Af f^''^ / X) to 

R Spec As — > R Spec A, 

where E is the homotopy cofiber of the endomorphism x : K ®^ A — > K ®^ A 
corresponding to the point x. □ 



CHAPTER 1.4 

Geometric stacks: Infinitesimal theory 

As in the previous chapter, we fix once for aU a HAG context (C, Cq, A, r, P). 

In this chapter we will assume furthermore that the suspension functor 

S : Ho(C) — > Ho(C) 

is fully faithful. In particular, for any commutative monoid A G Comm{C), the 
stabilization functor 

Sa ■■ Ho(A - Mod) — > llo{Sp{A - Mod)) 

is fully faithful (see ll.2.11.2| . We will therefore forget to mention the functor Sa 
and simply consider A-modules as objects in Ro{Sp{A — Mod)), corresponding to 
0-connective objects. 

1.4.1. Tangent stacks and cotangent complexes 

We consider the initial commutative monoid 1 £ Comm{C). It can be seen as a 
module over itself, and gives rise to a trivial square zero extension 1 © 1 (see t|1.2.1|l . 

Definition 1.4.1.1. The dual numbers over C is the commutative monoid 1 © 1, 
and is denoted by 1 [e] . The corresponding representable stack is denoted by 

:= RSpec{l[e]) 

and is called the infinitesimal disk. 

Of course, as every trivial square zero extension the natural morphism 1 — > l[e] 
possesses a natural retraction l[e] — > 1. On the level of representable stacks this 
defines a natural global point 

* — > B,. 

We recal that Ho(A//^'^) being the homotopy category of a model topos has internal 
Horn's objects RT TCom (~. — ). They satisfy the usual adjunction isomorphisms 

MapAffp^{F,Rr2iorn{G,H)) ^ MapAff-.^{F x'' G,H). 

Definition 1.4.1.2. Let F e St(C,r) be a stack. The tangent stack of F is 
defined to be 

TF R^ ?^om (e,.F). 
The natural morphism * — > induces a well defined projection 

n -.TF — > F, 

and the projection Be — > * induces a natural section of ir 

e: F — >TF. 
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For any commutative monoid A G Comm{C), it is clear that there is a natural 
equivalence 

A^^ (l[e]) ~^®^, 

where A(B A is the trivial square zero extension of A by itself. We will simply denote 
A®Ahy A[e\, and 

:= RSpec {A[e\) ~ RSpec jA) x 

the infinitesimal disk over A. 

With these notations, and for any fibrant object F S Af f^'^ , the stack TF can 
be described as the following simplicial prcshcaf 

TF : Comm{C) = Af — > SSeU 
A ^ F{A[e]). 

Note that if F is fibrant, then so is TF as defined above. In other words for any 
A e Comm{C) there exists a natural equivalence of simplicial sets 

WrF{A) ~ RF(A[e]). 

Proposition 1.4.1.3. The functor F TF commutes with Y-small homotopy 
limits. 

Proof. This is clear as M.^ T-Lom (H, — ) always commutes with homotopy limits 

for any H. □ 

Let F e St(C,T) be a stack, A G Comm{C) a commutative monoid and 

X : ^ Spec A — >F 

be a A-point. Let M be an ^-module, and let A® M be the trivial square zero 
extension of A by M. Let us fix the following notations 

X:=RSpecA X[M]:=^Spec{A® M). 

The natural augmentation A® M — > A gives rise to a natural morphism of stacks 

X — > X[M]. 

Definition 1.4.1.4. Let x : X — > F he as above. The simplicial set of deriva- 
tions from F to M at the point x is defined by 

I])erF{X,M) := Mapx/Aff--^{X[M], F) e Ho(S'S'etv). 

It will also denoted by BierF{x,M). 

As the construction M i— > X[M] is functorial in M, we get this way a well defined 
functor 

BerpiX, -) ; Ho(^ - Mod) — > UoiSSety). 

This functor is furthermore naturally compatible with the Ho(55et)-enrichment, in 
the sense that there exists natural morphisms 

MapA-Mod{M,N) Mapsset{^erF{X,M),BerF{X,N)) 

which are compatible with compositions. Note that the morphism X — > X[M] has 

a natural retraction X[Af] — > X, and therefore that the simplicial set Deri?(X, M) 
has a distinguished base point, the trivial derivation. The functor I])erjr(X, — ) takes 
its values in the homotopy category of pointed simplicial sets. 

We can also describe the functor Der^? (X, M) using functors of points in the 
following way. Let F G Aff^'^ be a fibrant object. For any commutative monoid A, 
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any A-module M and any point x G F{A)^ we consider the standard homotopy fiber^ 
of 

F{A © M) — > F{A) 

at the point x. This clearly defines a functor 

A- Mod — > SSetY 

M ^ Hofiber {F{A © M) ^ F{A)) 

which is a lift of the functor considered above 

BerpiX, ~) : Ho(A - Mod) — > Ho(S'S'eiv), 

where x G F(A) corresponds via the Yoneda lemma to a morphism X = RSpecA — > 
F. The fact that the functor Der_F(X, — ) has a natural lift as above is important, as it 
then makes sense to say that it commutes with homotopy limits or homotopy colimits. 
The functor 'Berp{X, —) can be considered as an object in Ho((yl — Mod"^)^), the 
homotopy category of pre-stacks on the model category A — Mod°P, as defined in 
jHAGIl §4.1] (see also Restricting to the subcategory A — Mod^ we get an 

object 

-BerpiX, -) e Ho((A - A/od^)^). 
In the sequel the functor JSterpiX, — ) will always be considered as an object in Ho((A— 
Mod°^')^). 

Definition 1.4.1.5. Let F be any stack and let A € A. 

(1) Let X : X := 'RSpecA — > F be an A-point. We say that F has a cotangent 
complex at x if there exists an integer n, an (—n) -connective stable A-module 
t^F.x G Ho(S'p(A — Mod)), and an isomorphism in Ho((^ — Modp^)^) 

OerpiX,-) ~R/i^^--. 

(2) If F has a cotangent complex at x, the stable A-module I^f.x is then called 
the cotangent complex of at x. 

(3) // F has a cotangent complex at x, the tangent complex of at x is then 
the stable A-module 

Tf.x ■■= RHom/{lLF.x,A) e Ho(5p(A - Mod)). 

In other words, the existence of a cotangent complex oi F at x : X := 'RSpecA — > 
F is equivalent to the co-representability of the functor 

B>erF{X,-) : A^ Moda — > SSetv, 

by some (— n)-connective object hp.x £ 110(5*25(^1 — Mod)). The fact that hF,x is well 
defined is justified by our Prop. I1.2.11.3| 

The first relation between cotangent complexes and the tangent stack is given by 
the following proposition. 

Proposition 1.4.1.6. Let F be a stack and x : X 'RSpecA — > F be an A- 
point with A Cz A. If F has a cotangent complex hF,x o,t the point x then there exists 
a natural isomorphism in Ho(S'5eiv) 

R iJom 4 J f~.-ip{X, TF) ~ Mapsp(A-Mod){A,T F.x) ^ Mapsp(A-Mod){^F,x, A). 



The standard homotopy fiber product of a diagram X 5>- Z 

sets is defined for example by 

Xx|y := (X xY)xzxZ Z'^'. 



Y of fibrant simplicial 
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Proof. By definition of TF, tliere is a natural isomorphism 
RHamAff^../p{X,TF) ~ RHcmiAf jp^ /x{X[AlTF) ^ Mapsj,i^A-Mod){^F,x, A). 
Moreover, by definition of the tangent complex we have 

Mapsp(^A^Mod){^F.x, A) ~ Mapsp{A~-Mod){A,TF.x)- 

□ 

Now, let F be a stack, and u a morphism in }io{Af f^''^ / F) 

Y 





F, 

with X = ^ Spec A and Y = R Spec B belonging to A. Let M e B - Modo, which 
is also an A- module by the forgetful functor A — Modo — > B — Modo. There is a 
commutative diagram of commutative monoids 

A©M ^B©M 



A ^B, 

inducing a commutative square of representable stacks 

X[M]^ Y[M] 



X^ Y. 

This implies the existence of a natural morphism in Ho(S'S'eiv) 

BerpiY, M) — > ©er_F(X, M). 

If the stack F has cotangent complexes at both points x and y, Prop. I1.2.11.3l induces 
a well defined morphism in Ho(5p(i3 — Mod)) 

U* : I^F,x ^'a B — > ^F,y 

Of course, we have {u o v)* = v* o u* whenever this formula makes sense. 

In the same way, the construction of hp^x is functorial in F. Let / : F — > F' 
be a morphism of stacks, A £ A, and x : M.SpecA — > F be an A-point with image 
f{x) : RSpecA — > F' . Then, for any A-module M, there is a natural morphism 

BerpiX, M) — > Jierp' {X, M). 

Therefore, if F has a cotangent complex at x and F' has a cotangent complex at a;', 
we get a natural morphism in 110(5^(71 — Mod)) 

dfx ■ ^F'J{x) — > ^F,x, 

called the differential of f at x. Once again, we have d{f o g)^ — dgx ° dfx each time 
this formula makes sense (this is the chain rule). Dually, we also get by duality the 
derivative of f at x 

Tfx ■ Tf.s; > ^^F'Jix)- 

Definition 1.4.1.7. A stack F has a global cotangent complex relative to the 
HA context (C,Co,A) (or simply has a cotangent complex when there is no ambiguity 
on the context) if the following two conditions are satisfied. 
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(1) For any A E A, and any point x : M.SpecA — > F, the stack F has a 
cotangent complex hp,x at x. 

(2) For any morphism u : A — > B in A, and any morphism in }io{Af f^'"^ / F) 



Y := RSpecB ^ X := RSpecA 




V 



F, 



the induced morphism 



u* : Lf,x ®\ B > Lf.j/ 

is an isomorphism in }lo{Sp{B — Mod)). 

As a corollary of Prop. 11.2.1.21 and the standard properties of derivations any 
representable stack has a cotangent complex. 

Proposition 1.4.1.8. Any representable stack F — RSpecA has a global cotan- 
gent complex. 

Proof. This is nothing else than the existence of a universal derivation as proved 

in Prop. 11.:^.!.:^! □ 

li X = RSpecA is a representable stack in A, and x : X ^ X is the iden- 
tity, then the stable A-module hx,x is naturally isomorphic in Ilo{Sp{A — Mod)) 
to L^. More generally, for any morphism A — > B with B € A, corresponding to 
y : RSpecB — > X, the B-module I^x.y is naturally isomorphic in llo{Sp{B — Mod)) 
to La B. 

The next proposition explains the relation between the tangent stack and the 
global cotangent complex when it exists. It is a globalization of ProD ll.4.1.61 

Proposition 1.4.1.9. Let F be a stack having a cotangent complex. Let x : X = 
RSpecA — > F be any morphism, and 

TFx -.^TF x^pX — >X 

the natural projection. Let A > B be a morphism with B £ A, corresponding to a 

morphism of representable stacks X = RSpecA — > Y — RSpecB. Then, there exists 
a natural isomorphism in Ho(55ei) 

RTF^iB) ~ MapAff-:^/FiY,TF) ^ Mapsp(^A-Mod)i^F,., B). 

Proof. This is a reformulation of Prop. 11.4.1.61 and the fact that 

Mapsp(A~Mod){^F,x, B) ~ Mapsp(B-Mod}{^F,x ®A B,B). 

□ 

Remark 1.4.1.10. Of course, the isomorphism of proposition Prop. 11.4.1.91 is 
functorial in F. 

Proposition 1.4.1.11. Let F be an n-geometric stack. We assume that for any 
A E A, and any point x : X :— RSpecA — > F , and any A-module M E A — Modo, 
the natural morphism 

BerpiX, M) ~ BerpiX, nS{M)) — > flBerpiX, S{M)) 

is an isomorphism in }io{SSet). Then F has a global cotangent complex, which is 
furthermore {—n)- connective. 
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Proof. The proof is by induction on n. For n = — 1 this is Prop. 11.4.1.81 and 
does not use our exactness condition on the functor BerpiX, — ). 

Let n > be an integer and F be an n-geometric stack. Let X ~ M.SpecA be a 
representable stack in A and x : X — > F be any morphism in St(C, r). We consider 
the natural morphisms 

d:X — >Xx^X dp-.X — >X-K^pX. 

By induction on n, we see that the stacks X y.^ X and X Xp X both have cotangent 
complexes at the point d and dp^ denoted respectively by L and L'. There is moreover 
a natural morphism in }io{Sp{A — Mod)) 

/ : L' — > L, 

induced by 

X ^Xx'^X ^Xxf'X. 

We set L" as the homotopy cofiber of / in Sp{A — Mod) . By construction, for any 
^-module M e A — Modo, the simphcial set Mapsp{A-Mod){^" , M) is naturally 
equivalent to the homotopy fiber of 

DerxiX,M) x^^^^^^ j.^-^ Berx{X,M) BerxiX,M) x BerxiX,M), 

and thus is naturally equivalent to fl^DerF{X, M). By assumption we have natural 
isomorphisms in }io{SSet) 

Afapsp(^_Mod)(f^(L"),M) ~ Mapsp(A~Mod)i^",S{M)) 

~ n^BerpiX, S{M)) ~ BerpiX, n^S{M)) - BerpiX, M). 

This implies that VlJJ' G Ho(5p(yl — A/od)) is a cotangent complex of F at the point 
X. By induction on n and by construction wc also see that this cotangent complex is 
(— n)-connective. 
Now, let 

Y = RSpecB ^ X = RSpecA 




F, 



be a morphism in llo{Af f^'^ / F), with A and B in A. We consider the commutative 
diagram with homotopy cartesian squares 

X ^Xx'^X ^Xxf'X 

Y — ^Y x^r — ^Y x^r x'^y. 

By the above explicit construction and an induction on n, the fact that the natural 
morphism 

u* : hF,x ®\ B — > Lf.y 
is an isomorphism simply follows from the next lemma. 

Lemma 1.4.1.12. Let 

X = M^SpecA F ^ G 



Y = R Spec B ^ p' ^ Q' 
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be a commutative diagram with the right hand square being homotopy cartesian in 
Aff^'^. We assume that A and B are in A and that F and G have global cotangent 
complexes. Then the natural square 



is homotopy cartesian in Sp{B — Mod). 

Proof. This is immediate from the definition and the homotopy cartesian square 
BerriY, M) ~ BerpiX, M) ^ BeraiY, M) ~ OeraiX, M) 

BerF' [y, M) ^ Derc (F, M) 

for any A-module M . □ 

This finishes the proof of Prop. 11.4.1.111 □ 

In fact, the proof of Prouosition ll .4. 1 . 1 II also proves the following 

Proposition 1.4.1.13. Let F be a stack such that the diagonal F — > F F is 
(n— l)-representable. We suppose that for an A € A, any point x : X := RSpecA — > 
F, and any A-module M G A — Mod^ the natural morphism 

BerpiX, M) ~ ^erpiX, VlS{M)) > m])erF{X, S{M)) 

is an isomorphism in Ho(55et). Then F has a cotangent complex, which is further- 
more {—n)- connective. 

We finish this section by the notion of relative cotangent complex and its rela- 
tion with the absolute notion. Let / : F — > G be a morphism of stacks, A ^ A, 
and X := RSpecA — > F be a morphism. We define an object I}erpfQ{X, —) G 
Ho((^ — ModQ^)^), to be the standard homotopy fiber of the morphism of the natu- 
ral morphism 

df : BerpiX, -) — > BeraiX, -). 

In terms of functors the object 3erp/Q{X, — ) sends an A-module M ^ A — Modo to 
the simplicial set 

B>erp^G{X,M) = Mapx/Af f~-- /g{X[MI F). 

Definition 1.4.1.14. Let f : F — > G be a morphism of stacks. 

(1) Let A £ A, and x : X := M.SpecA — > F be an A-point. We say that f has a 
(relative) cotangent complex at x relative to A (or simply f has a (relative) 
cotangent complex at x when A is unambiguous) if there exists an integer n, 
and an (—n)- connective .stable A-module Iif/g,x G ilo{Sp{A — Mod)), and 
an isomorphism in Ho(j4 — Modp^)^ 

DerF/G{X,-)^Rli:^"''\ 

(2) // / has a cotangent complex at x, the stable A-module I^f,x is then called 
the (relative) cotangent complex of / at x. 
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(3) // / has a cotangent complex at x, the (relative) tangent complex of / at x 
is then the stable A-module 

TTf/Cx ^Hom^J'{l.F/G.x,A) G Ho(S'p(A - Mod)). 

Let now be a morphism of stacks / : F — > G, and a commutative diagram in 

Y 





with X = RS'pec A and Y — MS'pec B belonging to A. We have a natural morphism 
in Ho((A - M^]P)^) 

nerF,G{Y,)^Iierp/G{X,-). 
If the morphism / : F — > G has cotangent complexes at both points x and y, Prop. 
11.2. 11.31 induces a well defined morphism in Ho(S'p(B — Mod)) 

Of course, we have {u o v)* = v* o u* when this formula makes sense. 

Definition 1.4.1.15. A morphism of stacks f : F — > G has a relative cotangent 
complex relative to (C,Co, A) ( or simply has a cotangent complex when the HA context 
is clear) if the following two conditions are satisfied. 

(1) For any A A, and any point x : RSpecA > F, the morphism f has a 

cotangent complex ILp/G.x '^i ^■ 

(2) For any morphism u : A — > B in A, and any morphism in }io{Af f^''^ / F) 



Y RSpecB X := RSpecA 




F, 



the induced morphism 

U* : l^F/G,x ®\ B > W/G,!/ 

is an isomorphism in }io{Sp{B — Mod)). 

The important remark is the following, relating absolute and relative notions of 
cotangent complexes. 

Lemma 1.4.1.16. Let f : F — > G be a morphism of stacks. 

(1) // both stacks F and G have cotangent complexes then the morphism f has 
a cotangent complex. Furthermore, for any A E A, and any morphism of 
stacks X = M^SpecA — > F, there is a natural homotopy cofiher sequence of 
stable A-modules 

]Lg,x ^ ^F,x ^ Lf/G,x- 

(2) // the morphism f has a cotangent complex then for any stack H and any 
morphism H — > G, the morphism F Xq H — > H has a relative cotangent 
complex and furthermore we have 

L_F/G,x — ^Fx^H/H,x 

for any A E A, and any morphism of stacks X ~ RSpecA — s- F H . 
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(3) If for any A E A and any morphism of stacks x : X :^ RSpecA — > F, 
the morphism F x'^ X — > X has a relative cotangent complex, then the 
morphism f has a relative cotangent complex. Furthermore, we have 

^F/G,x — ^Fx'^X/X.x- 

(4) If for any A E A and any morphism of stacks x : X := S^SpecA > F, 

the stack F Xq X has a cotangent complex, then the morphism f has a 
relative cotangent complex. Furthermore we have a natural homotopy cofiber 
sequence 

La > ^Fx'^X,x ^ '^F/G,x- 

Proof. (1) and (2) follow easily from the definition. Point (3) follows from (2). 
Finally, point (4) follows from (3), (1) and Prop. 11.4.1.81 □ 

1.4.2. Obstruction theory 

Recall from II. 2. 1.71 that for any commutative monoid A, any A-module M, and 
any derivation d : A — > AQ) M, we can form the square zero extension of A by fiM, 
denoted by A (Bd ^M, as the homotopy cartesian square in Comm{C) 

A ®d A 

d 

A — ^ A®M 

where s : A — > A © M is the trivial derivation. In the sequel, the morphism p : 
A (Bd — > A will be called the natural projection. 

Definition 1.4.2.1. (1) A stack F is infinitesimally cartesian relative to 

the HA context (C,Co,A) (or simply inf-cartesian when the HA context is 
unambiguous ) if for any commutative monoid A G A, any AI E A — Modi , 
and any derivation d E 7ro(IDer(A, M)), corresponding to a morphism d : 
A — > A® M in Ho(CoTOm(C)/A), the square 

m.F{A ®d ^M) ^ M.F{A) 

d 

RF(A) ^ — ^ KF(A e M) 

is homotopy cartesian. 
(2) A stack F has an obstruction theory (relative to {C,Cq,A)) if it has a 
(global) cotangent complex and if it is infinitesimally cartesian (relative to 
iC,Co,A)). 

One also has a relative version. 

Definition 1.4.2.2. (1) A morphism of stacks F — > G is infinitesimally 

cartesian relative to {C,Co,A) (or simply inf-cartesian if the HA context is 
clear) if for any commutative monoid A E A, any A-module M E A — Modi, 
and any derivation d E '!To(Der{A, M)), corresponding to a morphism d : 
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A — > A® M in llo{Comm{C)/A), the square 

RF{A ®d ^M) ^ RG{A flM) 

RF{A) xj^^(^^^,) RF{A) ^MG(A) x'^^^^^^,^ RG{A) 

is homotopy cartesian. 
(2) A morphism of stacks f : F — > G has an obstruction theory relative to 
(C,Co,»4) (or simply has an obstruction theory if the HA context is clear) 
if it has a (global) cotangent complex and if it is infinitesimally cartesian 
relative (C, Co, -4). 

As our HA context (C, Cq, .4) is fixed once for all we will from now avoid to men- 
tion the expression relative to {C,Cq^A) when referring to the property of having an 
obstruction theory. The more precise terminology will only be used when two differ- 
ent HA contexts are involved (this will only happen in H2.3|l . 

We have the following generalization of lemma IT. 4. 1.161 

Lemma 1.4.2.3. Let f : F — > G be a morphism of stacks. 

(1) // both stacks F and G have an obstruction theory then the morphism f has 
an obstruction theory. 

(2) // the morphism f has an obstruction theory then for any stack H and any 
morphism H — > G, the morphism Fx'^H — > H has a relative obstruction 
theory. 

(3) If for any B £ Gomm{C) and any morphism of stacks y : Y :— RSpecB — > 
G, the stack F Xq B has an obstruction theory , then the morphism f has 
a relative obstruction theory. 

Proof. The existence of the cotangent complexes is done in Lem. I1.4.1.16| and 
it only remains to deal with the inf-cartesian property. The points (1) and (2) are 
clear by definition. 

(3) Let A & A, M e A - Modi and d G 7ro(Der(A, M)). We need to show that 
the square 

RF{A ©d ilM) ^ RG{A ©^ flM) 



RF{A) x'^p^^^^,^ RF{A) ^RG{A) x'^^^^^^,^ RG{A) 

is homotopy cartesian. Let z be a point in RG{A ©^ flM). We need to prove that the 
morphism induced on the homotopy fibers of the two horizontal morphisms taken at 
z is an equivalence. But this easily follows from the fact that the pullback of / by 
the morphism corresponding to z, 

F x'^ Xa[nM] ^ Xd[nM], 

has an obstruction theory. □ 

Proposition 1.4.2.4. (1) Any representable stack has an obstruction the- 

ory. 

(2) Any representable morphism has an obstruction theory. 
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Proof. (1) By Prop. 11.4.1.81 we already know that representable stacks have 
cotangent complexes. Using the Yoneda lemma, it is obvious to check that any rep- 
resentable stack is inf-cartesian. Indeed, for F = WSpecB we have 

RF{A (Bd nM) ~ MapcornmioiB., A ftM) ~ 

MapComm{C) iB,A)x Mapcom^io {B ,A®M)^ °'PComm(C) 

{B,A)^RF{A)xIp^j,^j^)'RF{A). 
(2) Follows from (1) and Lcm. \\A.'>.:^\ (3). □ 

In general, the expression has an obstruction theory relative to {C^Co,A) is justi- 
fied by the following proposition. 

Proposition 1.4.2.5. Let F he a stack which has an obstruction theory. Let 
Ae A, M e A ~ Modi and let d e 7ro(Der(A, Af )) be a derivation with A®d^M the 
corresponding square zero extension. Let us denote by 

X := m. Spec A — > Xd[mi] -.^ R Spec {A ©<j QM) 

the morphism of representable stacks corresponding to the natural projection A (Bd 
f2M — > A. Finally, let x : X — > F be an A-point of F . 

(1) There exists a natural obstruction 

a{x) e ■K(i{Mapsp(^A-^Mod){^F.x, M)) = \^F.x, M]sp(A-Mod) 

vanishing if and only x extends to a morphism x' in }io{X/Aff^''^) 
X ^ XdiflM] 




F. 

(2) Let us suppose that a{x) = 0. Then, the simplicial set of lifts of x 
RHomx/Aff~--{M^M],F) 
is (non canonically) isomorphic in Yio{SSet) to the simplicial set 

Mapsp{A-Mod){^F.x,^M) ~ nMapsp(A-Mod){^F,x, M). 

More precisely, it is a simplicial torsor over the simplicial group 
nM apsp(^A~Mod) {'^F,x , M). 

Proof. First of all, the space of lifts x' is by definition R Hom y^/j^jj-.r (Xd[il.M], F), 
which is naturally equivalent to the homotopy fiber at x of the natural morphism 

RrHom{Xd [nM] , F) — > R^ Hom (X, F) . 

Using that F is inf-cartesian, we see that there exists a homotopy cartesian square 

R. Hom (XjnM].F) R^ Hom (X, F) 

d 

r Hom iX, F) ^ R^ Hom jX [M] ,F). 



108 



1.4. GEOMETRIC STACKS: INFINITESIMAL THEORY 



Therefore, the simpUcial set M.Hgrnx/Aff~-^{^d['^M],F) fits into a homotopy carte- 
sian square 

^Eornx/Aff--{X4nM],F) ^ • 

d 

• RHomx/Aff-'- mM],F). 

As F has a cotangent complex we have 

RHomx/Aff~.-{X[M],F) ~ MapspiA-Mod}{^F^x,M), 

and we see that the image of the right vertical arrow in the last diagram provides 
the element a{x) G TTo{Mapsp(A-Mod){^F,x7 M)), which clearly vanishes if and only if 
^Hcmix/Af f~'^ i^di'^M], F) is non-empty. Furthermore, this last homotopy cartesian 
diagram also shows that if a{x) = 0, then one has an isomorphism in }io{SSet) 

RHomx/A f {Xd mi], F) ^ QM apsp(A-Mod) {^f,x , M) . 

□ 

One checks immediately that the obstruction of Prop. 11.4.2.51 is functorial in F 
and X in the following sense. If / : F — > F' be a morphism of stacks, then clearly 

df{a{x)) = a{f{x)) e 7:o{BerF'{X,M)). 

In the same way, if A — > B is a morphism in A, corresponding to a morphism of 
representable stacks Y — > X, and y : Y — > F be the composition, then we have 

y*{a{x)) ^aye noiBerpiY, M B)). 

Proposition II .4.2~5l also has a relative form, whose proof is essentially the same. 
We will also express it in a more precise way. 

Proposition 1.4.2.6. Let f : F — > G be a morphism of stacks which has an 
obstruction theory. Let A ^ A, M ^ A — Modi, d 6 7ro(ID)er(yl, M)) a deriva- 
tion and A ^^Af the corresponding square zero extension. Let x be a point in 
^RG(j4©dnM) ''^^(^) '^^^^ projection y £ Mi^(A), and let L{x) be the homotopy 
fiber, taken at x, of the morphism 

RF{A ®d nM) — > RF{A) x^G(Ae,OM) ^G{A). 

Then there exists a natural point a{x) in MapA-AiodO^F/G,x, M), and a natural iso- 
morphism in ilo{SSet) 

L{z) ~ na(x)fiMapA-Mod{^F/G,y,M), 

where Q.a(x)fiMapA-Mod{^F/G.y^M) is the simplicial set of paths from a{x) to 0. 

Proof. Essentially the same as for Prop. 11.4.2.51 The point x corresponds to a 
commutative diagram in ilo{Aff^'^/G) 

X , 



Xd[nM] ^ G 
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where X := R Spec A and Xd[nM] := R Spec {A®d^M). Composing with the natural 
commutative diagram 

X[M] ^X 



X ^Xd[nM] 

we get a well defined commutative diagram in }io{Af f^''^ /G) 



X[M] 



X 



X 



F 



G, 



giving rise to a well defined point 

a{x) e RHomx/Aff-'^/GiX[M],F)^Berp^GiX,M). 
Using that the morphism / is inf-cartesian, we easily see that the simplicial set 



n 



{X, M) is naturally equivalent to the space of lifts 



L{x) = RHornx/Aff---/GiM^M],F) ^ r!„(,),oDerf /g(^, Af ). 



□ 



Proposition 1.4.2.7. Let F be a stack whose diagonal F — > F F is n- 
representable for some n. Then F has an obstruction theory if and only if it is 
inf-cartesian. 

Proof. It is enough to show that a stack F that is inf-cartesian satisfies the 
condition of proposition 11.4.1.111 But this follows easily from the following homotopy 
cartesian square 

A®M ^ A 



A- 



■ A © S{M) 



for any commutative monoid A ^ A and any A- module M ^ A — M odi . 



□ 



1.4.3. Artin conditions 

In this section we will give conditions on the topology r and on the class of 
morphisms P ensuring that any stack which is geometric for such a r and P will 
have an obstruction theory. We call these conditions Artin's conditions, though we 
warn the reader that these are not the rather famous conditions for a functor to be 
representable by an algebraic space. We refer instead to the fact that an algebraic 
stack in the sense of Artin (i.e. with a smooth atlas) has a good infinitesimal and 
obstruction theory. We think that this has been first noticed by M. Artin, since this 
is precisely one part of the easy direction of his representability criterion f |Arl I, 1.6] 
or La-Mo, Thm. 10.10]). 

Definition 1.4.3.1. We will say that t and P satisfy Artin's conditions relative 
to {C,Co,A) (or simply satisfy Artin's conditions if the HA context is clear) if there 
exists a class E of morphisms in Af fc such that the following conditions are satisfied. 
(1) Any morphism in P is formally i-smooth in the sense of Def. \1.2.8.1\ 
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(2) Morphisms in E are formally etale, are stable by equivalences, homotopy 

pullhacks and composition. 

(3) For any morphism A — > B in E with A € A, we have B G A. 

(4) For any epimorphism of representable stacks Y — > X, which is a P- 
morphism, there exists an epimorphism of representable stacks X' — > X , 
which is in E, and a commutative diagram in St(C, r) 

Y 

X' ^X. 

(5) Let A e A, M & A - Modi, d G 7ro(Der(A, M)) be a derivation, and 

X :== M. Spec A — > Xd[nM] ^ Spec , {A ®d ^M) 

be the natural morphism in St(C,T). Then, a formally etale morphism of 
representable stacks p : U — > X^lflM] is in E if and only if U ^x^iqm] 
X — > X is so. Furthermore, if p is in E, then p is an epimorphism of 

stacks if and only if U Xx^j^^^^] X — > X is so. 

The above definition might seem a bit technical and somehow hard to follow. In 
order to fix his intuition, we suggest the reader to think in terms of standard algebraic 
geometry with t being the ctalc topology, P the class of smooth morphisms, and E 
the class of etale morphisms. This is only meant to convey some classical geometric 
intuition because this classical situation in algebraic geometry does not really fit into 
the above definition: in fact in this case the base category is the category of fc-modules 
and thus the suspension functor is not fully faithful. 

In order to simplify notations we will say that a morphism A — > B in Comm{C) 
is an E-covering if it is in E and if the corresponding morphism of stacks 

^ Spec B — y^ Spec A 

is an epimorphism of stacks. 

Theorem 1.4.3.2. Assume t and P satisfy Artin's conditions. 

(1) Any n-representable morphism of stacks has an obstruction theory. 

(2) Let f : F — > G be an n-representable morphism of stacks. If f is in P then 
for any A G A, and any morphism x : X := RSpecA — »• F there exists an 
E-covering 

x' : X' := RSpecA' — > X 
such that for any M £ A' — Modi the natural morphism 

[^X'/G,x',M] > [LF/G,x^M]A-Mod 

is zero. 

Proof. Before starting the proof we will need the following general fact, that 
will be used all along the proof of the theorem. 

Lemma 1.4.3.3. Let D be a pointed model category for which the suspension func- 
tor 

S : Ho(£') — > Bo{D) 

is fully faithful. Then, a homotopy co-cartesian square in D is also homotopy carte- 
sian. 
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Proof. When D is a stable model category this is well known since homotopy 
fiber sequences are also homotopy cofiber sequences (see jHolj l. The general case is 
proved in the same way. When D is furthermore U-cellular (which will be our case), 
one can even deduce the result from the stable case by using the left Quillen functor 
D — > Sp{D) , from D to the model category of spectra in D as defined in |Ho2| , and 
using the fact that it is homotopically fully faithful. □ 

The previous lemma can be applied to C, but also to the model categories B — Mod 
of modules over some commutative monoid B. In particular, homotopy cartesian 
square of _B-modules which are also homotopy co-cartesian will remain homotopy 
cartesian after a derived tensor product by any i?-module. 

Let us now start the proof of theorcm ll.4.3.21 



Some topological invariance statements 

We start with several results concerning topological invariance of formally etale 
morphisms and morphisms in E. 

Lemma 1.4.3.4. Let A be a commutative monoid, M an A-module and A(SM — > 
A the natural augmentation. Then, the homotopy push out functor 

^ ^AeM - : Ho((A © M) - Comm{C)) — > Ho(A - Comm{C)) 

induces an equivalence between the full sub- categories consisting of formally etale com- 
mutative A © M -algebras and formally Stale commutative A-algebras. 

Proof. We see that the functor is essentially surjective as the morphism A © 
M — > A possesses a section A — > AQ)M. Next, we show that the functor — 
is conservative. For this, let us consider the commutative square 

A®M ^ A 

A ^A(SS{M), 

which, as a commutative square in C, is homotopy cocartesian and homotopy carte- 
sian. Therefore, this square is homotopy cocartesian in {A © M) — Mod, and thus 
lemma IT . 4 . 3 . 31 implies that for any commutative A © M-algebra B, the natural mor- 
phism 

B > {A (8)^(5Af B) x'lA<DS(M))(g)\^j^,jB ^AeA/ B) - ^A(BSiM) ^) ^^eM B 

is then an isomorphism in Ho(Comm(C)). This clearly implies that the functor 
A — is conservative. 

Now, let A © M — *■ _B be a formally etale morphism of commutative monoids. 
The diagonal morphism M — > M x'* M ~ M © M in Ho(yl - Mod), induces a well 
defined morphism in Y{o{C ommiC) / A © M) 

{A (BM)®M 




A®M A®M, 
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and therefore a natural element in TToDer{A © Af , M). Composing with M — > M 
B, we get a weU defined element in iroBer^A® M, M (S)\B). Using that ^©M — > B 
is formally etale, this element extends uniquely to an element in Tro]D)er{B, M ®\ B). 
This last derivation gives rise to a well defined morphism in Ho((^® M) — Comm{C)) 

u: B — > [A ®\f^M B)®M®a B. 

Furthermore, by construction, this morphism is sent to the identity of A B by 

the functor A — , and as we have seen this implies that u is an isomorphism in 

Ho((A © M) - Comm{C)). 

We now finish the proof of the lemma by showing that the functor A ~ is 

fully faithful. For this, let A © M — > B and A © M — > B' be two formally etale 
morphisms of commutative monoids. As we have seen, B' can be written as 

B' '^{A® M) ®\ A' ^A' ® M' 

where A — > A' is formally etale, and M' :— M ®\ A' . We consider the natural 
morphism 

^<^P(A(BM)-Comm(C){B, B') ~ Map(AQM)-Comm(C){B , A' © M') > 

MapA-cor,i'm(c){A ®\(qm B, A (E)\(^M B') ~ MapA-co7nm(c){A ®\qm B, a'). 

The homotopy fiber of this morphism at a point B ^ A' is identified with 3erA®M{B, M'), 
which is contractible as B is formally etale over AQ)M. This shows that the morphism 

Map(^AeM)-Comm{C){B, B') — > MapA {A ®'a(bmB,A B') 

has contractible homotopy fibers and therefore is an isomorphism in Ho(S'5et), and 
finishes the proof of the lemma. □ 

Lemma 1.4.3.5. Let A be a commutative monoid and M an A-module. Then the 
homotopy push out functor 

A ®\®M " : Ho((yl © M) - Comm.{C)) — > Ho(A - Comm{C)) 

induces an equivalence between the full sub- categories consisting of E-coverings of 
A® M and of E-coverings of A. 

Proof. Using lemma [T.4.3.4l it is enough to show that a formally etale morphism 
f : A ® M — > _B is in E (respectively an E-covering) if and only if A — > A' := 
A ®\^M S is in E (respectively an E-covering). But, as / is formally etale, lemma 
11.4.3.41 implies that it can written as 

A © M — > A' © M' ~ (A © M) ®\ A', 

with M' := M 0^ A' . Therefore the lemma simply follows from the stability of 
epimorphisms and morphisms in E by homotopy puUbacks. □ 

Lemma 1.4.3.6. Let A e Comm{C), M e A~ Modi, and d G 7ro(ID)er(A, M)) 
be a derivation. Let B := A (Bd — > A be the natural augmentation, and let us 
consider the base change functor 

A 0^ - : Ho(S - Comm{C)) > Ho(A - Comm{C)). 

Then, A ®^ — restricted to the full subcategory consisting of formally etale commu- 
tative B-algebras is fully faithful. 
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Proof. Let 

B 

d 

,, , . 

A^^ A® M 

be the standard homotopy cartesian square of commutative monoids, which is also 
homotopy co-cartesian in C as M £ A — Modi ■ We represent it as a fibered square in 

Comm{C) 

B ^A 

d 

A' — A®M, 

s 

where s' : A' — > A©M is fibrant replacement of the trivial section s : A — > A(BM. 

We define a model category D whose objects are 5-plets (.81,-82, B3, a, b), where 
Bi e A- Comm{C), B2 e A' - Comm{C), B^ & {A®M)- Comm{C), and a and b 
are morphisms of commutative {A © M)-algebras 

{A © M) Bi — ^ S3 {A © M) (8>A' B2 

(where the co-base change on the left is taken with respect of the morphism s' : A' ^ 
A (B M and the one on the right with respect to d : ^ — *■ ^ © M). For an object 
{Bi,B2, B3, a, b) in D, the morphisms a and b can also be understood as Bi — > B3 
m A — Comm{C) and B2 — > S3 in A' — Comm{C). The morphisms 

{Bi,B2,Bs,a,b) {B[,B'2,B'3,a',b') 

in D are defined in the obvious way, as families of morphisms {Bi i?^} commuting 
with the a's and 6's. A morphism in D is defined to be an equivalence or a cofibration 
if each morphism B^ ^ S^ is so. A morphism in D is defined to be a fibration if each 
morphism Bi — > is a fibration in C, and if the natural morphisms 

Bi — > B[ Xb'^ B3 B2 — > B'2 Xb'^ B3 

are fibrations in C. This defines a model category structure on D which is a Reedy type 
model structure. An important fact concerning D is the description of its mapping 

spaces as the following homotopy cartesian square 

MapD{{B,a,b),{Bi,a',b' j) ^ MapA-CommiC){Bi, B[) x MapA'-Comm(e){B2, B 



Map(^A®M)-Comm{C){B3, B'^) ^ MapA-Comm{C){Bl, B'^) X MapA'-Comm{C){B2, B 

where wo have denoted B_ := {B\,B2,B3) and := {B[, B'2-, B'^) . There exists a 
natural functor 

F : B- Comm{e) > D 

sending a commutative i?-algcbra B' to the object 

F{B') ■.= {A®B B', A'(8)B B', (A®M)(8)b B', a, b) 

where 

a : {A®M)(S)a{A(S)bB') {A®M)(S)bB' b : {A®M)(g)A'{A'®BB') ~ {A®M)®bB' 
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are the two natural isomorphisms in {A © AI) — Comm{C). The functor F has a right 
adjoint G, sending an object {Bi, B2, B3, a, b) to the puUback in B — Comm(C) 

G{Bi,B2,B3,a,b) ^Bi 

a 

B2 ; ^ B3 . 

b 

Clearly the adjunction (F, G) is a Quillen adjunction. Furthermore, lemma 11.4.3.31 
implies that for any commutative B-algebra B ^ B' the adjunction morphism 

B' RGhF{B') = A^^sB' >^\a^m)^.^b' ^ ®\ B' {A A') B' 

is an isomorphism in }io(B — Comm(C)). This implies in particular that 

LF : Ho(B - Comm{C)) — > llo{D) 

is fully faithful. 

We now consider the functor 

D — > A- Gomm{C) 

sending 52,-83, a, 6) to Bi. Using our lemma IT. 4. 3. 41 and the description of the 
mapping spaces in D, it is not hard to see that the induced functor 

llo{D) — > Uo{A - Comm{C)) 

becomes fully faithful when restricted to the full subcategory of Ho(Z?) consisting of 
objects {Bi, B2, B^, a, b) such that A Bi and A' — > B2 are formally etale and the 
induced morphism 

a:{A®M)®\Bi — > B3 6 : (A ® M) B2 — > B3 

are isomorphisms in Ho((A © M) — Comm{C)). Putting all of this together we deduce 
that the functor 

A 0^ - : Ho(B - Comm{C)) — > Ho(A - Comm{C)) 

is fully faithful when restricted to the full subcategory of formally etale morphisms. 

□ 

Lemma 1.4.3.7. Let A be a commutative monoid, M an A- module andd : ]D)er(yl, M) 

be a derivation. Let B := A (Bd > A be the natural augmentation. Then, there 

exists a natural homotopy cofiber sequence of A-modules 

ILb ®b a ^ La — ^ LQZ(Af), 

where 

Q : A — Commnu{C) — > A — Mod A — Commnu{C) ■* — A — Mod : Z 

is the Quillen adjunction described during the proof of \1.2.1^ 

Proof. When d is the trivial derivation, we know the lemma is correct as by 
Prop. 11.2.1.61 (4) we have 

L^eM «>A©M A - ^aY[I^QZ{M). 
For the general situation, we use our left Quillen functor 

F -.B - Comm{C) — > D 
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defined during the proof of lemma 11.4.3.61 The commutative monoid A is naturaUy 
an {A ® M)-algebra, and can be considered as a natural object {A, A, A) in D with 
the obvious transition morphisms 

A ®A (A ® A/) ~ A ® M ^ A, 

A ®A' {A & M) ^ A (»A {A ® M) ~ A ® M ^ A. 

For any A-module N, one can consider A Q) N a.s a commutative A-algebra, and 
therefore as as an object {A (B N, A (B N, A Q) N) in D (with the obvious transition 
morphisms). We will simply denote by A the object {A, A, A) S D, and hy A ® N 
the object {A® N,A(B N,A(S N) e D. The left Quillen property of F imphes that 

]D)er(B, N) ~ MapD/AiF{B), A © N). 

This shows that the morphism 

Ber{A, N) — > Ber{B, N) 

is equivalent to the morphism 

Ber{A,N) ^ Der{A,N) xt,(AeM,7V) ^er{A,N). 

This implies the the morphism 

Lb^^A — > La 
is naturally equivalent to the morphism of A-modules 

L 

La YL ^a~^La. 

Using the already known result for the trivial extension A Q) M we get the required 
natural cofiber sequence 

Lb<E)^A — >La — > LQZ{M). 

□ 

Lemma 1.4.3.8. Let A he a commutative monoid, AI £ A ~ Modi o-nd d S 
7ro(]D>er(A, M)) be a derivation. Let B := A (Bd — > A be the natural augmenta- 
tion, and let us consider the base change functor 

A®^- : Ho(S - Comm{C)) — > Ho(A - Comm{C)). 

Then, A 0'^ — induces an equivalence between the full sub- categories consisting of 
formally Stale commutative B-algebras and of formally etale commutative A-algebras. 

Proof. By lemma [T.4.3.6l we already know that the functor is fully faithful, and 
it only remains to show that any formally etale A-algebra A ^ A' \s of the form 
A ®^ B' for some formally etale morphism B ^ B' . 

Let A — > A' be a formally etale morphism. The derivation d G ■KQi3>er{A, M) 
lifts uniquely to a derivation d' G 7roID'er(A', M') where M' := M ®\ A'. We form the 
corresponding square zero extension 

B' -.^A' ®d ^M' ^ A' 

d' 



A' 



A' (B M' 



116 



1.4. GEOMETRIC STACKS: INFINITESIMAL THEORY 



which comes equipped with a natural morphism B — > B' fitting in a liomotopy 
commutative square 

B' ^A' 



B ^ A 

We claim that B — > B' is formally etale and that the natural morphism A ®^ B' — > 
A' is an isomorphism in Ho (A — Comm{C)). 
There are natural cofiber sequences in C 

B' — > A' — > M' 

B — > A — > M, 
as well as a natural morphism of cofiber sequences in C 

A ^% B' A ®% A' ^ A M' 

" " " 
B^^A'c^ A' ^ A 0^ A' ^ M A', 

which by our lemma 11.4.3.31 is also a morphism of fiber sequences. The two right 
vertical morphisms are equivalences and thus so is the arrow on the left. This shows 
that A'g)%B' ^A'. 

Finally, lemma 11.4.3.71 implies the existence of a natural morphism of cofiber 
sequences of A'-modules 

Lb ®s ^ ^ La ^ LQZ{M) 



Lb' 0B' ^' ^ ^A' ^ hQZ{M') ~ hQZ{M) ^\ A'. 

As A ^ A' is etale, this implies that the natural morphism 

(Lb (g)^ B') A' - (Lb ®% A) ®\ A' Lb' ®b' A' 

is an isomorphism in Ho(A' — Mod). This would show that B — > B' is formally etale 
if one knew that the base change functor 

A' ®\, ~ : Ho(B' - Mod) — > Ho(A' - Mod) 

were conservative. However, this is the case as lemma 11.4.3.31 implies that for any 
_B'-module TV we have a natural isomorphism in Ho(-B' — Mod) 

N ^ (A' N) >^\a,^m')^.^,n 

□ 

Lemma 1.4.3.9. Let A ^ A, M e A - Modi and d e 7ro(Der(y4, M)) he a deriva- 
tion. Let 

A ©rf nM — > A 

he the natural morphism and let us consider the homotopy push- out functor 

(A ®d ^M) ^\ - : Ho((A ®d ^M) - Comm{C)) — > Ho(A - Comm{C)). 

Then, {A (Bd ^M) — induces an equivalence hetween the full sub- categories con- 
sisting of E- covers of A(Bd^M and of E- covers of A. 
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Proof. This is immediate from Lem. 11.4.3.81 and condition (4) of Artin's condi- 
tions [iXSIIl □ 

Proof of Theorem\rj^^ 

We are now ready to prove that F has an obstruction theory. To simphfy nota- 
tions we assume that F is fibrant in Aff^'^, so F{A) ~ ]RF(yl) for any A G Comm{C). 
We then argue by induction on the integer n. For n — —1 Theorem 11.4.3.21 foUows 
from Prop. 11.4.2.41 hypothesis Def. 11.4.3.11 (5) and Prop. 11.2.8.31 We now assume 
that n > and that both statement of theorem 11.4.3.21 are true for all m < n. 

We start by proving Thm. 11.4.3.21 (1) for rank n. For this, we use Lem. 11.4.2.31 
and Prop. 11.4.2.71 which show that we only need to prove that any n-geometric stack 
is inf-cartesian. 

Lemma 1.4.3.10. Let F be an n-geometric stack. Then F is inf-cartesian. 

Proof. Let A e A, M e A - Modi, and d e 7ro(Der(^, M)). Let a; be a point 
in Tro{F{A) x^j.^^^^ F{A)), whith projection xi G 7ro(F(yl)) on the first factor. We 
need to show that the homotopy fiber, taken at x, of the morphism 

FiA (B, nM) F{A) x^(^^^,) F{A) 

is contractible. For this, we replace the homotopy cartesian diagram 

A ©rf nM A 

A ^A(BM 

be an equivalent commutative diagram in Conim{C) 

B ^Bi 



B2 ^^3, 

in such a way that each morphism is a cofibration in Comm{C). The point x can be 
represented as a point in the standard homotopy puUback F{Bi) x^^^^^ F{B2). We 
then define a functor 

S:B^ Comm{C) = {Affc/SpecB)°P — > SSet^, 

in the following way. For any morphism of commutative monoids B — > B' , the 
simplicial set S{B') is defined to be the standard homotopy fiber, taken at x, of the 
natural morphism 

F{B') F{Bi ®B B') -K^B^^sB') F{B2 ®b B'). 

Because of our choices on the -Bi's, it is clear that the simplicial presheaf S* is a 
stack on the comma model site Affc/SpecB. Therefore, in order to show that S{B) 
is contractible it is enough to show that S{B') is contractible for some morphism 
B — > B' such that M.SpecB' — > M.SpecB is an epimorphism of stacks. In particular, 
we are allowed to homotopy base change by some E-covering of B. Also, using our 
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lemma 11.4.3.81 (or rather its proof), we see that for any E-covering B 
homotopy cartesian square 



B\ the 



B' 



Bi ®B B' 



B2 (g)B B' ®B B', 



is in fact equivalent to some 



A' ®d' ^M' ■ 



A' 



A' ^A'®M', 

for some E-covering A — > A' (and with M' ~ M A' , and where d' is the unique 
derivation d' € TroBier{A' , M') extending d). This shows that we can always replace 
A by A', d by d' and M by M' . In particular, for an (n - l)-atlas {Ui — > F} F, 
we can assume that the point xi G ^^{F^A)), image of the point x, lifts to a point in 
yi G no{Uj{A)) for some j. We will denote U := Uj. 

Sub-lemma 1.4.3.11. The point x G tto{F{A) Xpi^^^^M) ^i^)) ^''■ft^ point y G 
MU{A) x^(^^^,) U{A)) 

Proof. We consider the commutative diagram of simplicial sets 
UiA) y-'ij^A^M) U{A)^F{A) x^(^g^,,) F{A) 
p 1 
U{A) F{A) 

induced by the natural projection A(B M ^ A. Let F{p) and F{q) be the homotopy 
fibers of the morphisms p and q taken at yi and xi. We have a natural morphism 
g : Fiji) — > F{q). Moreover, the homotopy fiber of the morphism /, taken at the 
point X, receives a natural morphism from the homotopy fiber of the morphism g. 
It is therefore enough to show that the homotopy fiber of g is not empty. But, by 
definition of derivations, the morphism g is equivalent to the morphism 

where the derivation d is given by the image of the point yi hy d : A ^ A ® M . 
Therefore, the homotopy fiber of the morphism g is equivalent to 

ndflneru/F{X,M) ~ Q,d,aMap{l.u/ Ky„ M). 

But, using Thm. 11.4.3.21 (2) at rank {n — 1) and for the morphism U — > F we obtain 
that ^d^i^Iierij / p{X , AI) is non empty. This finishes the proof of the sub- lemma. □ 

We now consider the commutative diagram 

U{A®d nM) U{A) x(^(^^^,) U{A) 

b' b 



FiA ®d ^M) —j^ F{A) x^(^ F{A). 

a 
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The morphism a is an equivalence because U is representable. Furthermore, by our 
inductive assumption the above square is homotopy cartesian. This imphes that the 
homotopy fiber of a' at x is either contractible or empty. But, by the above sub- 
lemma the point x lifts, up to homotopy, to a point in U{A) x^(^0M) ^(^)' showing 
that this homotopy fiber is non empty. □ 

We have finished the proof of lemma IT . 4 . H . 1 01 which implies that any n-geometric 
stack is inf-cartesian, and thus that any n-representable morphism has an obstruction 
theory. It only remain to show part (2) of Thm. 11.4.3.21 at rank n. For this, we 
use Lem. I1.4.1.16| (3) which implies that we can assume that G — *. Let U — > F 
be an n-atlas, A ^ A and x : X := ^SpecA — > F he a, point. By passing to an 
epimorphism of representable stacks X' — > X which is in E, we can suppose that the 
point X factors through a point u : X — > U , where U is representable and U — > F is 
in P. By composition and the hypothesis that morphisms in P are formally i-smooth, 
we see that U — > * is a formally i-smooth morphism. We then have a diagram 

^F.x > ^U,u > '^X.x, 

which obviously implies that for any M E A — Modi the natural morphism 

[Ljf,.,M] ^ [Lf,.,M] 

factors through the morphism 

[Lxx,M] — ^ [L[7,„,M] 

which is itself equal to zero by Prop. 11.2.8.31 □ 

We also extract from Lem. II. 4. 3. 81 and its proof the following important corollary. 

Corollary 1.4.3.12. Let A e Comm{C), M e A- Mod and d e 7ro(Der(A, A/)) 
be a derivation. Assume that the square 

B = A®d ^ A 



A *- A®M 

is homotopy co- cartesian in C, then the base change functor 

A®\- : Ho(B - Comm{C)) — > Ho(A - Comm.{C)) 

induces an equivalence between the full sub- categories of formally Stale commutative 
B-algebras and formally etale commutative A-algebras. The same statement holds 
with formally etale replaced by etale. 

Proof. Only the assertion with formally etale replaced by etale requires an 
argument. For this, we only need to prove that if a formally etale morphism / : 
B — > B' is such that A — s- A®^ B' = A' is finitely presented, then so is /. For this 
we use the fully faithful functor 

LF : Ho(B - Comm{C)) — > Ho(i:i) 

defined during the proof of Lem. 11.4.3.61 Using the description of mappping spaces in 
D in terms of a certain homotopy puUbacks, and using the fact that filtered homotopy 
colimits in SSet commutes with homotopy puUbacks, we deduce the statement. □ 
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In this second part we apply the theory developed in the first part to study the 
geometry of stacks in various HAG contexts (Def. I1.3.2.13| . In particular we will 
specialize our base symmetric monoidal model category C to the following cases: 

• C = Z — Mod, the category of Z-modules to get a theory of geometric stacks 
in (classical) Algebraic Geometry ( ^2.11 : 

• C = sModk, the category of simplicial modules over an arbitrary base com- 
mutative ring k to get a theory of derived or D~ -geometric stacks fi i2.2(l : 

• C — C(k), the category of unbounded cochain complexes of modules over 
a characteristic zero base commutative ring k to get a theory of geomet- 
ric stacks in complicial algebraic geometry, also called geometric Z?-stacks 

• C — Sp^, the category of symmetric spectra (HSS, Shi ) to get a theory 
of geometric stacks in brave new algebraic geometry (t l2.4|l . 

In t l2.1l we are concerned with classical algebraic geometry, the base category 
C — Z — Mod being endowed with the trivial model structure. We verify that if 
k — A ff := Comm{C)°P = {k — Alg)°P is endowed with its etale Grothendieck topology 
and P is the class of smooth morphisms between (usual) commutative rings then 

{C,Co,A,T,P) := {k - Mod,k - Mod,k - Alg, et,P) 

is a HAG-context according to Def. I1.3.2.13| n-geometric stacks in this context will 
be called Artin n-stacks, and essentially coincide with geometric n-stacks as defined in 
|S3| : their model category will be denoted by fc — ^//""'°* and its homotopy category 
by St(fc). 

After having established a coherent dictionary (Def. I2.1.1.4|l . we show in t l2.1.2l 
how the theory of schemes, of algebraic spaces, and of Artin's algebraic stacks in 
groupoids ( La-Mo ) embeds in our theory of geometric stacks (Prop. 12.1.2.11) . We 
also remark (Rmk. 12.1. 2. 2|l that the general infinitesimal theory for geometric stacks 
developed in Part I does not apply to this context. The reason for this is that the cat- 
egory C = fc — Mod (with its trivial model structure) is as unstable as it could possibly 
be: the suspension functor S : Ho(C) = fc — Mod — > fc — Mod = Ho(C) is trivial (i.e. 
sends each fc-module to the zero fc-module) . The explanation for this is the following. 
Usual infinitesimal theory that applies to schemes, algebraic spaces or to (some classes 
of) Artin's algebraic stacks in groupoids is in fact (as made clear e.g. by the definition 
of cotangent complex of a scheme ( 111, II. 2]) which uses simplicial resolutions of ob- 
jects Comm(C)), already conceptually part of derived algebraic geometry in the sense 
that its classical definition already requires to embed Comm{C) = fc — Alg into the 
category of simplicial fc-algebras. And in fact (as we will show in H2.2|l when schemes, 
algebraic spaces and Artin algebraic stacks in groupoids are viewed as derived stacks, 
then their classical infinitesimal theory can be recovered (and generalized, see Cor. 
I2.2.4.5|l and interpreted geometrically within our general formalism of Chapter |l.4l fin 
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particular in Prop. 11.4.1.6(1 . 

Therefore we are naturally brought to W2.2\ where we treat the case of derived 
algebraic geometry, i.e. the case where C := sk — Mod, the category of simplicial 
modules over an arbitrary commutative ring k. 

In ii2.2.1l we describe the model categories C = sk—Mod and Comm{C) = sk—Alg 
whose opposite is denoted by k—D~Aff, in particular finite cell and finitely presented 
objects, suspension and loop functors, Postnikov towers and stable modules. We also 
show that (C, Co, -4) := {sk — Mod, sk — Mod, sk — Alg) is a HA context in the sense 
of Def. 11. 1.0. Ill 

In H2.2.2l we show how the general definitions of properties of modules (e.g. pro- 
jective, flat, perfect) and of morphisms between commutative rings in C (e.g. finitely 
presented, flat, (formally) smooth, (formally) etale, Zariski open immersion) given 
in Chapter 11.21 translates concretely in the present context. The basic idea here is 
that of strongness which says that a module M over a simplicial /c-algebra A (re- 
spectively, a morphism A ~* B in sk — Alg) has the property V, defined in the 
abstract setting of Chapter 11.21 if and only if 7ro(M) has the corresponding clas- 
sical property as a 7ro(A)-module and tto{M) fS^noiA) 7r*(A) ~ 7r*(M) (respectively, 
the induced morphism 7ro(A) — > 7ro(B) has the corresponding classical property, and 
7ro(i3) (^Tro(A) T^*{A) ~ 7r*(i3)). A straightforward extension of the etale topology 
to simplicial fc-algebras, then provides us with an etale model site (fc — D~ Af f,et) 
satisfying assumption 11.3.2.21 (Dcf . 12.2.2. 12| and Lemma I2.2.2.13| and with the cor- 
responding model category k - D~Aff~'^^ of et D'-stacks (Def. I2.2.2.14|l . The 
homotopy category IIo(/c — D~ Af f'^^) of et £)~-stacks will be simply denoted by 
D~St(fc). We conclude the section with two useful corollaries about topological in- 
variance of etale and Zariski open immersions (Cor. I2.2.2.9l and r2.2.2.10|l . stating that 
ths small etale and Zariski site of a simplicial ring A is equivalent to the corresponding 
site of -KoiA). 

In ii2.2.3l we describe our HAG context (Def. I1.3.2.13( l for derived algebraic ge- 
ometry by choosing the class P to be the class of smooth morphisms in sk — Alg and 
the model topology to be the etale topology. This HAG context {C,Cq,A,t,'P) := 
[sk — Mod, sk — Mod, sk — Alg, et, smooth) is shown to satisfy Artin's conditions (Def. 
12.2. 3. 2|l relative to the HA context (C, Co, -4) := {sk - Mod, sk - Mod, sk - Alg) in 
Prop. 11.4.3.11 as a corollary of the general theory of Part I, this gives (Cor. 12.2.3.3(1 
an obstruction theory (respectively, a relative obstruction theory) for any n-geometric 
-D~-stack (resp., for any n-representable morphism between D~-stacks), and in par- 
ticular a (relative) cotangent complex for any n-geometric D~ -stack (resp., for any 
n-representable morphism). We finish the section showing that the properties of 
being flat, smooth, etale and finitely presented can be extended to n-representable 
morphisms between Z?^-stacks fLemma 12.2.3.4(1 . and by the definition of open and 
closed immersion of £)^-stacks (Def. 12.2.3.5(1 . 

In i)2.2.4l we study truncations of derived stacks. The inclusion functor j : k — 
Aff ^ sk — Alg, that sends a commutative /c-algebra R to the constant simplicial 
/c-algebra R, is Quillen right adjoint to the functor ttq : sk — Alg k — Alg, and this 
Quillen adjunction induces an adjunction 

i := Lji : St(fc) — > i:>"St(fc) 

st(fc) < — i:>"St(fc) : m* to 

between the (homotopy) categories of derived and un-derived stacks. The functor i 
is fully faithful and commutes with homotopy colimits fLemma 12.2.4. 1(1 and embeds 
the theory of stacks into the theory of derived stacks, while the functor to, called the 
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truncation functor, sends the affine stack corresponding to a simplicial fc-algebra A 
to the afline scheme Spec ttq^A), and commutes with homotopy Hmits and coHmits 
fLemma l2.2.4.2f) . Both the inclusion and the truncation functor preserve n-geometric 
stacks and flat, smooth, etale morphisms between them (Prop. I2.2.4.4|l . This gives 
a nice compatibility between the theories in i)2.1l and ^2.'2\ and therefore between 
moduli spaces and their derived analogs. 

In particular, we get the that for any Artin algebraic stack in groupoids (actually, 
any Artin n-stack) JY, i{X) has an obstruction theory, and therefore a cotangent 
complex; in other words viewing Artin stacks as derived stacks simplifies and clarifies 
a lot their infinitesimal theory, as already remarked in this introduction. We finish the 
section by showing (Prop. I2.2.4.7|l that for any geometric Z?~-stack F, its truncation, 
viewed again as a derived stack (i.e. ito{F)) sits inside as a closed sub-stack, and 
one can reasonably think of F as behaving like a formal thickening of its truncation. 

In i)2.2.5l we give useful criteria for a n-representable morphism between D~- 
stacks being smooth (respectively, etale) in terms of locally finite presentation of the 
induced morphism on truncations, and infinitesimal lifting properties (Prop. 12.2.5.11 
resp.. Prop. 12.2.5.4(1 or properties of the cotangent complex (Cor. 12.2.5.31 resp.. Cor. 

EZEM- 

The final ii2.2.6l of Chapter 12.21 contains applications of derived algebraic geome- 
try to the construction of various derived versions of moduli spaces as _D~-stacks. In 
12.2.6.11 we first show fLemma 12.2.6. l|l that the stack of rank n vector bundles when 
viewed as a i'^-stack using the inclusion i : St(fc) — > Z?^St(fc) is indeed isomorphic to 
the derived stack Vect„ of rank n vector bundles defined as in iil.3.71 Then, for any 
simplicial set K, we define the derived stack RLoc„(7<r) as the derived exponentiation 
of Vect„ with respect to K (Dei. I2.2.6.2|l . show that when K is finite dimensional 
then KLoCn{K) is a finitely presented 1-geometric _D~-stack (Lemma I2.2.6.3|l . and 
identify its truncation with the usual Artin stack of rank n local systems on K (Lemma 
12. 2.6.4(1 . Finally we give a more concrete geometric interpretation of MLoc„(iir) as a 
moduli space of derived geometric objects (derived rank n local systems) on the topo- 
logical realization \K\ (Prop. 12.2.6.5(1 and show that the tangent space of MLoc„(ii') 
at a global point correponding to a rank n local system on if is the cohomology 
complex C*{K,E>g)kE'^)[l] (Prop. I2.2.6.6() . The latter result shows in particular that 
the D~- stack RLoc„(i4r) depends on strictly more than the fundamental groupoid 
of K (because its tangent spaces can be nontrivial even if K is simply connected) 
and therefore carries higher homotopical informations as opposed to the usual (i.e 
underived) Artin stack of rank n local systems. In subsection 12.2.6.21 we treat the 
case of algebras over an operad. If O is an operad in the category of fc-modules, we 
consider a simplicial presheaf Alg^ on k — D^Af f which associates to any simplicial 
fc-algebra A the nerve of the subcategory O — Alg{A) of weak equivalences in the 
category of cofibrant algebras over the operad O ®k A (which is an operad in simpli- 
cial A-modules) whose underlying A-module is a vector bundle of rank n. In Prop. 
12.2.6.81 we show that Alg^ is a 1-geometric quasi-compact D~-stack, and in Prop. 
12.2.6.91 we identify its tangent space in terms of derived derivations. In subsection 
12.2.6.31 using a special case of J.Lurie's representability criterion (see Appendix C), 
we give sufficient conditions for the D^-stack Map(A:', F) of morphisms of derived 
stacks i{X) — > F (for X G St(fc)) to be n-geometric (Thm. 12.2.6.11(1 . and compute its 
tangent space in two particular cases (Cor. I2.2.6.14( and l2.2.6.15() . The latter of these, 
i.e. the case RAi dr{X) := Map(i(XDij), Vect„), where A" is a complex smooth pro- 
jective variety, is particularly important because it is the first step in the construction 
of a derived version of non-ahelian Hodge theory which will be investigated in a future 
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work. 

In H2.3l we treat the case of complicial (or unbounded) algebraic geometry, 
i.e. homotopical algebraic geometry over the base category C := C(fc) of (unbounded) 
complexes of modules over a commutative Q-algebra k ^. 

Here Comm{C) is the model category k — cdga of commutative differential graded 
fc-algebras, (called shortly cdga's) whose opposite model category will be denoted 
by fc — DAff. A new feature of complicial algebraic geometry with respect to de- 
rived algebraic geometry is the existence of two interesting HA contexts (Lemma 
I2.3.1.1|l : the weak one {C,Co,A) :— {C{k),C{k),k — cdga), and the connective one 
{C,Co,A) := {C{k),C{k)<o,k — cdgao) where C(fc)<o is the full subcategory of C(fc) 
consisting of complexes which arc cohomologically trivial in positive degrees and 
k — cdgao is the full subcategory of fc — cdga of connected algebras (i.e. cohomolog- 
ically trivial in non-zero degrees). A related phenomenon is the fact that the notion 
of strongness that describes completely the properties of modules and of morphisms 
between between simplicial algebras in derived algebraic geometry, is less strictly 
connected with standard properties of modules and of morphisms between between 
cdga's. For example, morphisms between cdga's which have strongly the property V 
(e.g. P= flat, etale etc.; see Def. I2.3.1.3|l have the property V but the converse is 
true only if additional hypotheses are met (Prop. I2.3.1.4() . Using the strong version 
of etale morphisms, we endow the category k — DAff with the strongly etale model 
topology s-et (Def. 12.3.1.61 and Lemma [2.3.1.71 ). and define the model category of 
D-stacks as fc - DAff^^''-^'' (Def. I2.3.1.8|l . The homotopy category of fc - DAff^'"-^^ 
will be simply denoted by -DSt(fc). 

While the notion of stack does not depend on the HA or HAG contexts chosen 
but only the base model site, the notion of geometric stack depends on the HA and 
HAG contexts. In ii2.3.2l we complete the weak HA context above to the HAG context 
(C,Co,^, T, P) := (C(fc),C(fc),fc — cdga, s-et, Pu,), where P^j is the class of formally 
perfect morphisms (Def. 11.2.7.2(1 , and call the corresponding geometric stacks weakly 
geometric stacks (Def. 12.3.2.21) . 

Section r2. 3. 31 contains some interesting examples of weakly geometric stacks. We 
first show (Prop. I2.3.3.1|l that the stack Perf of perfect modules (defined in an ab- 
stract context in Def. 11.3.7.5(1 is weakly 1-geometric, categorically locally of finite 
presentation and its diagonal is (— l)-representable. In subsection 12 . 3 .3 . 2l we first de- 
fine the simplicial presheaf Ass sending a cdga A to the nerve of the subcategory of 
weak equivalences in the category of associative and unital (not necessarily commu- 
tative) cofibrant A-dg algebras whose underlying ^-dg module is perfect, and show 
that this is a weakly 1-geometric D-stack (Prop. 12.3.3.21 and Cor. 12.3.3.4(1 . Then we 
define (using the model structure on dg-categories of ,Tab) ) a dg-categorical variation 
of Ass, denoted by Cat*, by sending a cdga A to the nerve of the subcategory of 
weak equivalences of the model category of ^-dg categories V which are connected 
and have perfect and cofibrant A-dg-modules of morphisms, and prove (Prop. 12.3.3.5(1 
that the canonical classifying functor Ass Cat* is a weakly 1-representable, fp 
epimorphism of ZJ-stacks; it follows that Cat* is a weakly 2-geometric £)-stack (Cor. 

In ti2.3.4l we switch to the connective HA context (C,Co,.A) :— {C{k),C{k)<o,k~ 
cdgao) and complete it to the connective HAG context 

{C{k), C(fc)<o, fc — cdgao, s-et, hp-smooth). 



The case of k of positive characteristic can be treated as a special case of brave new algebraic 
geometry ( ^'lAl over the base Hk, H being the Eilenberg-Mac Lane functor. 
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where fip-smooth is the class of formally perfect (Def. 11.2.7. l|l and formally i-smooth 
morphisms (Def. 11.2.8.1(1 . Geometric stacks in this HAG context will be simply 
called geometric D-stacks (Def. 12.3.4.2(1 : since fip-smooth morphisms are in P^,, any 
geometric D-stack is weakly geometric. As opposed to the weak HAG context, this 
connective context indeed satisfies Artin's condition of Def. 11.4.3.11 fProp. 12.3.4.3(1 . 
and therefore any geometric _D-stack has an obstruction theory (and a cotangent 
complex). 

In i)2.3.5l we give some examples of geometric I?-stacks. We first observe (sub- 
section 12.3.5.1(1 that the normalization functor N : sk — Alg — > fc — cdga induces a 
fully faithful functor j := LiVi : D-St{k) ^ DSt(fc). This provides us with lots 
of examples of (geometric) D-stacks. In subsection 12.3.5.21 we study the D-stack of 
CW-perfect modules. After having defined, for any cdga A, the notion of CW-A-dg- 
module of amplitude in [a, b] (Def. 12.3.5.2(1 and proved some stability properties of 
this notion f Lemma 12.3.5.3(1 . we define the sub- D-stack Perf|^^ C Perf, consisting 
of all perfect modules locally equivalent to some CW-dg-modules of amplitude con- 
tained in [a,b]. We prove that Perf is 1-geometric (Prop. 12.3.5.4(1 . and that its 
tangent space at a point corresponding to a perfect CW-A-dg-module E is given by 
the complex (D^ ®\ E)[l] (Cor. 12.3.5.6(1 . In subsection 12. 3. 5. 31 we define the D-stack 
of CW-dg-algebras as the homotopy puUback of Ass Perf along the inclusion 
Perfj^'^ — * Perf, prove that it is 1-geometric and compute its tangent space at a 
global point in terms of derived derivations (Cor. I2.3.5.9() . Finally subsection l2.3.5.j| 
is devoted to the analysis of the D-stack Catf ^ qj of CW-dg-categories of perfect am- 
plitude in [n,Q] (Def. I2.3.5.1U| . As opposite to the weakly geometric D-stack Cat^, 
that cannot have a reasonable infinitesimal theory, its full sub- D-stack Cat^^^^ gj is 
not only a 2-geometric D-stack but has a tangent space that can be computed in terms 
of Hochschild homology (Thm. I2.3.5.1l( ) . As corollaries of this important result we 
can prove a folklore statement (see e.g. Ko-So' p. 266] in the case of Aoo-categories 
with one object) regarding the deformation theory of certain negative dg-categories 
being controlled by the Hochschild complex of dg-categories (Cor. I2.3.5.12| . and a 
result showing that if one wishes to keep the existence of the cotangent complex, the 
restriction to non-positively graded dg-categories is unavoidable (Cor. I2.3.5.13| . 

In the last, short i i2.4l we establish the basics of brave new algebraic ge- 
ometry, i.e. of homotopical algebraic geometry over the base category C — Sp^ 
of symmetric spectra (^ (HSSL FShij l. We consider C endowed with the positive model 
structure of Shi , which is better behaved than the usual one when dealing with com- 
mutative monoid objects an modules over them. We denote Comm{C) by S* — Alg 
(and call its objects commutative S'-algebras, S being the sphere spectrum, or some- 
times bn-rings), and its opposite model category by 5 — Aff. Like in the case of 
complicial algebraic geometry, we consider two HA contexts here (Lemma 12.4.1. Ill : 
{C,Co,A) := {Sp^,Sp^,S ~ Alg) and (C,Co,^) := {Sp^ , Spf , S - Algo) where 5*^^ 
is the subcategory of connective symmetric spectra, and S — Algo the subcategory 
of S'-algebras with homotopy groups concentrated in degree zero. After giving some 
examples of formally etale and formally thh-etale maps between bn-rings, we define 
(Def. I2.4.1.3() strong versions of flat, (formally) etale, (formally) smooth, and Zariski 
open immersions, exactly like in chapters 12.21 and 12.31 and give some results relat- 
ing them to the corresponding non-strong notions (Prop. 12.4.1.4(1 . An interesting 
exception to this relationship occurs in the case of smooth morphism: the Eilenberg- 
MacLane functor H from commutative rings to bn rings does not preserve (formal) 
smoothness in general, though it preserves (formal) strong smoothness, due to the 
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presence of non-trivial Steenrod operations in characteristic p > (Prop. I2.4.1.5|l . 
We endow the category S — Aff with the strong stale model topology s-et (Def. 
12.4.1. 71 and Lemma E3IHI), and define the model category S - Aff^'""-^^ of S-stacks 
(Def. I2.4.1.9|l . The homotopy category of 5* — Aff'^~°^ will be simply denoted by 
St(5). The two HA contexts defined above are completed (Cor. I2.4.1.1l| to two 
different HAG contexts by choosing for both HA contexts the s-et model topology, 
and the class Pg-ct of strongly etale morphsims for the first HA context (respectively, 
the class P of fip-morphisms for the second HA context). We call geometric Deligne- 
Mumford S-stacks (respectively, geometric S-stacks) the geometric stacks in the first 
(resp, second) HAG context, and observe that both contexts satisfy Artin's condition 
of Def. I1.4.,S.1I (Prop. 12.4.1 .1 

Finally in i)2.4.2l we use the definition of topological modular forms of Hopkins- 
Miller to build a 1-geometric Deligne-Mumford stack £s that is a "bn-derivation" 
of the usual stack £ of generalized elliptic curves ^ (i.e., the truncation of £^s is 
f), and such that the spectrum tmf coincide with the spectrum of functions on £s- 
We conclude by the remark that a moduli theoretic interpretation of £s (or, most 
probably some variant of it), i.e. finding out which are the brave new objects that 
it classifies, could give not only interesting new geometry over bn rings but also new 
insights on classical objects of algebraic topology. 



■^Sce e.g. |Del-K.ap| IV], where it is denoted by A^(i). 



CHAPTER 2.1 



Geometric n-stacks in algebraic geometry (after C. 

Simpson) 

All along this chapter we fix an associative commutative ring /c G U with unit. 

2.1.1. The general theory 

We consider C — k — Mod, the category of fc-modules in the universe U. We 
endow the category C with the trivial model structure for which equivalences are 
isomorphisms and all morphisms are cofibrations and fibrations. The category C is 
furthermore a symmetric monoidal model category for the monoidal structure given by 
the tensor product of fc-modules. The assumptions ll.l.(mil.l.0"^ll.l.0.3l and ll.l.U.4l 
are all trivially satisfied. The category Comm(C) is identified with the category k — 
Alg, of commutative (associative and unital) fc-algebras in U, endowed with the trivial 
model structure. Objects in fc — Alg will simply be called commutative fc-algebras, 
without any reference to the universe U. For any A G k — Alg, the category A — Mod 
is the usual symmetric monoidal category of A-modules in U, also endowed with its 
trivial model structure. Furthermore, we have R Hom j^jM, N) ~ Honi j^iM, N) for 
any two objects A E k — Alg, and is the usual ^-module of morphisms from AI to N. 
We set Co := fc - Mod, and A := k - Alg. The triplet (fc - Mod, k - Mod, k - Alg) 
is then a HA context in the sense of Def. I1.1.0.1l| 

The category Affc is identified with fc — Alg°P, and therefore to the category 
of affine fc-schemes in U. It will simply be denoted by fc — Aff and its objects will 
simply be called affine fc-schemes, without any reference to the universe U. The model 
category of pre-stacks fc — Aff^ = Aff^ is simply the model category of V-simplicial 
presheaves on fc — Af f, for which equivalences and fibrations are defined levelwise. 
The Yoneda functor 

h:k-Aff^k- A/r 

is the usual one, and sends an affine fc-scheme X to the presheaf of sets it represents 
hx (considered as a presheaf of constant simplicial sets). Furthermore we have natural 
isomorphisms of functors 

h^h^Rh-.k- Aff — > Ho(fc - Aff^), 

which is nothing else than the natural composition 

k - Aff fc - Aff^ Ho(fc - A//^). 

We let r = et, the usual etale pre-topology on fc — Aff (see e.g. |Milp . Recall 
that a family of morphisms 

{Xi = Spec At — > X = SpecAji^i 
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is an et-covering family if and only if it contains a finite sub-family {Xi — > 
J G I, such that the corresponding morphism of commutative /c-algebras 

ie.J 

is a faithfully flat and etale morphism of commutative rings. 

Lemma 2.1.1.1. The etale topology on k — Aff satisfies assumvtion 1 1 . S. 2. 'A 

Proof. Points (1) and (2) of 11.3.2.21 are clear. Point (3) is induced by the 
faithfully flat descent of quasi-coherent modules for affine //gc-hypercovers (see e.g. 
|^(:^A4-III Exp. ybis]))^ □ 

The model category of stacks k — Aff'^^ is the projective model structure for 
simplicial presheaves on the Grothendieck site {k — Aff,et), as defined for example 
in Bl (see also |Toll §1] ). Its homotopy category, denoted simply as St(fc), is then 
identified with the full subcategory of Ho(fc— A//^) consisting of simplicial presheaves 

F : k ~ Alg = k - Aff P — > SSety 

satisfying the following two conditions 

• For any two commutative fc-algebra A and B, the natural morphism 

F{A X B) — > F{A) X F{B) 

is an isomorphism in Ho(S'S'et). 

• For any co-augmented co-simplicial commutative fc-algebra, A — > B^ , such 
that the augmented simplicial object 

SpecB^ — > Spec A 

is an etale hypercover, the natural morphism 

F{A) HolimneAF{B^) 

is an isomorphism in Ho(S'S'et). 

It is well known (and also a consequence of Cor. I1.3.2.8|) that the etale topology 
is sub-canonical; therefore there exists a fully faithful functor 

h:k- Aff — > St(fc) c Ho(fc - Aff^'^^). 

Furthermore, we have 

Spec A ~ Spec A ~ RSpecA 

for any A & k — Alg. 

We set P to be the class of smooth morphisms in k — Aff in the sense of |EGAIVl 
17.3.1]. It is well known that our assumption 11.3.2.111 is satisfied (e.g. that smooth 
morphisms are etale-local in the source and target, see for example EGAIV, 17.3.3, 
17.3.4, 17.7.3]). In particular, we get that (fc — Mod,k — Mod,k — Alg, ct,P) is a 
HAG context in the sense of Def. I1.3.2.13| The general definition 11.3.3.11 can then 
be applied, and provides a notion of n-geometric stack in St(fc). A first important 
observation (the lemma below) is that n-geometric stacks are n-stacks in the sense of 
|S3| . This is a special feature of standard algebraic geometry, and the same would 
be true for any theory for which the model structure on C is trivial: the geometric 
complexity is a bound for the stacky complexity. 

Recall that a stack F € St(fc) is n-truncated if for any X G k — Aff, any s € 
TTo{F{X)) and any i > n, the sheaf ni{F,s) is trivial. By H AGII 3.7], this is 
equivalent to say that for any stack G the simplicial set M.-r Hom (G, F) is n-truncated. 
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Lemma 2.1.1.2. Let F be an n-geometric stack in St(A;). Then F is {n + 1)- 
truncated. 

Proof. The proof is by induction on n. Representable stacks are nothing else 
than affine schemes, and therefore are 0-truncated. Suppose that the lemma is known 
for m < n. Let F be an n-geometric stack, X € k — Aff and s E 7To{F{X)). We have 
a natural isomorphism of sheaves on k — Aff/X 

7r,(F,s) ~7r,_i(X x'^X,s), 

where X — > F is the morphisms of stacks corresponding to s. As the diagonal of 
is (n — l)-representable, X Xp X ~ F Xp^hp X x^ X is {n — l)-geometric. By 
induction we find that TTi{F, s) ~ * for any i > n. □ 

Lemma |2 . 1 . 1 .21 justifies the following terminology, closer to the usual terminology 
one can find in the literature. 

Definition 2.1.1.3. An Artin n-stack is an n-truncated stack which is m-geometric 
for some integer m. 

The general theory of Artin n-stacks could then be pursued in a similar fashion as 
for Artin stacks in |La-Moj . A part of this is done in 'S3' and will not be reproduced 
here, as many of these statements will be settled down in the more general context 
of geometric D^-stacks (see ti2.2|) . Let us mention however, that as explained in Def. 

we can define the notions of fiat, smooth, etale, unramified, regular, Zariski 
open immersion . . . morphisms between Artin n-stacks. These kinds of morphisms are 
as usual stable by homotopy puUbacks, compositions and equivalences. In particular 
this allows the following definition. 

Definition 2.1.1.4. • An Artin n-stack is a Deligne-Mumford n-stack if 

there exists an n-atlas {Ui\ for F such that each morphism Ui — > F is an 
Stale morphism. 

• An Artin n-stack is an algebraic space if it is a Deligne-Mumford n-stack, 

and if furthermore the diagonal F > F x'^ F is a monomorphism in the 

sense of Def. \1.3.6.4\ 

• An Artin n-stack F is an scheme if there exists an n-atlas {Ui\ for F such 
that each morphism Ui — > F is a monomorphism. 

Remark 2.1.1.5. (1) An algebraic space in the sense of the definition above 

which is automatically a 1-geometric stack, and is nothing else than an 
algebraic space in the usual sense. Indeed, this can be shown by induction on 
n: an algebraic space which is also n-geometric is by definition the quotient 
of a union of affine schemes X by some etale equivalence relation R C X x X 
where R is an algebraic space which is (n — l)-geometric. In particular, R 
being a subobject in AT x X we see that i? is a separated algebraic space, 
and thus is a 0-geometric stack. This implies that X/R is a 1-geometric 
stack. In the same way, any scheme is automatically a 1-geometric stack. 
Moreover, algebraic spaces (resp. schemes) which are 0-geometric stacks are 
precisely algebraic spaces (resp. schemes) with an affine diagonal. 
(2) Thought there is a small discrepancy between the notion of Artin n-stack 
and the notion of n-geometric stack in St(fc), our notion of Artin n-stack is 
equivalent to the notion of slightly geometric n-stacks of (S3) . 
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2.1.2. Comparison with Artin's algebraic stacks 

Artin n-stacks as defined in tlie last section are simplicial presheaves, whereas 
Artin stacks are usually presented in the literature using the theory of fibered cate- 
gories (se e.g. |La-Mo) l. In this section we briefly explain how the theory of fibered 
categories in groupoids can be embedded in the theory of simplicial presheaves, and 
how this can be used in order to compare the original definition of Artin stacks to 
our definition of Artin n-stacks. 

In [Holj . it is shown that there exists a model category Grpd/S, of cofibered 
categories in groupoids over a Grothendieck site S. The fibrant objects for this model 
structure are precisely the stacks in groupoids in the sense of jLa-Moj , and the equiv- 
alences in Grpd/S are the morphisms of cofibered categories becoming equivalences 
on the associated stacks (i.e. local equivalences). There exists furthermore a Quillen 
equivalence 

p : P{S, Grpd) — > Grpd/S P{S, Grpd) < — Grpd/S : T, 

where P{S, Grpd) is the local projective model category of presheaves of groupoids 
on S. Finally, there exists a Quillen adjunction 

Hi : SPrriS) — > P{S, Grpd) SPrr{S) < — P{S, Grpd) : B, 

where Hi is the natural extension of the functor sending a simplicial set to its funda- 
mental groupoid, B is the natural extension of the nerve functor, and the SPrr{S) 
is the local projective model structure of simplicial presheaves on the site S (also 
denoted by S"^'"^ in our context, at least when S has limits and colimits and thus can 
be considered as a model category with the trivial model structure). The functor B 
preserves equivalences and the induced functor 

B : Ko{P{S,Grpd)) — > Ho(S'Pr^(5)) 

is fully faithful and its image consists of all 1-truncated objects (in the sense of jHAGIl 
§3.7]). Put in another way, the model category P{S, Grpd) is Quillen equivalent to the 
S'2-nullification of SPrr{S) (denoted by SPrP^{S) in HAGI,, §3.7]). In conclusion, 
there exists a chain of Quillen equivalences 

Grpd/S ^ P{S, Grpd) ^ SPrf^{S), 

and therefore a well defined adjunction 

t : Ilo{SPrr{S)) — > RoiGrpd/S) Ho(S'Pr^(5)) < — Ro{Grpd/S) : i, 

such that the right adjoint 

i : Ro{Grpd/S) — > Ro{SPrr{S)) 

is fully faithful and its image consists of all 1-truncated objects. 

The category Ko{Grpd/S) can also be described as the category whose objects 
are stacks in groupoids in the sense of |La-Mo| . and whose morphisms are given by 
1-morphisms of stacks up to 2-isomorphisms. In other words, for two given stacks F 
and G in Grpd/S, the set of morphisms from to G in Ilo{Grpd/S) is the set of 
isomorphism classes of the groupoid 7iom{F, G), of morphisms of stacks. This implies 
that the usual category of stacks in groupoids, up to 2-isomorphisms, can be identified 
through the functor i with the full subcategory of 1-truncated objects in llo{SPrT{S)). 
Furthermore, the functor i being defined as the composite of right derived functors 
and derived Quillen equivalences will commutes with homotopy limits. As homotopy 
limits in Grpd/S can also be identified with the 2-limit of stacks as defined in (La-Mo| . 
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the functor i will send 2-limits to homotopy limits. As a particular case we obtain 
that i sends the 2-fiber product of stacks in groupoids to the homotopy fiber product. 

The 2-categorical structure of stacks in groupoids can also be recovered from the 
model category SPrr{S). Indeed, applying the simpHcial localization techniques of 
jD-Kl| to the Quillen adjunctions described above, we get a well defined diagram of 
S'-categories 

L{Grpd/S) — > LP{S,Grpd) — > LSPrr{S), 

which is fully faithful in the sense of [HSGII Def. 2.1.3]. In particular, the 5'-category 
L{Grpd/S) is naturally equivalent to the full sub-S'-category of LSPrr{S) consisting 
of 1-truncated objects. Using ID-K3| . the S'-category L{Grpd/S) is also equiva- 
lent to the S'-category whose objects are stacks in groupoids, cofibrant as objects 
in Grpd/S, and whose morphisms simplicial sets are given by the simplicial Horn's 
sets of Grpd/S. These simplicial Hom^s sets are simply the nerves of the groupoid 
of functors between cofibered categories in groupoids. In other words, replacing the 
simplicial sets of morphisms in L{Grpd/S) by their fundamental groupoids, we find 
a 2-category naturally 2-equivalent to the usual 2-category of stacks in groupoids on 
S. Therefore, we see that the 2-category of stacks in groupoids can be identified, up 
to a natural 2-equivalencc, as the 2-category obtained from the full sub-S'-category of 
LSPrriS) consisting of 1-truncated objects, by replacing its simplicial sets of mor- 
phisms by their fundamental groupoids. 

We now come back to the case where S = {k ~ Aff, et), the Grothcndicck site of 
affine fc-schemes with the etale pre-topology. We have seen that there exists a fully 
faithful functor 

i : RoiGrpd/k - AfT'^') — > St(fc), 

from the category of stacks in groupoids up to 2-isomorphisms, to the homotopy 
category of stacks. The image of this functor consists of all 1-truncated objects and it 
is compatible with the simplicial structure (i.e. possesses a natural lifts as a morphism 
of S-categories) . We also have seen that i sends 2-fiber products of stacks to homotopy 
fiber products. 

Using the functor i, every stack in groupoids can be seen as an object in our 
category of stacks St(fc). For example, all examples of stacks presented in jLa-Mo) 
give rise to stacks in our sense. The proposition below subsumes the main properties 
of the functor i, relating the usual notion of scheme, algebraic space and stack to the 
one of our definition Def. 12.1.1.41 Recall that a stack in groupoids X is separated 
(resp. quasi-separated) if its diagonal is a proper (resp. separated) morphism. 

Proposition 2.1.2.1. (1) For any commutative k- algebra A, there exists a 

natural isomorphism 

i{SpecA) ~ Spec A. 

(2) IJ X is a scheme (resp. algebraic space, resp. Deligne-Mumford stack, resp. 
Artin stack) with an affine diagonal in the sense of |La-Mo] . then i{X) is 
an Artin 0-stack which is 0-geometric (resp. an Artin 0-stack which is 0- 
geometric, resp. a Deligne-Mumford 1-stack which is 0-geometric, resp. an 
Artin 1-stack which is 0-geometric) in the sense of Def. \2.1.1.4\ 

(3) If X is a scheme (resp. algebraic space, resp. Deligne-Mumford stack, resp. 
Artin stack) in the sense of jLa-Mo| . then i{X) is an Artin 0-stack which is 
1-geometric (resp. an Artin 0-stack which is 1-geometric, resp. a Deligne- 
Mumford 1-stack which is 1-geometric, resp. an Artin 1-stack which is 1- 
geometric) in the sense of Def. \2.1.1.4\ 
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(4) Let f : F — > G be a morphism between Artin stacks in the sense of 
[La-Mo| . Then the morphism f is flat (resp. smooth, resp. etale, resp. un- 
ramified, resp. Zariski open immersion) if and only if i{f) : i^F) — > i(G) 
is so. 

Proof. This readily follows from the definition using the fact that i preserves 
afHne schemes, epimorphisms of stacks, and sends 2-fLber products to homotopy pull- 
backs. □ 

Remark 2.1.2.2. If we try to apply the general infinitesimal and obstruction 
theory developed in iil.4l to the present H AG-context, we immediately see that this is 
impossible because the suspension functor S : Ho(C) = k — Mod ^ k — Mod — Ho(C) 
is trivial. On the other hand, the reader might object that there is already a well 
established infinitesimal theory, at least in the case of schemes, algebraic spaces and 
for a certain class of algebraic stacks in groupoids, and that our theory does not 
seem to be able to reproduce it. The answer to this question turns out to be both 
conceptually and technically relevant. First of all, if we look at e.g. the definition of 
the cotangent complex of a scheme ([UD 2.1.2]) we realize that a basic and necessary 
step is to enlarge the category of rings to the category of simplicial rings in order 
to be able to consider free (or more generally cofibrant) resolutions of maps between 
rings. In our setup, this can be reformulated by saying that in order to get the 
correct infinitesimal theory, even for ordinary schemes, it is necessary to view them 
as geometric objects in derived algebraic geometry, i.e. on homotopical algebraic 
geometry over the base category C — sk — Mod of simplicial fc-modules (so that 
Comm{C) is exactly the category of commutative simplicial fc-algebras). In other 
words, the usual infinitesimal theory of schemes is already "secretly" a part of derived 
algebraic geometry, that will be studied in detail in the next chapter [2.21 Moreover, 
as it will be shown, this approach has, even for classical objects like schemes or Artin 
stacks in groupoids, both conceptual advantages (like e.g. the fact that the cotangent 
complex of a scheme can be interpreted geometrically as a genuine cotangent space 
to the scheme when viewed as a derived stack, satisfying a natural universal property, 
while the cotangent complex of a scheme do not have any universal property inside 
the theory of schemes), and technical advantages (like the fact, proved in Cor. 12.2.4.51 
that any Artin stack in groupoids has an obstruction theory). 

Convention 2.1.2.3. From now on we will omit mentioning the functor i, and 
will simply view stacks in groupoids as objects in St(fc). In particular, we will allow 
ourselves to use the standard notions and vocabulary of the general theory of schemes. 
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Derived algebraic geometry 

All along this chapter k will be a fixed commutative (associative and unital) ring. 

2.2.1. The HA context 

In this section we specialize our general theory of Part I to the case where C = sk— 
Mod, is the category of simplicial fc-modules in the universe U. The category sk—Mod 
is endowed with its standard model category structure, for which the fibrations and 
equivalences are defined on the underlying simplicial sets (see for example jGoe-.Taj V 
The tensor product of fc-modules extends naturally to a levelwise tensor product on 
sk — Mod, making it into a symmetric monoidal model category. Finally, sk — Mod 
is known to be a U-combinatorial proper and simplicial model category. 

The model category sk — Mod is known to satisfy assumptions 11.1. (TTl 11.1. 0"^ and 
11.1.0.31 fsee :Schw-Shi ). Finally, it follows easily from [Qll 114, II.6] that sk~Mod 
also satisfies assumption 11.1. {)~^ 

The category Comm{sk — Mod) will be denoted by sk — Alg, and its objects 
will be called simplicial commutative fc-algebras. More generally, for A G sfc — Alg, 
the category A — Comni{C) will be denoted by A — Algg. For any A E sk — Alg 
we will denoted by A — Mods the category of A-modules in sk — Mod, which is 
nothing else than the category of simplicial modules over the simplicial ring A. The 
model structure on sk — Alg, A — Algs and A — Mods is the usual one, for which 
the equivalences and fibrations are defined on the underlying simplicial sets. For an 
object A G sk — Alg, we will denote by ni{A) its homotopy group (pointed at 0). The 
graded abelian group tt* (A) inherits a structure of a commutative graded algebra from 
A, which defines a functor A l—^ 7r*(v4) from sk — Alg to the category of commutative 
graded fc-algebras. More generally, if A is a simplicial commutative fc-algebra, and M 
is an j4-module, the graded abelian group tt* (M) has a natural structure of a graded 
7r*(A)-module. 

There exists a Quillen adjunction 

ttq : sfc — Alg — > fc — Alg sk — Alg « — fc — Alg : i, 

where i sends a commutative fc-algebra to the corresponding constant simplicial com- 
mutative fc-algebra. This Quillen adjunction induces a fully faithful functor 

i : k - Alg — > Ho(,sfc - Alg). 

From now on we will omit to mention the functor i, and always consider fc — Alg as 
embedded in sk — Alg, except if the contrary is specified. Note that when A e k — Alg, 
also considered as an object in sk — Alg, we have two different notions of A-modules, 
A — Mod, and A — Mods- The first one is the usual category of A-modules, whereas 
the second one is the category of simplicial objects in A — Mod. 

For any morphism of simplicial commutative fc-algebras A — > B, the _B-module 
'^B/A constructed in ll.2.1.21 is naturally isomorphic in Ho(i3 — Mod) to D. Quillen's 
cotangent complex introduced in |Q2| . In particular, if A — > _B is a morphism 
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between (non-simplicial) commutative fc-algebras, then we have Tro(L,B/A) — ^b/a- 
More generaUy, we find by adjunction 

M^B/a) - ^l„(B}/7ro{A}- 

Recall also that A — > B in k — Alg is etale in the sense of lECAIVI 17.1.1] if and 
only ii'L.B/A — and B is finitely presented as a commutative A- algebra. In the same 
way, a morphism A — > i? in fc — Alg is smooth in the sense of EGAIV. 17.1.1] if 
and only if ^^b/a ^ projective B-module, HiiJ^B/A) — for i > and B is finitely 
presented as a commutative A- algebra.. Finally, recall the existence of a natural first 
quadrant spectral sequence (see [Ql| II. 6 Thm. 6(b)]) 

Torl^^^^{^,{M),T:,{N)), ^ i,^+,{M ®\ N), 

for A G sfc — Alg and any objects M and N ui A — Mods- 

We set Co := C = sk — Mod, and A := sk — Alg. Then, clearly, assumption 
11.1.0.61 is also satisfied. The triplet {sk — Mod, sk — Mod, sk ~ Alg) is then a HA 
context in the sense of Def. I1.1.0.1l| Note that for any A ^ sk — Alg we have 
{A — Mods)a = A — Mod, whereas {A — Mods)i consists of all A- modules M such 
that 7ro(A/) — 0, also called connected modules. 

For an integer n > we define the n-th sphere fc-modules by 5^ := 5*" (8) fc G 
sk — Mod. The free commutative monoid on SJ^ is an object ^[5*"] € sk — Alg, such 
that for any A sk — Alg there are functorial isomorphisms 

[k[S%AU^Alg^7Tr.{A). 

In the same way we define A" ®) k ^ sk — Mod and its associated free commutative 
monoid /c[A"]. There are natural morphisms A:[S'"] — > /c[A"+^], coming from the 
natural inclusions (?A"+^ = 5*" ^ A"+^. The set of morphisms 

{fc[^"] — fc[A"+i]}„>o 

form a generating set of cofibrations in sk — Alg. The model category sk — Alg is 
then easily checked to be compactly generated in the sense of Def. 11.2.3.41 A finite 
cell object in sk — Alg is then any object A sk ~ Alg for which there exists a finite 
sequence in sk — Alg 

Ao = k ^ Ai ^ A2 > ^ A,n = A, 

such that for any i there exists a push-out square in sk — Alg 

Ai ^ A,+i 



k[S"'] ^ fc[A"-+i] 

Our Prop. 11.2.3.51 implies that an object A ^ sk — Alg is finitely presented in the 
sense of Def. 11.2.3.11 if and only if it is equivalent to a retract of a finite cell object 
(see also ^KMM, III.2] or Kr -Ma Thm. III.5.7] for other proofs). More generally, 
for A € sk — Alg, there exists a notion of finite cell object in A — Algs using the 
elementary morphisms 

A[S''] := A ®k fc[^"] A[A"+i] :^ A ®k fc[A"+i]. 

In the same way, a morphism A — > B in sk — Alg is finitely presented in the sense 
of Def. 11.2.3.11 if and only if B is equivalent to a retract of a finite cell objects in 
A — Algs. Prop. 11.2.3.51 also implies that any morphism A — > B, considered as 
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an object in A — Algs, is equivalent to a filtered colimit of finite cell objects, so in 
particular to a filtered homotopy colimit of finitely presented objects. 

The Quillen adjunction between k — Alg and sk — Alg shows that the functor 

ttq : sfc — Alg — > k ~ Alg 

does preserve finitely presented morphisms. On the contrary, the inclusion functor 
i : k — Alg — > sk — Alg does not preserve finitely presented objects, and the finite 
presentation condition in sk — Alg is in general stronger than in fc — Alg. 

For A e sfc — Alg, we also have a notion of finite cell objects in A — Mods, based 
the generating set for cofibrations consisting of morphisms of the form 

Using Prop. 11.2.3.51 we see that the finitely presented objects in A — Mods are the 
objects equivalent to a retract of a finite cell objects (see also [EKMlVll III. 2] or 
|Kr-Mal Thm. III.5.7]). Moreover, the functor 

ttq : A- Mods — > t^q{A) - Mod 

is left Quillen, so preserves finitely presented objects. On the contrary, for A e k—Alg, 
the natural inclusion functor A — Mod — > A — Mods from A-modules to simplicial 
A-modules does not preserve finitely presented objects in general. 

The category sk — Mod is also Quillen equivalent (actually equivalent) to the 
model category C~{k) of non-positively graded cochain complexes of fc-modules, 
through the Dold-Kan correspondence ( We, 8.4.1]). In particular, the suspension 
functor 

S : Ho(sfc - Mod) — > Ho(sA: - Mod) 

corresponds to the shift functor E E[l] on the level of complexes, and is a fully 
faithful functor. This implies that for any A e sfc — Alg, the suspension functor 

S : Ho(A - Mods) — > Ho(A - Mods) 

is also fully faithful. We have furthermore TTi{S{M)) ~ 7ri+i(M) for all M e A-Mods. 
The suspension and loop functors will be denoted respectively by 

M[l] := S{M) M[-l] n{M). 

For any A (z sk — Alg, we can construct a functorial tower in sk — Alg, called the 

Postnikov tower, 

A ' ^ A<n ^ A<n-i 9 ^ ^<o = 7ro(^) 

in such a way that 7ri(A<„) = for all i > n, and the morphism A — > A<n induces 
isomorphisms on the tt^'s for all i < n. The morphism A — > A<n is characterized by 
the fact that for any B ^ sk — Alg which is n-truncated (i.e. Hi{B) = for all i > n), 
the induced morphism 

Mapsk-Alg{A<n,B) — > Mapsk-Alg{A,B) 

is an isomorphism in 110(556^). This implies in particular that the Postnikov tower 
is furthermore unique up to equivalence (i.e. unique as an object in the homotopy 
category of diagrams). There exists a natural isomorphism in IIo(sA: — Alg) 

A ~ HolimnA<n- 
For any integer n, the homotopy fiber of the morphism 

A<n — > ^<n-l 

is isomorphic in Ho(sfc — Mod) to 5" €5fe 7r„(A), and is also denoted by TTn{A)[n]. 
The fc- module tt„{A) has a natural structure of a 7ro(A)-module, and this induces a 
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natural structure of a simplicial ttq (^)-modulc on each 7r„(74)[z] for all i. Using the 
natural projection A<n-i — > i'o(^), we thus see the object 7r„(yl)[i] as an object in 
A<n-i — Mods- Note that there is a natural isomorphism in Ho(A<„_i — Mods) 

S{n,Mm) - ^n{A)[i + 1] n{nr,{Am) ^ ^„(A)[i - 1], 

where 7r„(A)[j] is understood to be for i < 0. We recall the following important and 
well known fact. 

Lemma 2.2.1.1. With the above notations, there exists a unique derivation 
dn e 7ro(©erfc(A<„_i,7r„(A)[n + 1])) 
such that the natural projection 

A<n-i ®d„ TT„{A)[n] — > A<n-\ 
is isomorphic in Ho(sfc — Alg j A^n-\) to the natural morphism 

A<n — > A<n-1- 
Sketch of Proof. (See also |Ba| for more details). 

The uniqueness of dn follows easily from our lemma lT.4.3.71 and the fact that the 
natural morphism 

hQZ{Tr„{A)[n + 1]) ^ 7r„(A)[n + 1] 
induces an isomorphism on tt^ for all i < n + 1 (this follows from our 

lemma 122221 

below). To prove the existence of d„, we consider the homotopy push-out diagram in 
sk — Alg 

A<n-1 ^ B 



A. 



A 



<ri-l- 



The identity of A<n-i induces a morphism B — > A<n-i, which is a retraction of 
A<n-i — > B. Taking the (n + l)-truncation gives a commutative diagram 



A 



<n-l 



B 



<ji+i 



A< 



A<n-1. 



in such a way that s has a retraction. This easily implies that the morphism s 
is isomorphic, in a non-canonical way, to the zero derivation A<,n-i — > A<n-i © 
7r„(A)[n -t- 1]. The top horizontal morphism of the previous diagram then gives rise 
to a derivation 

^A< 

n — 1 

® TTn{A)[n + 1]. 



dn '■ A<:, 



The diagram 



A 



<n-l 



B<n 



+ 1 



A 



<n 



■ A 



<n-l, 



is then easily checked to be homotopy cartesian, showing that A<„ 
isomorphic to A<n~i ©d„ 7r„(A)[ri,] — > A<n-i- 



A<n-i is 

□ 
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Finally, the truncation construction also exists for modules. For any A E sk — Alg, 
and M £ A — Mods, there exists a natural tower of morphisms in A — Mods 

M ^ ^ M<„ ^ M<„-i > ^ AI<o = MM), 

such a way that iTi^M^n) — for all i > n, and the morphism Af — > M<„ induces 
an isomorphisms on tt^ for i < n. The natural morphism 

M — > HolimnM^n 

is an isomorphism in Ho(A — Mods). Furthermore, the A-module M<„ is induced by 
a natural ^<„-module, still denoted by M<n, through the natural morphism A — > 
A<:n- The natural projection M — > -M<„ is again characterized by the fact that for 
any A-module N which is rt-truncated, the induced morphism 

MapA^ModAM<n,N) — > MapA-ModAM,N) 

is an isomorphism in Ho^SSet). 

For an object A G sk — Alg, the homotopy category }io{Sp{A — Mods)), of stable 
A-modules can be described in the following way. By normalization, the commutative 
simplicial fc-algebra A can be transformed into a commutative dg-algebra over k, N{A) 
(because N is lax symmetric monoidal) . We can therefore consider its model category 
of unbounded Ar(A)-dg-modules, and its homotopy category Ho(A^(A) — Mod). The 
two categories llo{Sp{A — Mods)) and llo{N{A)~ Mod) are then naturally equivalent. 
In particular, when A is a commutative fc-algebra, then N{A) = A, and one finds that 
ilo{Sp{A — Mods)) is simply the unbounded derived category of A, or equivalently 
the homotopy category of the model category C{A) of unbounded complexes of A- 
modules 

Ro{Sp{A - Mods)) - D{A) ~ Ho(C(A)). 

Finally, using our Cor. 11.2.3.81 (see also |EKMMI III. 7]), we see that the perfect 
objects in the symmetric monoidal model category 'tlo{Sp{A — Mods)) are exactly 
the finitely presented objects. 

We now let fc — D^Aff be the opposite model category of sk — Alg. We use 
our general notations. Spec A e fc — D~Aff being the object corresponding to ^ G 
sk — Alg. We will also sometimes use the notation 

to{SpecA) :— SpecTro{A). 

2.2.2. Flat, smooth, etale and Zariski open morphisms 

According to our general definitions presented in ^1.21 we have various notions 
of projective and perfect modules, flat, smooth, etale, unramified . . . morphisms in 
sk — Alg. Our first task, before visiting our general notions of stacks, will be to give 
concrete descriptions of these notions. 

Any object A € sk—Alg gives rise to a commutative graded fc-algebra of homotopy 
7r*(j4), which is functorial in A. In particular, Tri(A) is always endowed with a natural 
structure of a 7ro(A)-module, functorially in A. For a morphism A — > B in sk — Alg 
we obtain a natural morphism 

7r,(A) (X)^o(A) 7ro(B) — > tt^{B). 

More generally, for A £ sk — Alg and M an A-module, one has a natural morphism 
of 7ro( A) -modules 7ro(Af) — > vr, (M), giving rise to a natural morphism 

MA) MM) MM). 
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These two morphisms are the same when the commutative A-algebra B is considered 
as an A-modulc in the usual way. 

Definition 2.2.2.1. Let A e sk - Alg and M be an A-module. The A-module 
M is strong if the natural morphism 

ttAA) MM) — > Ti*{M) 

is an isomorphism. 

Lemma 2.2.2.2. Let A e sk — Alg and M be an A-module. 

(1) The A-module M is projective if and only if it is strong and t:q{M) is a 
projective Tr(){A) -module. 

(2) The A-module M is flat if and only if it is strong and t:q(M) is a flat TrQ{A)- 
module. 

(3) The A-module M is perfect if and only if it is strong and 7ro(Af) is a pro- 
jective ttq^A) -module of finite type. 

(4) The A-module M is projective and finitely presented if and only if it is 
perfect. 

Proof. (1) Let us suppose that M is projective. We first notice that a retract 
of a strong module A-module is again a strong A-module. This allows us to suppose 
that M is free, which clearly implies that M is strong and that 7ro(A/) is a free ttq{A)- 
niodule (so in particular projective). Conversely, let M be a strong A-module with 
7ro(Af) projective over 7ro(A). We write tto{M) as a retract of a free TTQ-module 

7ro(M) ^o(A)(^) = ®/7ro(A) MM). 

The morphism r is given by a family of elements n G ttq^M) for i G I, and therefore 
can be seen as a morphism r' : A^^' — > M, well defined in Ho(A — Mods). In the 
same way, the projector p = i o r of 7ro(A)(^', can be seen as a projector p' of A*-^) in 
the homotopy category Ho(A — Mods). By construction, this projector gives rise to 
a split fibration sequence 

K — > A(-^) — > C, 
and the morphism r' induces a well defined morphism in Ho (A — Mods) 

r' -.C — > M. 

By construction, this morphism induces an isomorphisms on ttq, and as C and M are 
strong modules, r' is an isomorphism in Ho(A — Mods). 

(2) Let M be a strong A-modulc with 7ro(Af) flat over 7ro(A), and N be any 
A-module. Clearly, 7r*(M) is flat as a tt* (A)-module. Therefore, the Tor spectral 
sequence of |Q2| 

Tor*^^^^{MM),MN))=^MM(S)\ N) 
degenerates and gives a natural isomorphism 

TT., {M (g)\ N) ~ TT, (M) (^) TT, (TV) ~ 

~ (MM) ®^o(A) MA)) TT^N) ~ MM) ®^o{A) 7r*(^)- 

As TTo{M) (8>,ro(^) ~ is an exact functor its transform long exact sequences into long 
exact sequences. This easily implies that M^\ — preserves homotopy fiber sequences, 
and therefore that M is a flat A-module. 

Conversely, suppose that M is a flat A-module. Any short exact sequence — > 
^ P of 7ro(A)-modules can also be seen as a homotopy fiber sequence of A-modules, 
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as any morphism N P is always a fibration. Therefore, we obtain a homotopy fiber 
sequence 

— > M(g)\N — > M(^\P 

which on ttq gives a short exact sequence 

— > no{M) (S)^„(A) N — ^ 7ro(M) P. 

This shows tliat 7ro(M) <E)tto(A) — is an exact functor, and therefore that 7ro(M) is a 
flat 7ro(^)-module. Furthermore, taking = we get that for any tto (^)-module P 
one has TTi{M (S>\ P) = for any i > 0. In other words, we have an isomorphism in 
Ho(^ - Mod,) 

M®^P~7ro(M) &)^„(A)P- 
By shifting P we obtain that for any z > and any ttq (v4)-module P we have 

(PH)^(7ro(M) PM. 
Passing to Postnikov towers we see that this imphes that for any A-module P we have 

7r,(M ^\ P) ~ 7ro(M) ®^„(A) MP)- 
Applying this to P = yl we find that AI is a strong A-module. 

(3) Let us first suppose that M is strong with 7ro(Af ) projective of finite type over 
7To{A). By point (1) we know that M is a projective ^-module. Moreover, the proof 
of (1) also shows that M is a retract in Ho(y4 — Mods) of some with / finite. By 
our general result Prop. 11.2.4.21 this implies that A is perfect. Conversely, let M be 
a perfect A-module. By (2) and Prop. 11.2.4.21 we know that M is strong and that 
7ro(M) is flat over 7ro(v4). Furthermore, the unit k oi sk — Mod is flnitely presented, 
so by Prop. I1.2.4.2I M is finitely presented object in ^4 — Modg. Using the left Quillen 
functor ttq from A — Mods to 7ro(j4)-modules, we see that this implies that t:q{AI) is 
a finitely presented 7ro(A)-module, and therefore is projective of finite type. 

(4) Follows from (1), (3) and Prop. \i.'}A.'}\ □ 

Definition 2.2.2.3. (1) A morphism A — > B in sk - Alg is strong if the 

natural morphism 

T^M) ®MA) MB) TT^B) 

is an isomorphism (i.e. B is strong as an A-module) . 
(2) A morphism A — *■ B in sk — Alg is strongly flat (resp. strongly smooth, 
resp. strongly etale, resp. a strong Zariski open immersion^ if it is strong 
and if the morphism of affine schemes 

SpeciTQ{B) — > SpeciTi^{A) 

is flat (resp. smooth, resp. etale, resp. a Zariski open immersion). 

We start by a very useful criterion in order to recognize finitely presented mor- 
phisms. We have learned this proposition from J. Lurie (see |Lulp . 

Proposition 2.2.2.4. Let f : A — > B he a morphism in sk — Alg. Then, f is 
finitely presented if and only if it satisfies the following two conditions. 

(1) The morphism 7ro(j4) — > tto{B) is a finitely presented morphism of commu- 
tative rings. 

(2) The cotangent complex I^b/a G Ho(i3 — Alods) is finitely presented. 
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Proof. Let us assume first that / is finitely presented. Tlicn (1) and (2) are 
easily seen to be true by fact that ttq is left adjoint and by definition of derivations. 

Let us now assume that / : A — > B is a morphism in sk — Alg such that (1) and 
(2) are satisfied. Let fc > be an integer, and let P{k) be the following property: for 
any filtered diagram Ci in A — Algs, such that ■Kj{Ci) — for all j > fc, the natural 
morphism 

HocolimiMapA-AigA^ T^i) — ^ MapA-AigA^^ HocolirriiCi) 

is an isomorphism in Ho^SSet). 

We start to prove by induction on fc that P{k) holds for all fc. For fc = this 
is hypothesis (1). Suppose P{k — 1) holds, and let Ci be a any filtered diagram in 
A — Algs, such that HjiCi) = for all j > fc. We consider C = HocolirriiCi, as well 
as the fc-th Postnikov towers 

C — > C<k-i {Ci) — > {Ci)<k~i- 
There is a commutative square of simplicial sets 

Hocolim,iMapA-AigAB,Ci) ^ HocolirriiMapA-AigAB , {Ci)k-i) 



MapA-Alg, {B, C) *- MapA-Algs {B, Ck-l). 

By induction, the morphism on the right is an equivalence. Furthermore, using Prop. 
11.4.2.61 Lem. 12.2.1.11 and the fact that the cotangent complex hg/A is finitely pre- 
sented, we see that the morphism induced on the homotopy fibers of the horizontal 
morphisms is also an equivalence. By the five lemma this implies that the morphism 

HocolimiMapA^AigAB,Ci) — > MapA-AigAB , C) 

is an equivalence. This shows that P{k) is satisfied. 

As hg/A is finitely presented, it is a retract of a finite cell _B-module (see Prop. 
11.2. 3. 5|l . In particular, there is an integer fcp > 0, such that [L^/^, M]B-Mods = for 
any _B-module AI such that 7ri(M) = for all i < ko (one can chose fco strictly bigger 
than the dimension of the cells of a module of which L^/^ is a retract). Once again. 
Prop. 11.4.2.61 and Lem. 12.2.1.11 implies that for any commutative A-algebra C, the 
natural projection C — > C<ka induces a bijection 

[B,C]A-Alg^ — [B,C<ka]A-Alg,- 

Therefore, as the property P{ko) holds, we find that for any filtered system Ci in 
A — Algs , the natural morphism 

Hocolim,MapA-AigAB,Ci) — > Map a- AigXB, HocolirriiCi) 

induces an isomorphism in ttq. As this is valid for any filtered system, this shows that 
the morphism 

HocoliniiMapA-AigXB ,Ci) — > MapA-Aig^iB, HocolirriiCi) 

induces an isomorphism on all the tt^'s, and therefore is an equivalence. This shows 
that / is finitely presented. □ 

Proposition 2.2.2.5. Let f : A — > B be a morphism in sk - Alg. 

(1) The morphism f is smooth if and only if it is perfect. The morphism f 
is formally smooth if it is formally perfect. The morphism f is formally 
i-smooth if and only if it is formally smooth. 

(2) The morphism f is (formally) unramified if and only if it is (formally) etale. 
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(3) The morphism f is (formally) etale if and only if it is (formally) thh-etale. 

(4) A morphism A — > B in sk — Alg is flat (resp. a Zariski open immersion^ 
if and only if it is strongly flat (resp. a strong Zariski open immersion^. 

Proof. (1) The first two assumptions follow from Lem. 12.2.2.21 (4). For the 
comparison between formally i-smooth and formally smooth morphism we notice 
that a i3-module P ^ B ~ Mod is projective if and only if [P, M[l]] — for any 
M ^ B — Mod. This and Prop. ll.2.8.3l imDlv the statement (note that in our present 
context A = sk — Alg and Co — C). 

(2) Follows from the fact that the suspension functor of sk — Mod is fully faithful 
and from Prop. 11.2.6.51 (1). 

(3) By Prop. 11.2.6.51 (2) (formally) thh-etale morphisms are (formally) etale. 
Conversely, we need to prove that a formally etale morphism A — > B is thh-etale. 
For this, we use the well known spectral sequence 

7r,iSym*ihB/Am ^ MTHH{B/A)) 

of |Q2| 8]. Using this spectral sequence we see that B ~ THH{B/A) if and only if 
f^B/A — 0. In particular a formally etale morphism is always formally thh-etale. 

(4) For flat morphism this is Lem. 12.2.2.21 (2). Let / : A — > _B be a Zariski open 
immersion. By definition, / is a flat morphism, and therefore is strongly flat by what 
we have seen. Moreover, for any commutative fc-algebra C, considered as an object 
C £ sk — Alg concentrated in degree 0, we have natural isomorphisms in Ho(S'S'ei) 

Mapsk-Aig{A,C) ~ Homk-Aig{T^a{A),C) 

Mapsk^AigiB, C) ~ Homk-Aig{T^oiB), C). 

In particular, as / is a epimorphism in sk — Alg the induced morphism of affine 
schemes cp : SpecTro{B) — > SpecTro{A) is a monomorphism of schemes. This last 
morphism is therefore a flat monomorphism of affine schemes. Moreover, as / is 
finitely presented so is ip, which is therefore a finitely presented flat monomorphism. 
By |EGAlVl 2.4.6], a finitely presented flat morphism is open, so (p is an open flat 
monomorphism and thus a Zariski open immersion. This implies that / is a strong 
Zariski open immersion. 

Conversely, let f : A — > i? be a strong Zariski open immersion. By (1) it is a flat 
morphism. It only remains to show that it is also an epimorphism in sk — Alg and 
that it is finitely presented. For the first of these properties, we use the Tor spectral 
sequence to see that the natural morphism B — > B ^\ B induces an isomorphism 
on homotopy groups 

TT,{B (g,\ B) ~ 7r,(S) (g)^^(^) 7r*(S) ~ {MB) ®^o{A) MB)) (»^o(a) 7r*(A) ~ MB)- 

In other words, the natural morphism B B — > B is an isomorphism in Ho(sfc — 
Alg), which implies that / is an epinomorphism. It remain to be shown that / is 
furthermore finitely presented, but this follows from Prop. 12.2.2.41 and Prop. 11.2.6.51 

□ 

Theorem 2.2.2.6. (1) A morphism in sk — Alg is etale if and only if it is 

strongly etale. 

(2) A morphism in sk — Alg is smooth if and only if it is strongly smooth. 
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Proof. We start by two fundamental lemmas. 
Recall from i)1.2.1l tlie Quillen adjunction 

Q -.A- CommJ''^{C) — > A- Mod A - Comm'^'^{C) < — A - Mod : Z. 

Lemma 2.2.2.7. Let A & sk — Alg, and M ^ A — Mods be a A-module such that 
7ri(M) = for all i < k, for some fixed integer k. Then, the adjunction morphism 

hQZ{M) — > M 

induces isomorphisms 

TT,{hQZ{M))^TT,{M) 

for all i < k. In particular 

7r,(LgZ(M)) ^0 fori<k 7rfe(LQZ(Af)) - 7rfe(M). 

Proof. The non-unital A-algebra Z{M) being (fc — l)-connected, we can write 
it, up to an equivalence, as a CW object in A — Comm^^^{sk — Mod) with cells of 
dimension at least k (in the sense of [EKMM] ). In other words Z{M) is equivalent 
to a filtered colimit 

^ A, ^ A^+i 

where at each step there is a push-out diagram in A — Comm™ {sk — Mod) 

Ai ^ Ai+i 



U fc[S'"']"" ^ U A:[A"'+i]™, 

where n^+i > > fc — 1, and ^[if]"" is the free non-unital commutative simplicial k- 
algebra generated by a simplicial set K. Therefore, Q being left Quillen, the A-module 
hQZ{M) is the homotopy colimit of 

^ Q{A,) ^ Q(A,+i) ^ ■ ■ ■ 

where at each step there exists a homotopy push-out diagram in A — Mods 

Q{A,) ^Q{A,+i) 



©g(fc[s'"»]"") ^0. 

Computing homotopy groups using long exact sequences, we see that the statement of 
the lemma can be reduced to prove that for a free non-unital commutative simplicial 
fc-algebra A;[iS'"]"", we have 

7r,{Q(fc[5"]™')) '^OforiKn ^„(Q(fc[5"]™')) - k- 
But, using that Q is left Quillen we find 

Q(/c[S'"]"") ~ S'"«)fc, 
which implies the result. □ 

Lemma 2.2.2.8. Let A be any object in sk — Alg and let us consider the k-th stage 
of its Postnikov tower 

A<k — > A<fc_i. 

There exist natural isomorphisms 

7r/c+i(LA<,_i/A< J ^ T^kiA) 
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7i'i(L^<fc_i/A<J ~0 for i < k. 
Proof. This follows from lemma IT!;. 1.11 lemma [0.3. 71 and lemma IT!;. 2. 71 □ 
Let us now start the proof of thcorcm l2.2.2.6l 

(1) Let / : A — > B he e. strongly etale morphism. By definition of strongly etale 
the morphism / is strongly flat. In particular, the square 

A 

no{A) ^no{B) 

is homotopy cocartesian in sk — Alg. Therefore, Prop. 11.2.1.61 (2) implies 

^B/A '^B 7ro(i?) ~ L7ro(B)/7ro(A) — 0. 

Using the Tor spectral sequence 

Torl^(^B){MB),TT*O^B/A)) ^ 7r,(Ls/A (g)B MB)) = 

we find by induction on k that irkQ^B/A) = 0- This shows that the morphism / 
is formally etale. The fact that it is also finitely presented follows then from Prop. 

Conversely, let / : A — > B be an etale morphism. As ttq : sk ~ Alg — > k — Alg 
is left Quillen, we deduce immediately that ttq^A) — > tt{){B) is an etale morphism of 
commutative rings. We will prove by induction that all the truncations 

Ik ■ A<k — > -B<fc 

are strongly etale and thus etale as well by what we have seen before. We thus assume 
that fk-i is strongly etale (and thus also etale by what we have seen in the first part 
of the proof). By adjunction, the truncations 

fk ■ A<k — > B<k 

are such that 

O^B<k/A<J<k - {^B/A)<k - 0. 

Furthermore, let M be any 7ro(i3)-module, and d be any morphism in Ho(i?<fe — Afods) 

d--^B^JA^,-^M[k + l]. 
We consider the commutative diagram in Ho(A<fc/sfc — Alg/B^i^) 

A<k ^ B<k ®d M[k] 

B<k *- B<k- 

The obstruction of the existence of a morphism 

u:B<:k — > B<k ®d M[k] 

'm llo{A<k/sk — Alg/ B<k) is precisely c? e [hg^i^/j^^i,, M[k + 1]]. On the other hand, 
by adjunction, the existence of such a morphism / is equivalent to the existence of a 
morphism 

u' -.B ^ B<k (Bd M[k] 
m}io{A/sk—Alg/ B<k)- The obstruction of the existence of m' itself is d' G [h^/Aj M[k+ 
1]], the image of d by the natural morphism, which vanishes as A ^ B is formally 
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etale. This implies that u' and thus u exists, and therefore that for any 7ro(i3)-module 
M we have 

[LB<.M<.,M[fc + l]]=0. 

As the object I^B<k/A<k already known to be A;-connected, we conclude that it is 
furthermore is (fc + l)-connected. 

Now, there exists a morphism of homotopy cofiber sequences in sk — Mod 



B 



<k-l 



■ L 



B<k-i/B< 



Base changing the first row by A<k-i 
topy cofiber sequences in sfc — Mod 



B<k-i gives another morphism of homo- 



<k-l 



Passing to the long exact sequences in homotopy, and using that fk-i is etale, as well 
as the fact that LB<fc/A<fc ^a^^ ^ ^<fe-i is {k + l)-connected, it is easy to see that 
the vertical morphism on the right induces an isomorphism 

7rfc+i(LA<,_i/A<fc ®A<fc_i B<k-i) ~ 7rfc+i(LB<,_i/i3<J- 
Therefore, Lemma [2.2.2.81 implies that the natural morphism 

TTk{A) 7ro(B) TTk{B) 

is an isomorphism. By induction on k this shows that / is strongly etale. 

(2) Let / : A — > S be a strongly smooth morphism. As the morphism / is 
strongly flat, there is a homotopy push-out square in sk — Alg 

A 

7ro(A) ^MB). 

Together with Prop. If.2.f.6l (2), we thus have a natural isomorphism 

As the morphism 7ro(A) — > 7ro(B) is smooth, we have L^o(B)/,ro(A) - ^^o(s)/7ro(A)M- 
Using that f^i„(s)/7ro(A) ^ projective 7ro(-B)-module, we see that the isomorphism 

^lo(B)/.o{A)n-^B/A ®bMB) 

can be lifted to a morphism 

P hB/A 

in Ho(_B — Mods), where P is a projective _B-module such that P 0^ t^o{B) ~ 
^Tro{B)/TTo{A)\'^^- ^'^^ ^ homotopy cofiber of this last morphism. By con- 

struction, we have 

K^^bMB)^0, 
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which easily imphes by induction on k that TTk{K) = 0. Therefore, the morphism 

P hB/A 

is in fact an isomorphism in Ho(i3 — Mods), showing that I^b/a is a projective B- 
module. Moreover, the homotopy cofiber sequence in B — Mods 

La ®a B ^ Lb Lb/a 

gives rise to a homotopy cofiber sequence 

Lb ^ Lb, A ^ S{La ®\ B)- 

But, Lb /A being a retract of a free i?-module, we see that [Lb/Aj SILa ®\ B)] is a 
retract of a product of 7ro(S'(L^ ®\ B)) — and thus is trivial. This implies that the 
morphism Lb/a — ^ '5'(L^ B) is trivial in Ho(i3 — Mods), and therefore that the 
homotopy cofiber sequence 

La B ^ Lb *- ^b/a, 

which is also a homotopy fiber sequence, splits. In particular, the morphism L^ (g)^ 
B — > Lb has a retraction. We have thus shown that / is a formally smooth mor- 
phism. The fact that / is furthermore finitely presented follows from Prop. 12.2.2.41 
and the fact that Lb /a if finitely presented because ^b/a (^^® Lem. 12. 2. 2.211 . 

Conversely, let f : A — > i? be a smooth morphism in sk — Alg and let us prove 
it is strongly smooth. First of all, using that ttq : sk — Alg — > k — Alg is left Quillen, 
we see that ttq^A) — > T^oiB) has the required lifting property for being a formally 
smooth morphism. Furthermore, it is a finitely presented morphism, so is a smooth 
morphism of commutative rings. We then form the homotopy push-out square in 
sk — Alg 

A ^B 



no{A) ^C. 

By base change, 7To{A) — > C is a smooth morphism. We will start to prove that the 
natural morphism C — > 7ro(C) ~ t^o{B) is an isomorphism. Suppose it is not, and 
let i be the smallest integer i > such that HiiC) ^ 0. Considering the homotopy 
cofiber sequence 

^C<i/^o(A) «'c<i ^o(C) ^L^„(c)/^o(A) - ^io(C)/7rn(A)[0] ^ , 

and using lemma l2.2.2.8l we see that 

7ri(Lc/xo(A) ®c'^o(C)) ~ 7ri(Lc^jjro(A)®C<i'^o(C')) ~ TTi+i(J.c<i/-no(C)) - T^i{C) ^ 0. 

But this contradicts the fact that Lc/.ko{A) ®c '''o(C') is a projective (and thus strong 
by lemma E.2.2.2l fl')') 7ro(C)-module, and thus the fact that 7ro(A) — > C is a smooth 
morphism. We therefore have a homotopy push-out diagram in sk — Alg 

A ^B 



7ro(A) ^MB). 
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Using that the bottom horizontal morphism in flat and the Tor spectral sequence, we 
get by induction that the natural morphism 

M^) (^MA) MB) — > MB) 

is an isomorphism. We thus have seen that / is a strongly smooth morphism. □ 

An important corollary of theorem 12 . 2 . 2 . 61 is the following topological invariance 
of etale morphisms. 

Corollary 2.2.2.9. Let Ae sk- Alg and tQ{X) = Spec {ttqA) — > X = Spec A 
be the natural morphism. Then, the base change functor 

Ho(fc - D-Aff/X) Ho(fc - D-Aff/to{X)) 

induces an equivalence from the full subcategory of etale morphism Y X to the full 
subcategory of Stale morphisms Y' — > t^iX). Furthermore, this equivalence preserves 
epimorphisms of stacks. 

Proof. We consider the Postnikov tower 

A ' A<k ^ A<k-i ^ *- A<o = no{A), 

and the associated diagram in k — Aff 

^<Q — toi^) ^ ^ ■ • ■ ^ X<k-i X<k ^ ■ ■ • 5- X. 

We define a model category k — Af f / X<^,, whose objects are families of objects 
Yk — > X<k in k — Af f / X<:k, together with transitions morphisms Y/c-i — > 
Yfc xx<fc X<k-i in k - D~Aff /X<k-i- The morphisms in A: - D~Aff/X<^. are 
simply the families of morphisms Ifc — > Y^ in fc — D~ Af f / X<k that commute with 
the transition morphisms. The model structure on fc — Af f / X<^ is such that a 
morphism / : Y^ — > Yl in A; — D~ Af f / X^,, is an equivalence (resp. a fibration) if 
all morphisms Yk — > Yj, are equivalences (resp. fibrations) in fc — D~ Aff. 
There exists a Quillen adjunction 

G : k^D-Aff/X<, ^ k-D-Aff/X k-D-Aff/X<, ^ k-D-Aff/X : F, 

defined by G(y*) to be the colimit in fc — Af f / X of the diagram 

Yo ^ Yl ^ ...Yk ^ ^ X. 

The right adjoint F sends a morphism Y — > X to the various puUbacks 

F{Y)k ■.= YxxX<k^Xk 

together with the obvious transition isomorphisms. Using Thm. 12.2.2.61 (1) it is not 
hard to check that the derived adjunction 

LG : Ho(fc - D-Aff/X<^) — > Ho(fc - D-Aff/X) 

Ho(fc - D-Aff/X<^) < — Ho(fc - D-Aff/X) : RF, 

induces an equivalence from the full subcategory of Ho(fc — D- Af f / X) consisting of 
etale morphisms Y — > X, and the full subcategory of Ho(fc— -D^y4.///X<*) consisting 
of objects Y^, such that each Yk — > X<^k is etale and each transition morphism 

Yk-i — > Yk Xx<fc X<k-i 

is an isomorphism in Ho(fc — D- Af f / X<k-i)- Let us denote these two categories 
respectively by Ho(fc - D-Aff/X)''* and Ho(fc - i:i-y4///X<,)™''*''=*. Using Cor. 
11.4.3.121 and Lem. 12.2.1.11 we know that each base change functor 

Ho(fc - D-Aff/X<k) Ho(fc - D-Aff/X<kM 
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induces an equivalence on the full sub-categories of etale morphisms. This easily 
implies that the natural projection functor 

Ho(fc - D-Aff/X<,r--''-' Ho(fc - D-Aff/X<oY* 

is an equivalence of categories. Therefore, by composition, we find that the base 
change functor 

Ho(A: - D-Aff/Xy' Ho(fc - Af f / X^^y^^'^'' ^ Ho(fc - D-Aff/X<„r' 

is an equivalence of categories. 

Finally, the statement concerning epimorphism of stacks is obvious, as a flat 
morphism Y — > X in k — Aff induces an epimorphism of stacks if and only if 
to{Y) — > tQ{X) is a surjective morphism of affine schemes. □ 

A direct specialization of 12. 2. 2. 51 is the following. 

Corollary 2.2.2.10. Let A e sk-Alg andto{X) = Spec{T:QA) — > X = Spec A 
be the natural morphism. Then, the base change functor 

Ho(fc - D-Aff/X) Ho(fc - D-Aff/to{X)) 

induces an equivalence from full sub-categories of Zariski open immersions Y ^ X 
to the full subcategory of Zariski open immersions Y' —^ tQ^X). Furthermore, this 
equivalence preserves epimorphisms of stacks. 

Proof. Indeed, using 1^.2. 91 it is enough to see that an etale morphism A — > B 
is a Zariski open immersion if and only if 7ro(A) — > t^o{B) is. But this true by Thm. 
12.2.2.61 and Prop. 12.2.2.51 □ 

From the proof of Thm. 12. 2. 2. 61 we also extract the following more precise result. 

Corollary 2.2.2.11. Let f : A — > B be a morphism in sk^ Alg. The following 
are equivalent. 

(1) The morphism f is smooth (resp. etale). 

(2) The morphism f is flat and 'Kq{A) — > i^o{B) is smooth (resp. etale). 

(3) The morphism f is formally smooth (resp. formally etale) and tto{B) is a 
finitely presented t:o{ A) -algebra. 

We are now ready to define the etale model topology (Def. I1.3.1.1() on k — D^Aff. 

Definition 2.2.2.12. A family of morphisms {SpecAi — > SpecA}i(^j in k — 
Af f is an etale covering family (or simply et-covering family^ if it satisfies the 
following two conditions. 

(1) Each morphism A — > Ai is etale. 

(2) There exists a finite sub-set J <Z I such that the family {A — > Ai}i^j is a 
formal covering family in the sense o Ul.'J.S.Tl 

Using that etale morphisms are precisely the strongly etale morphisms (see Corol- 
lary [^^^^^ we immediately deduce that a family of morphisms {SpecAi — > 
Spec A}i(^i in k — D^Aff is an et-covering family if and only if there exists a fi- 
nite sub-set J C I satisfying the following two conditions. 

• For all i G /, the natural morphism 

TT*{A) 7ro(Ai) > TT^{Ai) 

is an isomorphism. 
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• The morphism of affine schemes 

J J 5'pec7ro(Ai) — > Spec7To{A) 

is etale and surjective. 

Lemma 2.2.2.13. The et- covering families define a model topology (Def. 
on k ~ D~ Af f , which satisfies assumvtion \ 1.3. 2. SI 

Proof. That et-covering famihes defines a model topology simply follows from 
the general properties of etale morphisms and formal coverings described in propo- 
sitions 11.2.5.21 and 11.2.5.31 It only remain to show that the etale topology satisfies 
assumption 11.3.2.21 

The etale topology is quasi-compact by definition, so (1) of ll.3.2.31 is satisfied. In 
the same way, property (2) of 11.3.2.21 is obviously satisfied according to the explicit 
definition of etale coverings given above. Finally, let us check property (3) of ll.3.2.21 
For this, let A — > B^, be a co-simplicial object in sk — Alg, corresponding to a 
representable ctale-hypercover in fc — D~Aff in the sense of ll.3.2.^ f3). We consider 
the adjunction 

B^(E)\- : Ro{A - Mods) — > Ho(csS* - Mod) 

Ho(^ - Mods) < — Ho(csB, - Mod) : J 

defined in ill. 21 We restrict it to the full subcategory Ho(csi3* — Af od)'^'"'* of Ho(csi3* — 
Mod) consisting of cartesian objects 

B^^\- : Ho(^ - Mods) — > Ho (csS* - Mod)''''''* 

Ho(^ - Mods) < — Ho(csB, - Mod)""''* : J 

and we need to prove that this is an equivalence. By definition of formal coverings, 
the base change functor 

B^®\- : Hoi A - Mods) — > Ho (csS* - Mod)"'''* 

is clearly conservative, so it only remains to show that the adjunction map 

Id — > J o{B, -) 

is an isomorphism. 

For this, let E^, E Ho(csi3* — Mod)'^"'^*, and let us consider the adjunction mor- 
phism 

El — > [HolininEn) ®\ Bi. 

We need to show that this morphism is an isomorphism in Ho(i3i — Mods). For this, 
we first use that A — > Bi is a strongly flat morphism, and thus 

■K^{{Holim.nEn) <E>\ Bi) ~ n^{{HolimnEn)) ®^o(A) ^o{Bi). 

We then apply the spectral sequence 

HP{Tot{7rg{E,))) ^ TTg^piiHolimM. 

The object 'Kq^E^) is now a co-simplicial module over the co-simplicial commutative 
ring 7ro{B*), which is furthermore cartesian as all the coface morphisms Bn — > Bn+i 
are flat. The morphism 'kq{A) — > 7ro(i3*) being an etale, and thus faithfully flat, 
hypercover in the usual sense, we find by the usual flat descent for quasi-coherent 
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sheaves that HP{Tot{-Kq{E^,))) ~ for p / 0. Therefore, the above spectral sequence 
degenerates and gives an isomorphism 

■Kp{{HolimnEn) ~ Ker{Trp{Eo) 7rp(_E;i)) . 

In other words, ■Kp{{HolimnEn)) is the 7ro(^)-module obtained by descent from 
'Kp{E^,) on 7rp(i3*). In particular, the natural morphism 

TTp{{HolimnEn) TTo{Bl) * TTpiEl) 

is an isomorphism. Putting all of this together we find that 

El — > {HolininEn) Bi 
is an isomorphism in Ho(i3i — Mods). □ 

We have now the model site (Def. I1.3.1.1|l {k — D^Aff, et), with the etale model 
topology, and we make the following definition. 

Definition 2.2.2.14. (1) A D^-stack is an object F e k - D-Aff^''^ 
which is a stack in the sense of Def. \1.3.2.1\ 
(2) The model category of il'~-stacks is k — Af f^''^*' , and its homotopy 
category will be simply denoted by D^St{k). 

The following result is a corollary of Proposition 12. 2. 2"^ It states that the prop- 
erty of being finitely presented is local for the etale topology defined above. 

Corollary 2.2.2.15. Let f : A — > B be a morphism in sk - Alg. 

(1) // there exists an etale covering B — > B' such that A — > B' is finitely 
presented, then f is finitely presented. 

(2) // there exists an etale covering A — > A' , such that 

A' — ■> A' ®\B 

is finitely presented, then f is finitely presented. 

Proof. This follows from proposition 12.2.2"^ Indeed, it suffices to prove that 
both conditions of proposition [^^^31 have the required local property. The first one 
is well known, and the second one is a consequence of coroUarv 11.3.7.81 as finitely 
presented objects in Y{o{Sp{B — Mods)) are precisely the perfect objects. □ 

2.2.3. The HAG context: Geometric £> -stacks 

We now let P be the class of smooth morphisms in sk — Alg. 

Lemma 2.2.3.1. The class P of smooth morphisms and the etale model topology 
satisfy assumption \1.8.2.11\ 

Proof. As etale morphisms are also smooth we see that assumption 11.3.2.111 
(1) is satisfied. Assumption ll.3.2.111 (2^ is satisfied as smooth morphisms are stable 
by homotopy puUbacks, compositions and equivalences. Let us prove that smooth 
morphisms satisfv lT.3.2.111 (?>) for the etale model topology. 

Let X — > y be a morphism in A: — D~ Af f , and {Ui — > A} a finite etale 
covering family such that each Ui — > A and Ui — > Y is smooth. First of all, using 
that {Ui — > A} is a flat formal covering, and that each morphism Ui — > Y is flat, 
we see that the morphism A — Y is flat. Using our results Prop. 12.2.2.51 and 
Thm. I2.2.2.6l it only remain to show that the morphism tQ{X) — > ^o(^) is a smooth 
morphism between affine schemes. But, passing to to wc find a smooth covering 
family {to(tA) — > ^o(-'^)}, such that each morphism to{Ui) — > to{Y) is smooth, and 
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we know (see e.g. jEGAIVj ) that this imphes that to(^) — > toO^) is a smooth 
morphism of affine schemes. 

FinaUy, property (4) of ll.3.2.m is obvious. □ 

We have verified our assumptions 11.3. and IT . 3 . 2 . 1 II for the etale model topology 
and P the class of smooth morphisms. We thus have that 

{sk — Mod, sk — Mod, sk — Alg, et, P) 

is a HAG context in the sense of Def. I1.3.2.13| We can therefore apply our general 
definitions to obtain a notion of n-geometric Z?~-stacks in D~St{k), as well as the 
notion of n-smooth morphisms. We then check that Artin's conditions of Def. 11.4.3.11 
are satisfied. 

Proposition 2.2.3.2. The Stale model topology and the smooth morphisms satisfy 
Artin's conditions relative to the HA context (sk — Mod, sk — Mod, sk — Alg) in the 
sense of Def \1.4.3.1\ 

Proof. We will show that the class E of etale morphisms satisfies conditions (1) 
to (5) of Def. 11.4.;^. II 

(1) is clear as P is exactly the class of all i-smooth morphisms. 

(2) and (3) are clear by the choice of E and A. 

To prove (4), let p : Y — > X be a smooth morphism in fc — D^Aff, and let us 
consider the smooth morphism of affine schemes to{p) : to{Y) — > to{X). As p is a 
smooth epimorphism of stacks, to{p) is a smooth and surjective morphism of affine 
schemes. It is known (see e.g. [EGAIV] ) that there exists a etale covering of afhne 
schemes Xq — > to{X) and a commutative diagram 




X'^ -to(X). 

By Cor. 12.2.2.91 we know that there exists an etale covering X' — > X in fc — D^Aff, 
inducing Xq — > to{X). Taking the homotopy pullback 

r X' — > X' 

we can replace X by X', and therefore assume that the morphism t^lp) : io(^) — *■ 
to{X) has a section. We are going to show that this section can be extended to a 
section of p, which will be enough to prove what we want. 

We use the same trick as in the proof of Cor. 12.2.2.91 and consider once again the 
model category k — D~ Af f / X<^,. Using Thm. 12.2.2.61 (2'] we see that the functor 

Ho(fc ~ D-Aff/X) Ho(fc - D-Aff/X<,) 

induces an equivalences from the full subcategory Ho(fc — D~ Af f / Xy™^ of smooth 
morphisms Z ^ X to the full subcategory Ho(fc — D~ Af f / X<:^Y"'^''^-^"^ consisting of 
objects such that each Zk — > X<k is smooth, and each morphism 

is an isomorphism in Ho(fc — D~Aff). From this we deduce that the space of sections 
of p can be described in the following way 

Mapk-D-Aff/x{X,Y) ~ HolimuMapk^D- Af f /x<S^<k,Yk), 
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where Yk ~ Y<k ~ F X<k. But, as there always exists a surjection 

7To{HolimkMapk-D- Af f /x<t.{X<k,Yk)) — > LimkiTo{Mapk-D- Af f /x<ki.^<k,Yk)), 

we only need to check that LimkTTQ{Mapk-D- Af f /x<k(-^<kiYk)) 7^ 0- For this, it is 
enough to prove that for any fc > 1, the restriction map 

7To{Mapk-D-Aff/x<A^<k>Yk)) — > TTo{Mapk-D-Aff/x<k_i{X<k,Yk-i)) 

is surjective. In other words, we need to prove that a morphism in }io{k— Af f / X <k) 

X<k-i ^ Yk 



X<k 

can be filled up to a commutative diagram in Ho(fc — AJ f / X<_k) 

X<k-i ^ Yk 




X<k. 

Using Prop. 11.4.2.61 and Lem. 12.2.1.11 we see that the obstruction for the existence 
of this lift lives in the group 

[^B,/A^,,'^k{A)[k + l]]A^,~Mod,, 

where Yk = SpecBk and X = Spec A. But, as Yk — > X<^k is a smooth morphism, 
the yl<fc-module i^Bk/A<k projective, and therefore 

[^Bt/A^^,'^k{A)[k + l]]A^,-Mod, ^ 0, 

by Lem. E222|(5). 

It remains to prove that property (5) of Def. 11.4.3.11 is satisfied. Let X — > 
Xc([f2Af] be as in the statement of Def. 11.4.3.11 (4), with X = Spec A and some 
connected A- module A/ e A — Mods, and let U — > Xrf[riM] be an etale morphism. 
We know by Lem. 11.4.3.81 (or rather its proof) that this morphism is of the form 

X'a,[flM'] — > Xd[flM] 

for some etale morphism X' = Spec A' — > X = Spec A, and furthermore X' — > X 
is equivalent to the homotopy puUback 

U XXd[nM] X — > X. 

Therefore, using Cor. I2.2.2.1l| it is enough to prove that 

t^iX'A^M']) ^ toiXdpM]) 

is a surjective morphism of affine schemes if and only if 

to(X') to{X) 

is so. But, M being connected, to{Xd[flM])red — toi^), and in the same way 
to{X'^,['[lM'])red — ta{X'), this gives the result, since being a surjective morphism 
is topologically invariant. □ 

Corollary 2.2.3.3. (1) Anyn-geometric D~ -stack has an obstruction the- 

ory. In particular, any n-geometric D~ -stack has a cotangent complex. 
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(2) Any n-representable morphism of -stacks f : F — > G has a relative 
obstruction theory. In particular, any n-representable morphism of - 
stacks has a relative cotangent complex. 

Proof. Follows from Prop. 12.2.3.21 and theorem [1.4.3.21 □ 
We finish by some properties of morphisms, as in Def. 11.3.6.21 

Lemma 2.2.3.4. Let Q be one the following class of morphisms in k — Af f . 

(1) Flat. 

(2) Smooth. 

(3) Etale. 

(4) Finitely presented. 

Then, morphisms in Q are compatible with the etale topology and the class P of 
smooth morphisms in the sense of Def. 

Proof. Using the explicit description of flat, smooth and etale morphisms given 
in Prop. 12.2.2.51 fll. (2), and (3) reduce to the analog well known facts for morphism 
between affine schemes. Finally, Cor. 12.2.2. 15| implies that the class of finitely pre- 
sented morphisms in — D^Aff is compatible with the etale topology and the class 
P. □ 

Lemma l!^ . 2 . 3 .4l and definition ! 1.3.6. 2l allows us to define the notions of flat, smooth, 
etale and locally finitely presented morphisms of Z3^-stacks, which are all stable by 
equivalences, compositions and homotopy puUbacks. Recall that by definition, a flat 
(resp. smooth, resp. etale, resp. locally finitely presented) is always n-representable 
for some n. Using our general definition Def. 11.3.6.41 we also have notions of quasi- 
compact morphisms, finitely presented morphisms, and monomorphisms between D~- 
stacks. We also make the following definition. 

Definition 2.2.3.5. (1) A morphism of D~ -stacks is a Zariski open im- 

mersion if it is a locally finitely presented flat monomorphism. 
(2) A morphism of D~ -stacks F — > G is a closed immersion if it is repre- 
sentable, and if for any A G sk—Alg and any morphism X = 'E.SpecA — > G 
the induced morphism of representable D~ -stacks 

F x%X ~ R Spec B — > R Spec A 

induces an epimorphism of rings 7ro(A) > 7ro(-B). 

2.2.4. Truncations 

We consider the natural inclusion functor 

i-.k^Aff^k- D-Aff 

right adjoint to the functor 

TTo-.k- D-Aff -^k- Aff. 

The pair (ttq, i) is a Quillen adjunction (for the trivial model structure on fc — Aff), 
and as usual we will omit to mention the inclusion functor i, and simply consider 
commutative fc-algebras as constant simplicial objects. Furthermore, both functors 
preserve equivalences and thus induce a Quillen adjunction on the model category of 
pre-stacks (using notations of |HAGII §4.8]) 

M-.k^ Aff" = SPr{k - Aff) k - D-Aff- k - Aff" ^ k - D-Aff" : t*. 
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The functor i is furthermore continuous in the sense of |HAGII §4.8], meaning that 
the right derived functor 

Ri* : Ho(fc - D-Aff^) — * Ho(fc - Aff^) 

preserves the sub-categories of stacks. Indeed, by Lem. 11.3.2.31 (2') and adjunction this 
follows from the fact that i : k — Aff — > k — D~Aff preserves co-products, equiva- 
lences and etale hypercovers. By the general properties of left Bousfield localizations 
we therefore get a Quillen adjunction on the model categories of stacks 

ir-k^ AfT'^* — >k~ D'AfT'^^ k - Afr^^^ < — k- D-AfT'^^ ■ i* ■ 

From this we get a derived adjunction on the homotopy categories of stacks 

Li. : St(fc) — > D-St{k) 

st(fc) < — 7:>-st(fc) : m*. 

Lemma 2.2.4.1. The functor is fully faithful. 

Proof. We need to show that for any F G St(fc) the adjunction morphism 

F — > m* ohi^XF) 

is an isomorphism. The functor Mi* commutes with homotopy colimits, as these are 
computed in the model category of simplicial presheaves and thus levelwise. Moreover, 
as i\ is left Quillen the functor Lii also commutes with homotopy colimits. Now, any 
stack F g St(fc) is a homotopy colimit of representable stacks (i.e. afhne schemes), and 
therefore we can suppose that F = Spec A, for A € k ~ Alg. But then hi\{Spec A) ~ 
RSpecA. Furthermore, for any B E k — Alg there are natural isomorphisms in 
RotsSet) 

RSpecAjB) ~ Mapsk-Aig{A,B) ~ Homk-Aig(A, B) - {SpecA){B). 
This shows that the adjunction morphism 

Spec A — > Mi* oI^i\(^SpecA) 
is an isomorphism. □ 

Another useful remark is the following 

Lemma 2.2.4.2. The functor i* : k - D-Aff^-'^* — > k- Aff~-'^* is right and 
left Quillen. In particular it preserves equivalences. 

Proof. The functor i* has a right adjoint 

^0* : fc - k - D-Aff-'^'. 

Using lemma [1.3. 2. 31 (2) we see that ttq is a right Quillen functor. Therefore i* is left 
Quillen. □ 

Definition 2.2.4.3. (1) The truncation functor is 

to -.^i* : i:'"St(fc) — > St(fc). 

(2) The extension functor is the left adjoint to to 

i :=Li! : St(fc) — > i:>"St(fc). 

(3) A D~ -stack F is truncated if the adjunction morphism 

ito{F) F 
is an isomorphism in Z?~St(fc). 
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By Ienimas r2.2.4.1ll2.2.4.2l we know that the truncation functor to commutes with 
homotopy hmits and homotopy cohmits. The extension functor i itself commutes with 
homotopy cohmits and is fuhy faithful An important remark is that the extension i 
does not commute with homotopy hmits, as the inclusion functor k — Alg — > sk — Alg 
does not preserve homotopy push-outs. 

Concretely, the truncation functor to sends a functor 

F : sk — Alg — > SSetY 

to 

to{F) : k-Alg — > SSetv 
A ^ F{A). 

By adjunction we clearly have 

toRSpecA ~ SpecTTQ^A) 

for any A G sk~Alg, showing that the notation is compatible with the one we did use 
before for to{SpecA) = Spec7To{A) as objects in fc — D^Aff. The extension functor 
i is characterized by 

i{SpecA) ~ R Spec A, 
and the fact that it commutes with homotopy colimits. 

Proposition 2.2 AA. (1) The functor to preserves epimorphisms of stacks. 

(2) The functor tQ sends n-geometric -stacks to n-geometric stacks, and fiat 
(resp. smooth, resp. Stale) morphisms between D" -stacks to flat (resp. 
smooth, resp. Stale) morphisms between stacks. 

(3) The functor i preserves homotopy pullbacks of n-geometric stacks along a 
flat morphism, sends n-geometric stacks to n-geometric D~ -stacks, and flat 
(resp. smooth, resp. Stale) morphisms between n-geometric stacks to flat 
(resp. smooth, resp. Stale) morphisms between n— -geometric D~ -stacks. 

(4) Let F £ St(fc) be an n-geometric stack, and F' > i{F) be a flat morphism 

of n-geometric D~ -stacks. Then F' is truncated (and therefore is the image 
by i of an n-geometric stack by (2)). 

Proof. (1) By adjunction, this follows from the fact that i : k — Alg — > sk — Alg 
reflects etale covering families (by Prop. I2.2.2.2|l . 

(2) The proof is by induction on n. For n = — 1, this simply follows from the 
formula 

toRSpec A ~ S'pec7ro(A), 

and Prop. 12.2.2.51 and Thm. 12.2.2.61 Assume that the property is known for any 
m < n and let us prove it for n. Let F be an n-geometric D~-stack, which by 
Prop. 11.3.4.21 can be written as \X^, \ for some (n — l)-smooth Segal groupoid X* in 
k—D^Aff"''°*. Using our property at rank n—1 and that to commutes with homotopy 
limits shows that to{X^,) is also a (n — l)-smooth Segal groupoid object in k — Af f^'"* . 
Moreover, as to commutes with homotopy colimits we have to{F) ~ |to(-^*)|, which 
by Prop. II. 3. 4. 21 is an n-geometric stack. This shows that to sends n-geometric D~- 
stacks to n-geometric stacks and therefore preserves n-representable morphisms. Let 
/ : F — > G be a flat (resp. smooth, resp. etale) morphism of I?~-stacks which is 
n-representable, and let us prove by induction on n that to(/) is flat (resp. smooth, 
resp. etale). We let X G St(fc) be an afflne scheme, and X — > to{G) be a morphism 
of stacks. By adjunction between i and to we have 

Xxmg) to{F)^to{Xx'^aF). 
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showing that we can assume that G ~ X is an afhne scheme and thus F to be an 
n-geometric . By definition of being flat (resp. smooth, resp. etale) there ex- 
ists a smooth n-atlas {Ui} of F such that each composite morphism Ui — > X is 
{n — l)-representable and flat (resp. smooth, resp. etale). By induction and (1) 
the family {to{Ui)} is a smooth n-atlas for tQ{F), and by induction each composi- 
tion to{Ui) — > to{X) = X is flat (resp. smooth, resp. etale). This implies that 
to{F) — > to{X) is flat (resp. smooth, resp. etale). 

(3) The proof is by induction on n. For n = — 1 this follows from the formula 
i{SpecA) ~ ]S.SpecA, the description of flat, smooth and etale morphisms (Prop. 
12.2.2.51 and Thm. I2.2.2.6|l . and the fact that for any flat morphism of commutative 
/c-algebras A — > B and any commutative A-algebra C there is a natural isomorphism 
in Ho(A - Algs) 

B®aC ~B®\C. 

Let us now assume the property is proved for m < n and let us prove it for n. 
Let F be an rt-geometric stack, and by Prop. 11.3.4.21 let us write it as F ~ \X^,\ 
for some {n — l)-smooth Segal groupoid object X^, in k — Aff"^-'^*. By induction, 
i{X^,) is again a (n — l)-smooth Segal groupoid objects in fc — Af , and as i 
commutes with homotopy colimits we have i{F) ~ |?(X*)|. Another application of 
Prop. 11.3.4.21 shows that F is an n-geometric Z?~-stacks. We thus have seen that i 
sends n-geometric stacks to n-geonietric _D~-stacks. 

Now, let F — > G be a flat morphism between n-geometric stacks, and H — > 
G any morphism between n-geometric stacks. We want to show that the natural 
morphism 

i{F^%H)^i{F)x'l^^^i{H) 

is an isomorphism in St(fc). For this, we write G ~ \X^,\ for some {n — l)-smooth 
Segal groupoid object in fc — Aff'^*, and we consider the Segal groupoid objects 

where X^, — > | = G is the natural augmentation in St(fc). The Segal groupoid 
objects F^, and iJ* are again (n — l)-smooth Segal groupoid objects in fc — ^Z/'^'"* 
as G is an n-geometric stack. The natural morphisms of Segal groupoid objects 

F^ — > X^< — 

gives rise to another (n — l)-smooth Segal groupoid object H^,. Clearly, we 

have 

Fx'^H^lF, x\^H,\. 

As i commutes with homotopy colimits, and by induction on n we have 

i{F x%H)^ K(F,) xf(^^) z{H,)\ ^ K(F,)| xf,(^^)| K(i/,)l ^ m ^-(G) i^H). 

It remains to prove that if f : F — > G is a flat (resp. smooth, resp. etale) morphism 
between n-geometric stacks then i{f) : i{F) — > i{G) is a flat (resp. smooth, resp. 
etale) morphism between n-geometric ZJ^-stacks. For this, let {Ui] be a smooth n- 
atlas for G. We have seen before that {i{Ui)} is a smooth n-atlas for i{G). As we have 
seen that i commutes with homotopy puUbacks along flat morphisms, and because of 
the local properties of flat (resp. smooth, resp. etale) morphisms (see Prop. II. 3. 6. 31 
and Lem. 12.2.3.41) . we can suppose that G is one of the UiS and thus is an affine 
scheme. Now, let {Vi} be a smooth n-atlas for F. The family {i(Vi)} is a smooth 
n-atlas for F, and furthermore each morphism i{Vi) — > i(G) is the image by i of a 
flat (resp. smooth, resp. etale) morphism between affine schemes and therefore is a 
flat (resp. smooth, resp. etale morphism) of D~-stacks. By definition this implies 
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that i{F) — > i{G) is flat (rcsp. smooth, resp. etale). 

(4) The proof is by induction on n. For n = — 1 this is simply the description of 
flat morphisms of Prop. 12.2.2.51 Let us assume the property is proved for m < n and 
let us prove it for n. Let F' — > i{F) be a flat morphism, with F an n-geometric stack 
and F' an n-geometric D^-stack. Let {Ui} be a smooth n-atlas for F. Then, {i{Ui)} 
is a smooth n-atlas for i{F). We consider the commutative diagram of D^-stacks 

itoiF') — ^-^ F' 




We need to prove that / is an isomorphism in D^St(k). As this is a local property 
on i{F), we can take the homotopy puUback over the atlas {i{Ui)}, and thus suppose 
that F is an affine scheme. Let now {Vi} be a smooth n-atlas for F' , and we consider 
the homotopy nerve of the morphism 

^0 ■■=]]_¥, -~^F'. 

i 

This is a (n — l)-smooth Segal groupoid objects in Af , which is such that each 
morphism Xi — > i{G) is flat. Therefore, by induction on n, the natural morphism 
of Segal groupoid objects 

iio(^*) — ^ X-f 

is an equivalence. Therefore, as i and to commutes with homotopy colimits we find 
that the adjunction morphism 

MF') ^ \ito{X,)\ \X,\^F' 

is an isomorphism in Z?^St(fc). □ 

An important corollary of Prop. 12.2.2.51 is the following fact. 

Corollary 2.2.4.5. For any Artin n-stack, the -stack i{F) has an obstruction 
theory. 

Proof. Follows from l2.2.2.5l f3) and Cor. 12.2.3.31 □ 

One also deduces from Prop. 12.2.2.51 and Lem. I2.1.1.2l thc following corollary. 

Corollary 2.2.4.6. Let F be an n-geometric -stack. Then, for any A G 
sk — Alg, such that TTi{A) = for i > k, the simplicial set MF(j4) is (n + fc + 1)- 
truncated. 

Proof. This is by induction on k. For fc = this is Lem. 12.1.1.21 and the fact 
that tf) preserves n-geometric stacks. To pass from k to fc + 1, we consider for any 
A G sk — Alg with ■ni{A) = for i > fc + 1, the natural morphisms 

RFiA) ^RFiA<k), 

whose homotopy fibers can be described using Prop. 11.4.2.51 and Lem. 12.2.1.11 We 
find that this homotopy fiber is either empty, or equivalent to 

MapA^i,-Mod{^F,x,'^k+i{A)[k -1- 1]), 

which is (fc + l)-truncated. By induction, R.F{A<k) is (fc + 1 + n)-truncated and the 
homotopy fibers of 

RF{A) ^RF{A<k), 
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are (fc + l)-truncated, and therefore Mi^(A) is {k + n + 2)-truncated. □ 

Another important property of the truncation functor is the foUowing local de- 
scription of the truncation to{F) sitting inside the Z?^-stack F itself. 

Proposition 2.2.4.7. Let F be an n-geometric D~ -stack. The adjunction mor- 
phism UqIF) — > F is a representahle morphism. Moreover, for any A £ sk — Alg, 
and any flat morphism M.SpecA — > F , the square 

tto{F) ^F 



R Spec TTpjA) ^ R Spec A 

is homotopy cartesian. In particular, the morphism itQ{F) — > F is a closed immer- 
sion in the sense of Def. \2.2.3.5\ 

Proof. By the local character of representahle morphisms it is enough to prove 
that for any flat morphism X = RSpecA — > F, the square 

ito{F) ^F 

ito{X) = R Spec TTojA) *- x 

is homotopy cartesian. The morphism 

itoiF) xf'p X ito{F) 

is flat, and by Prop. 12.2.2.51 (4) this impHes that the D~-stack Hq^F) Xp X is trun- 
cated. In other words the natural morphism 

ito{ita{F) X) - ita{F) x'l.^^f^p) ito{X) ~ ito{X) ito{F) X 

is an isomorphism. □ 

Using our embedding 

i : St(fc) — > D-St{k) 

we will see stacks in St(fc), and in particular Artin n-stacks, as £)^-stacks. However, 
as the functor i does not commute with homotopy puUbacks we will still mention it 
in order to avoid confusions. 



2.2.5. Infinitesimal criteria for smooth and etale morphisms 

Recall that sk — Modi denotes the full subcategory of sk — Mod of connected 
simplicial fc-modules. It consists of all M ^ sk — Mod for which the adjunction 
S{nM) — > M is an isomorphism in Ho(sfc— Afod), or equivalently for which 7ro(Af) = 
0. 

Proposition 2.2.5.1. Let f : F — > G he an n-representable morphism between 
-stacks. The morphism f is smooth if and only if it satisfies the following two 
conditions 

(1) The morphism tg^f) : to^F) — > to{G) is a locally finitely presented mor- 
phism in k — Af f"^''^^ . 
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(2) For any A G sk — Alg, any connected M G A — Mods, and any derivation d G 
7ro(ID)er(A, M)), the natural projection A ®d — > A induces a surjective 
morphisni 

7ro(KF(A ®d ^M)) TTo (rG(A ®d ^M) x^^(^) RG(A)) . 

Proof. First of all we can suppose that F and G are fibrant objects in fc — 
D-AfT'^K 

Suppose first that the morphism / is smooth and let us prove that is satisfies 
the two conditions of the proposition. We know bv 12.2.4.'^ (?>) that to(/) is then a 
smooth morphism in A; — Aff'°*, so condition (1) is satisfied. The proof that (2) is 
also satisfied goes by induction on n. Let us start with the case n = — 1, and in other 
words when / is a smooth and representable morphism. 

We fix a point x in ttq (^G{A (Bd ^M) x^j.^^ G{A)j , and we need to show that the 
homotopy fiber taken at x of the morphism 

F{A ®d ^M) — ^ G{A ®d ^M) y-'i'(A) G{^) 

is non empty. The point x corresponds via Yoneda to a commutative diagram in 
Ho(fc - D-Aff~'^*/G) 

X ^F 



Xd[nM] ^ G, 

where X := RSpecA, and Xd['^M] := RSpec{A D,M). Making a homotopy base 
change 

X ^ F Xd[nM] 



Xd[nM] ^Xd[nM], 

we see that we can replace G be Xd[riM] and / by the projection F Xd[^M] — > 
Xci[riM]. In particular, we can assume that G is a representable D^-stack. The 
morphism / can then be written as 

/ : F ~ R Spec G — > R Spec B ~ G, 

and corresponds to a morphism of commutative simplicial fc-algebras B — > C . Then, 
using Prop. 11.4.2.61 and Cor. 12.2.3.31 we see that the obstruction for the point x to 
lifts to a point in 7ro(i^(A (Bd ^M)) lives in the abelian group [L^/s -^l- But, 

as B — > G is assumed to be smooth, the A- module ^c/b ®c ^ is a retract of a free 
A- module. This implies that [L,;;/^ ®^ A, M] is a retract of a product of 7ro(M), and 
therefore is by hypothesis on M . This implies that condition (2) of the proposition 
is satisfied when n = — 1. 

Let us now assume that condition (2) is satisfied for all smooth m-representable 
morphisms for m < n, and let us prove it for a smooth n-representable morphism 
/ : F — > G. Using the same trick as above, se see that we can always assume that G 
is a representable Z?~-stack, and therefore that F is an n-geometric -stack. Then, 

let us chose a point x in ttq (^G{A (Bd ^M) ^p^^^) ^(^)) ' ^^'^ need to show that x 
lifts to a point in tto{F{A ^M)). For this, we use Cor. l2.2.3.3l for F, and consider 
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its cotangent complex hF,y £ llo{Sp{A — Alodg)), where y £ F{A) is the image of x. 
There exists a natural functoriality morphism 

whose homotopy cofiber is hp/cy G ilo{Sp{A — Mods)). Then, Prop. 11.4.2.61 tell us 
that the obstruction for the existence of this lift lives in [hp/c.y, M]. It is therefore 
enough to show that [^F/G.y^ ^I] — for any M <E A — Mods such that 7ro(A/) = 0. 

Lemma 2.2.5.2. Let F — > G be a smooth morphism between n-geometric D~ - 
stacks with G a representable stack. Let A £ sk — Alg and y : Y — WSpecA — > F be 
a point. Then the object 

l-F/G,y e Ho(5p(A - Mods)) 
is perfect, and its dual ^•'^/Qy G ilo{Sp{A — Mods)) is 0-connective (i.e. belongs to 
the image of Ho {A - Mods) ^ Ho(5p(A - Mods)). 

Proof. Recall first that an object in Ilo{Sp{A — Mods)) is perfect if and only if 
it is finitely presented, and if and only if it is a retract of a finite cell stable A-module 
(see Cor. and also EKMM. III.2] or |Kr-Mal Thm. III.5.7]). 

The proof is then by induction on n. When F is representable, this is by definition 
of smooth morphisms, as then h,p/Q y is a projective A- module of finite presentation, 
and so is its dual. Let us suppose the lemma proved for all m < n, and lets prove 
it for n. First of all, the conditions on \^p/Q y we need to prove are local for the 
etale topology on A, because of Cor. 11.^17.81 Therefore, one can assume that the 
point y lifts to a point of an n-atlas for F . One can thus suppose that there exists a 
representable Z?~-stack U , a smooth morphism U — > F, such that y e ■kq{RF{A)) 
is the image of a point z e WJ{A). There exists an fibration sequence of stable 
A-modules 

As U — > G is smooth, ^ij/g,z is a projective A- module. Furthermore, the stable 
A-module l^uipy can be identified with L^/^hy^y^, where s is the natural section 
Y — > U XpY induced by the point z : Y — > U. The morphism U Xp Y — > Y 
being a smooth and (n — l)-representable morphism, induction tells us that the stable 
A-module Lijj^py satisfies the conditions of the lemma. Therefore, Lip/Q^y is the 
homotopy fiber of a morphism between stable A-module satisfying the conditions of 
the lemma, and is easily seen to satisfies itself these conditions. □ 

By the above lemma, we have 

[l.p/G^y,M] 2± MK/G.y M) ~ MK/G.y) ®MA) M^) ^ 

for any A-module M such that 7ro(Af) = 0. This finishes the proof of the fact that / 
satisfies the conditions of Prop. 12.2.5.11 when it is smooth. 

Conversely, let us assume that / : F — !• G is a morphism satisfying the lifting 
property of l2. 2.5.11 and let us show that / is smooth. Clearly, one can suppose that 
G is a representable stack, and thus that F is an n-geometric D~-stack. We need to 
show that for any representable Z?~-stack U and any smooth morphism U — > F the 
composite morphism U — > G is smooth. By what we have seen in the first part of 
the proof, we known that U — > F also satisfies the lifting properties, and thus so 
does the composition U — > G. We are therefore reduced to the case where / is a 
morphism between representable £'~-stacks, and thus corresponds to a morphism of 
commutative simplicial fc-algebras A — y B. By hypothesis on /, Tro{A) — > tto{B) is 
a finitely presented morphism of commutative rings. Furthermore, Prop. II. 4. 2. 61 and 
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Cor. 12. 2. 3. 31 show that for any S-module AI with 7ro(Af) — 0, we have [L^/A: M] — 0. 
Let — > ^B/A be a morphism of S-modules, with B'^^^ free over some set /, 
and such that the induced morphism ttqIB)^-^^ — > 7ro(L5/^) is surjective. Let K be 
the homotopy fiber of the morphism i?^^) — > Ls/Ai that, according to our choice, 
induces a homotopy fiber sequence of A-modules 

B(^) ^ ^B/A ^ K[l]. 

The short exact sequence 

[LbM,s(^)] ^ [Lb/a, Lb/a] [LB/A,i^[l]] = 0, 

shows that L^/a is a retract of B^'^\ and thus is a projective i?-module. Furthermore, 
the homotopy cofiber sequence 

La <»a B 9- Lb ^ L^/a, 

induces a short exact sequence 

[Lb, La ®\ B] ^ [La ®\ B.^a ®\ B] ^ [Lb/a, La ®a B[l\] = 0, 

shows that the morphism La ®\ B — > Lb has a retraction. We conclude that / is 
a formaUy smooth morphism such that 7ro(j4) — > t^{){B) is finitely presented, and by 
Cor. 12. 2. 2. Ill that / is a smooth morphism. □ 

From the proof of Prop. I2.2.5.1l we extract the following corollary. 

Corollary 2.2.5.3. Let F — > G he an n-representable morphism of -stacks 
such that the morphism to{F) — > to^G) is a locally finitely presented morphism of 
stacks. The following three conditions are equivalent. 

(1) The morphism f is smooth. 

(2) For any A € sk — Alg and any morphism of stacks x : X = M^SpecA — > F , 
the object 

^F/G,x e Ho(S'p(A - Mods)) 

is perfect, and its dual L^^^ e }lo{Sp{A — Mods)) is 0-connective (i.e. 
belongs to the image of}io{A — Mods) ^ ilo{Sp{A — Mods)). 

(3) For any A d sk — Alg, any morphism of stacks x : X = S^SpecA — > F, 
and any A-module M in sk — Modi, "we have 

[Lf/g,.,M] =0. 

Proof. That (1) impHes (2) follows from lemma I?. 2. 5. 21 Conversely, if Lp/c ^, 
satisfies the conditions of the corollary, then for any A-module M such that 7ro(M) 
one has [hp^Q j.,M] = 0. Therefore, Prop. 11.4.2.61 shows that the lifting property of 
Prop. 12.2.5.11 holds, and thus that (2) implies (1). Furthermore, clearly (2) implies 
(3), and conversely (3) together with Prop. 11.4.2.61 implies the lifting property of 
Prop. 12.2.5.11 □ 

Proposition 2.2.5.4. Let f : F — > G be an n-representable morphism between 
-stacks. The morphism f is etale if and only if it satisfies the following two 
conditions 

(1) The morphism to(/) : to{F) — * to(G) is locally finitely presented as a 
morphism in k — Af f""''^ . 
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(2) For any A G sk — Alg, any AI G A — Mods whose underlying k-module is in 
sk — Modi, and any derivation d g 7ro(Ber(yl, A/)), the natural projection 
A (Bd — > A induces an isomorphism in }io{SSet) 

RF{A (Bd ^M) — > MG(A ®d ^M) y-^p^A^ RG(A). 

Proof. First of all one can suppose that F and G are fibrant objects in A: — 
D-Aff^'^K 

Suppose first that the morphism / is etale and let us prove that is satisfies the 
two conditions of the proposition. We know bv 12.2.4.'^ f3) that io(/) is then a etale 
morphism in k — Af f , so condition (1) is satisfied. The proof that (2) is also 
satisfied goes by induction on n. Let us start with the case n = — f, and in other 
words when / is an etale and representable morphism. In this case the result follows 
from Cor. 11.2.8.41 (2). We now assume the result for all m < n and prove it for n. 
Let A e sk - Alg, M an A-module with 7ro(M) = 0, and d G 7ro(ID)er(A, Af)) be a 
derivation. Let x be a point in 7ro(MG(A ®d ^M) xjj_^^^j MG(j4)), with image y in 
'Kq{RF{A)). By Prop. I1.4.2.6l the homotopy fiber of the morphism 

RF{A ®d ^M) — > RG{A Od ^M) xjj^(^) RG{A) 

at the point x is non empty if and only if a certain obstruction in \hp/Q y, M] vanishes. 
Furthermore, if nonempty this homotopy fiber is then equivalent to 

MapA~AIod{^F/G,v,^iM)). 

It is then enough to prove that L,F/G,y — 0, and this is contained in the following 
lemma. 

Lemma 2.2.5.5. Let F — > G be a Stale morphism between n-geometric - 
stacks. Let A d sk — Alg and y :Y = RSpecA — > F be a point. Then l^p^Q y ~ 0. 

Proof. We easily reduce to the case when G is a representable D^-stack. 
The proof is then by induction on n. When F is representable, this is by definition 
of etale morphisms. Let us suppose the lemma proved for all m < n, and lets prove 
it for n. First of all, the vanishing of hp/Q y is clearly a local condition for the etale 
topology on A. Therefore, we can assume that the point y lifts to a point of an n-atlas 
for F. We can thus suppose that there exists a representable _D~-stack U, a smooth 
morphism U — > F, such that y G 7ro{M.F{A)) is the image of a point z G M.U{A). 
There exists an fibration sequence of stable A-modules 

^F/G,v * ^U/G,z '' ^U/F,z- 

As U — > G is etale, l^u/G,z — 0. Furthermore, the stable yl-module hu/p y can be 
identified with hij^hy/Y where s is the natural section Y — > U XpY induced by 
the point z : Y — > U. The morphism U XpY — > Y being an etale and (n — 1)- 
representable morphism, induction tells us that the stable j4-module hu/p y vanishes. 
We conclude that hpfQ_y ~ 0. □ 

The lemma finishes the proof that if / is etale then it satisfies the two conditions 
of the proposition. 

Conversely, let us assume that / satisfies the properties (1) and (2) of the proposi- 
tion. To prove that / is etale we can suppose that G is a representable I?~-stack. We 
then need to show that for any representable D~ -stack U and any smooth morphism 
u : U — > F, the induced morphism v : U — > G is etale. But Prop. 11.4.2.61 and 
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our assumption (2) easily implies Lf/g,d — 0. Furthermore, the obstruction for the 
homotopy cofiber sequence 

^U/G,v ^ ^F/G.u ^ ^U/F.u, 

to splits lives in [L[//j?„, S{hij/Q y)], which is zero by Cor. 12.2.5.31 Therefore, ^u/G,v 
is a retract of L^/g „ and thus vanishes. This implies that U — > G is a formally etale 
morphism of representable D^-stacks. Finally, our assumption (1) and Cor. 12.2.2.111 
implies that U — > G is an etale morphism as required. □ 

Corollary 2.2.5.6. Let F — > G he an n-representable morphism of -stacks 
such that the morphism to{F) — > to(G) is a locally finitely presented morphism of 
stacks. The following two conditions are equivalent. 

(1) The morphism f is etale. 

(2) For any A Cz sk — Alg and any morphism of stacks x : X — M^SpecA — > F , 
one has ^f/g,x — 0. 

Proof. This follows from Prop. 12.2.5.41 and Prop. WJT^ □ 

2.2.6. Some examples of geometric _D -stacks 

We present here some basic examples of geometric _D^-stacks. Of course we do 
not claim to be exhaustive, and many other interesting examples will not be discussed 
here and will appear in future works (see e.g. |GoL ITo-Val] ). 

2.2.6.1. Local systems. Recall from Def. I1.3.7.5l the existence of the Z?^-stack 
Vect„, of rank n vector bundles. Recall bv l2.2.2.^ that for A e sk — Alg, an A-module 
M ^ A — Algs is a rank n vector bundle, if and only if M is a strong ^-module and 
7ro(M) is a projective 7ro(v4)-module of rank n. Recall also from Lem. 12.2.2.21 that 
vector bundles are precisely the locally perfect modules. The conditions of 11.3.7.1^ 
are all satisfied in the present context and therefore we know that Vect„ is a smooth 
1-geometric Z)~-stack. As a consequence of Prop. 12.2.4.41 (4) we deduce that the 
£'~-stack Vect„ is truncated in the sense of 12.2.4.51 We also have a stack of rank 
n vector bundles Vect„ in St(A:). Using the same notations for these two different 
objects is justified by the following lemma. 

Lemma 2.2.6.1. There exists a natural isomorphism in D~St(k) 

z(Vect„) ~ Vect„. 

Proof. As we know that the Z3^-stack Vect„ is truncated, it is equivalent to 
show that there exists a natural isomorphism 

Vect„ ~ fo(Vect„) 

in Ho(fc - 

We start by defining a morphism of stacks 

Vect„ — > <o(Vect„). 

For this, we construct for a commutative fc-algebra A, a natural functor 

(l)A- A- QCohly — > i{A) - QGoh^, 

where i{A) G s/c — Alg is the constant simplicial commutative fc-algebra associated 
to A, and where A — QCoh^y and i{A) — QCohy^ are defined in ill. 3. 71 Recall that 
A — QCoh^r is the category whose objects are the data of a B-module Mb for any 
morphism A — > B in fc — Alg, together with isomorphisms Mb ®bB' ~ Mb' for any 
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A — > B — > B' in k — Alg, satisfying the usual cocycle conditions. The morphisms 
M M' in A — QCoh^ are simply the families of isomorphisms Mb — Mg of 
i3-modules which commute with the transitions isomorphisms. In the same way, the 
objects in i{A) — QCoh'^ are the data a cofibrant i?-module Mb G S — Mods for any 
morphism i{A) — > B in sk ~ Alg, together with equivalences Mb <^b B' — > Mb' 
for any i{A) — > B — > B' in sk — Alg, satisfying the usual cocycle conditions. The 
morphisms M — * M' in i{A) — QCoh'^ are simply the equivalences Mb — * M'g 
which commutes with the transition equivalences. The functor 

(j)A- A- QCoh"^ — > i{A) - QCoh'^, 

sends an object M to the object (pAiM), where (I)a{M)b is the simplicial B-module 
defined by 

(0a(M)b)„ := Mb,. 

(note that B can be seen as a simplicial commutative ^-algebra). The functor (j)A is 
clearly functorial in A and thus defines a morphism of simplicial presheaves 

QCoh — > to(QCoh). 

We check easily that the sub-stack Vect„ of QCoh is sent to the sub-stack to(Vect„) 
of io(QCoh), and therefore we get a morphism of stacks 

Vect„ — > io(Vect„). 

To see that this morphism is an isomorphism of stacks we construct a morphism in the 
other direction by sending a simphcial i(A)-module M to the 7ro(A)-module no{M). 
Bv l2.2.2^ we easily see that this defines an inverse of the above morphism. □ 

For a simplicial set K G SSetn, and an object F e k — Af , we can use the 
simplicial structure of the category k — D~ Af f^''^* in order to define the exponential 

G k — D'' Af f"^''^* . The model category k — D~ Af f"^'^* being a simplicial model 
category the functor 

(-)^ : k - D-AfT'^^ — D-Afr^^^ 

is right Quillen, and therefore can be derived on the right. Its right derived functor 
will be denoted by 

D-St(fe) — > L'-St(fc) 
F ^ 

Explicitly, we have 

where RF is a fibrant replacement of in fc — Af . 

Definition 2.2.6.2. Let K he a V-small simplicial set. The derived moduli stack 
of rank n local systems on K is defined to be 

KLoc„(i^) := Vect^^. 

We start by the following easy observation. 

Lemma 2.2.6.3. Assume that K is a finite dimensional simplicial set. Then, the 
D~ -stack MLoc„(_fi') is a finitely presented 1-geometric -stack. 
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Proof. We consider the following homotopy co-cartesian square of simplicial 

sets 

SkiK ^ Sh+iK 



llHom{dA' + ^,K) 9A^^^ ^ ]lHom(A^ + ^ ,K) ^^^^ , 

where SkiK is the skeleton of dimension of i of K . This gives a homotopy puUback 
square of £)~ -stacks 

RLoCn{Ski+iK) ^ WLoCniShK) 



nL™(A.+i,i^) MLoc„(A^+i) ULmiOA^^KK) KLoc„(9A^+i). 

As finitely presented 1-geometric D~-stacks are stable by homotopy puUbacks, we see 
by induction on the skeleton that it only remains to show that MLoc„((9A*+-'^) is a 
finitely presented 1-geometric £'~-stack. But there is an isomorphism in Ilo{SSet), 

L 

giving rise to an isomorphism of Z?^ -stacks 

RLoc„(c)A''+i) - RLoc„ x^Loc„(aA») KLoc„. 

By induction on i, we see that it is enough to show that Vect„ is a finitely presented 
1-geometric Z?^-stack which is known from Cor. 11.3.7. 12| □ 

Another easy observation is the description of the truncation toMLoc„ (iiT) . For 
this, recall that the simplicial set K has a fundamental groupoid Hi (A'). The usual 
Artin stack of rank n local systems on K is the stack in groupoids defined by 

Loc„(Ar) : k — Alg — > {Groupoids} 

A ^ Hom{ni{K),Yectn{A)). 

In other words, Loc„(Ar)(A) is the groupoid of functors from Hi (AT) to the groupoid 
of rank n projective A-modules. As usual, this Artin stack is considered as an object 
in St(fc). 

Lemma 2.2.6.4. There exists a natural isomorphism in St(fc) 

Loc„(A:) ~ t„WLoc.a{K). 

Proof. The truncation to being the right derived functor of a right Quillen 
functor commutes with derived exponentials. Therefore, we have 

toMLoCn{K) ~ {toMLoCnf^ ~ (Vect„)"-^ G St(fc). 

The stack Vect„ is 1-truncated, and therefore we also have natural isomorphisms 

(Vect„)«^(A) ~ Mapsset{K,Vectn{A)) ^ Hom{ni{K),Ui{VecK{A))). 

This equivalence is natural in A and provides the isomorphism of the lemma. □ 

Our next step is to give a more geometrical interpretation of the D~-stack 
KLoc„(Ar), in terms of certain local systems of objects on the topological realiza- 
tion of K. 

Let now A be a U-small topological space. Let A £ sk — Mod, and let us define a 
model category A — Mods{X), of A-modules over X. The category A — Mods{X) is 
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simply the category of presheaves on X with values in A — Mods. The model structure 
on A — Mods{X) is of the same type as the local projective model structure on 
simplicial presheaves. We first define an intermediate model structure on A—Mods{X) 
for which equivalences (resp. fibrations) are morphism £ — > J-' in A — Mods{X) 
such that for any open subset U C X the induced morphism £{U) — > ^{U) is an 
equivalence (resp. a fibration). This model structure exists as A — Mods is a U- 
cofibrantly generated model category, and let us call it the strong model structure. 
The final model structure on A — Mods{X) is the one for which cofibrations are 
the same cofibrations as for the strong model structure, and equivalences are the 
morphisms £ — > J- such that for any point x ^ X the induced morphism on the 
stalks £x — > J^x is an equivalence m. A — Mods ■ The existence of this model structure 
is proved the same way as for the case of simplicial presheaves (we can also use the 
forgetful functor A—Mods[X) — > SPr{X) to hft the local projective model structure 
on SPr{X) in a standard way). 

For a commutative simplicial fe-algebra A, we consider A — ModsiX)"^, the sub- 
category oi A — Mods{X) consisting of cofibrant objects and equivalences between 
them. For a morphism of commutative simplicial fc-algebras A — > B, we have a base 
change functor 

A ~ Mods {X) — > B- Mods {X) 
£ ^ £®aB 

which is a left Quillen functor, and therefore induces a well defined functor 

-®aB:A^ ModsiXfw -^B- ModsiXfw 
This defines a lax functor A^-^ A — Mods{X)'^, from sk ~ Alg to Cat, which can be 
strictificd in the usual way. We will omit to mention explicitly this strictification here 
and will do as if A i~> A — Mods{X)^ does define a genuine functor sk — Alg — > Cat. 

We then define a sub-functor oi A i-^ A — Mods{X)'^ in the following way. For 
A G sk — Alg, let A — LoCn{X) be the full subcategory of A — Mods{X)y^ consisting of 
objects £, such that there exists an open covering {Ui} onX, such that each restriction 
£\jji is isomorphic in llo{A — M ods{Ui)) to a constant presheaf with fibers a projective 
A- module of rank n (i.e. projective A-module E such that ■no{E) is a projective 7ro(A)- 
module of rank n). This defines a sub- functor of A ^ A — M ods{X)'^ , and thus a 
functor from sk — Alg to Cat. Applying the nerve functor we obtain a simplicial 
presheaf ELoc„(X) e fc - D-Aff^'°\ defined by 

WLoCn{X){A) := N{A - Loc„{X)). 

Proposition 2.2.6.5. Let K be a simplicial set in U and \K\ be its topological 
realization. The simplicial presheaf WLoCn{\K\) is a -stack, and there exists an 
isomorphism in D^St(fc) 

WLoCn{\K\) ~ RLoc„(i^). 

Proof. We first remark that ii f : X — > X' is a homotopy equivalence of 
topological spaces, then the induced morphism 

/* : WLoCniX') — > MLoc„(X') 

is an equivalence of simplicial presheaves. Indeed, a standard argument reduces to 
the case where / is the projection X x [0, 1] — > X, and then to [0, 1] — > for which 
one can use the same argument as in |To3l Lem. 2.16]. 

Let us first prove that ]RLoc„(|i4'|) is a _D^-stack, and for this we will prove 
that the simplicial presheaf RLoc„(| if |) can be written, in SPrik — D^Aff), as a 
certain homotopy limit of Z?^-stacks. As D^-stacks in SPrik — Aff) are stable 
by homotopy limits this will prove what we want. 
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Let J7* an open hypercovering of \K\ such that each [/^ is a coproduct of con- 
tractible open subsets in |iir| (such a hypercover exists as \K\ is a locahy contractible 
space). It is not hard to show using Cor. IB. 0.81 and standard cohomological descent, 
that for any A ^ sk — Alg, the natural morphism 

NiA - ModsQKiy^y) HoHm„,eANiA - Mod,{Ura)w) 

is an isomorphism in Ho(55et). From this, we easily deduce that the natural mor- 
phism 

MLoC„(|i^|) > Holimm£lsM-'^OCn{Um) 

is an isomorphism in Ho(S'Pr(fc — D^Aff)). Therefore, we are reduced to show that 
KLoc„(C/„i) is a _D^-stack. But, Um being a coproduct of contractible topological 
spaces, RLoc„(C/,„) is a product of some RLoc„(t/) for some contractible space U. 
Moreover RLoc„(f7) is naturally isomorphic in }io{S Pr{k — D~ Af f)) to MLoc„(=i!) — 
Vect„. As we know that Vect„ is a Z?~-stack, this shows that the simplicial presheaf 
MLoc„(|i4r|) is a homotopy limit of Z?~-stacks and thus is itself a £)~-stack. 

We are left to prove that RLoc„(|iir|) and RLoc„(if) are isomorphic. But, we 
have seen that 

RLoCndiCl) ~ HolimmeA^l'OCniUm), 

for an open hypercover f7» of \K\, such that each Um is a coproduct of contractible 
open subsets. We let K' := 7ro([/*) be the simplicial set of connected components of 
f/*, and thus 

iJoZjm„jgARLoc„(C/,„) ~ Holim.meAR'LoCniK'^), 
where K'^ is considered as a discrete topological space. We have thus proved that 

h 

RLoc„(|ii:|) ~ iJo/im,„eA Vect„ ~ (Vect„)"^'- 

But, by |To3l Lem. 2.10], we know that \K\ is homotopically equivalent to \K'\, and 
thus that K is equivalent to K'. This implies that 

RLoc„(|i^|) ~ (Vect„)"^' ~ (Vect„)«^ ~ RLoc„(|if|). 

□ 

We will now describe the cotangent complex of RLoc„(i4r). For this, we fix a 
global point 

E :* — > RLoc„(X), 

which by Lem. 12 . 2 . 6 . 41 corresponds to a functor 

E : ni(i^) ^ni(Vect„(fc)), 

where ni(Vect„(fc)) can be identified with the groupoid of rank n projective k- 
modules. The object E is thus a local system of rank n projective fc-modules on K in 
the usual sense. We will compute the cotangent complex i^Mi,oc„(K).E G ^o{Sp{sk — 
Mod)) (recall that llo(Sp{sk — Mod)) can be naturally identified with the unbounded 
derived category of k). For this, we let E (^k E'^ be the local system on K of endo- 
morphisms of E, and C^,{K,E (^k E"^) will be the complex of homology of K with 
coefficients in the local system E^kE"^ . We consider C^{K, E^kE^) as an unbounded 
complex of fc-modules, and therefore as an object in Ho(S'p(sfc — Mod)). 

Proposition 2.2.6.6. There exists an isomorphism in Ho(5p(sfc — Mod)) ~ 
Ho(C(fc)) 

l^m.a.^(K),E - C,{K,E ®k E"" )[-!]. 
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Proof. Let A/ e s/c — Mod, and let us consider the simplicial set 

DerE{M.LoCr,{K),M), 

of derivations oiWLoCn{K) at the point E and with coefficients in M. By definition 
of RLoc„(/'ir) we have 

Deris(IRLoc„(X),M) ~ Mapsset/Vect„(fe) (J^, Vect„(fc © M)), 

where K — > Vect„(fc) is given by the object E, and Vect„(fc © M) — > Vect„(fc) 
is the natural projection. At this point we use Prop. IA.0.61 in order to describe, 
functorially in M, the morphism Vect„(fc ® M) — > Vect„(fc). For this, we let G{k) 
to be the groupoid of projective fc-modules of rank n. We also define an 5'-category 
G{k (B M) in the following way. Its objects are projective fc-modules of rank n. The 
simplicial set of morphisms in G{k (B M) between two such fc-modules E and E' is 
defined to be 

g{k © M)^E,E') Homf^(sM)-Mod^ (E © (E «>fe M), E' © (E' ©^ M)), 

the simplicial set of equivalences from i? © (i? ©^ M) to E' © {E' ©^ M), in the model 
category (fc © M) — Mods- It is important to note that E (B {E (E)k M) is isomorphic 
to -E ©fc (fc © M), and therefore is a cofibrant object in (fc © M) — Mods (as the base 
change of a cofibrant object E in sk — Mod). There exists a natural morphism of 
S'-categories 

g{k®M) — ^ Gik) 

being the identity on the set of objects, and the composition of natural morphisms 

Hoinf,%M)-Aiod. (E © {E ©fc M),E'® (E' ©fc M)) Horrid-Mod. (E, E') 

MHorn^%j^^^{E,E')) ~g{k}(E,E')- 
on the simplicial sets of morphisms. Clearly, Prop. IA.0.6l and its functorial properties, 
show that the morphism 

Vect„(fc © M) — > Vect„(fc) 

is equivalent to 

N{g{kis)M)) — >N{g{k)), 

and in a functorial way in M. 

For any E G ^(fc), we can consider the classifying simplicial set K{E ©fc i?^ ©fc 
M, 1) of the simplicial abelian group -E ©fc E'^ ®k M , and for any isomorphism of 
projective fc-modules of rank n, E ^ E' , the corresponding isomorphism of simplicial 
set 

K{E ©fc E^ ©fc M, 1) ~ K{E' ©fc {Ey ©fc M, 1). 
This defines a local system L of simplicial sets on the groupoid Q{k), for which the 
total space 

Hocolimg(^f^)L — > N{Q{k)) 
is easily seen to be isomorphic to the projection 

N{g{k®M)) — >N{g{k)). 

The conclusion is that the natural projection 

Vect„(fc © M) — > Vect„(fc) 

is equivalent, functorially in M, to the total space of the local system E ^ K{E ©fc 
E^ ©fc M, 1) on Vect„(fc). Therefore, one finds a natural equivalence of simplicial 
sets 

©er£;(MLoc„(i^),A/) ~ Maps5et/vect„(fc) (-RT, Vect„(fc © Af)) ~ 
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C*{K, E ®k E"" ®fe M[l]) ~ Mapc(k){C4K, E ®fe M). 
As this equivalence is functorial in M, this shows that 

L^i.ocUK),E-C4K,E(S)k E'')[-l], 
as required. □ 

Remark 2.2.6.7. An important consequence of Prop. 12.2.6.61 is that the D^- 
stack depends on strictly more than the fundamental groupoid of K. Indeed, the 
tangent space of WLoCn{K) at a global point corresponding to a local system E on 
K is C*{K, E (^k which can be non-trivial even when K is simply connected. 

In general, there is a closed immersion of Z?~-stacks (Prop. I2.2.4.7|l 

itoiWLoCniK)) — >WLoc„{K), 

which on the level of tangent spaces induces the natural morphism 

T<o{C*{K,E®k E'')[l]) — > C*{K,E(E)k E'')[l] 

giving an isomorphism on and H^. This shows that the £'~-stack KLoc„(i^) 
contains strictly more information than the usual Artin stack of local systems on K, 
and does encode some higher homotopical invariants of K. 

2.2.6.2. Algebras over an operad. Recall (e.g. from |R,eL [Sp") the notions 
of operads and algebras over them, as well as their model structures. Let O be an 
operad in fc — Alod, the category of fc-modules. We assume that for any n, the k- 
module 0{n) is projective. Then, for any A e sk — Alg, we can consider O^fc A, which 
is an operad in the symmetric monoidal category A — Mods of A-modules. We can 
therefore consider O ®k A — Algs, the category of O-algebras in A — Mods- According 
to HinT] the category O (^ik A — Alg^ can be endowed with a natural structure of 
a U-cofibrantly generated model category for which equivalences and fibrations are 
defined on the underlying objects in sk — Alod. For a morphism A — > B in sk — Alg, 
there is a Quillen adjunction 

B(S,A- ■■ 0®kA- Algs — > 0«ikB- Algs 0®kA- Algs < — 0®kB- Algs : F, 

where F is the forgetful functor. The rule A ^ O liSik A — Algs together with base 
change functors B ®a — is almost a left Quillen presheaf in the sense of Appendix 
B, except that the associativity of composition of base change is only valid up to a 
natural isomorphism. However, the standard strictification techniques can be applied 
in order to replace, up to a natural equivalence, this by a genuine left Quillen presheaf. 
We will omit to mention this replacement and will proceed a,s ii A ^ O ®k A — Algs 
actually defines a left Quillen presheaf on fc — D~Aff. 

For any A G sfc — Alg, we consider O — Alg{A), the category of cofibrant objects 
in O ^k A — Algs and equivalences between them. Finally, we let O — Algn{A) be 
the full subcategory consisting of objects B G O — Alg{A), such that the underlying 
A-module of -B is a vector bundle of rank n (i.e. that i? is a strong A-module, and 
TTa{B) is a projective ttq (yl)-module of rank n). The base change functors clearly 
preserves the sub-categories O — Algn{A), and we get this way a well defined presheaf 
of V-small categories 

k - D-Aff — > CatY 

A ^ O-AlgniA). 

Applying the nerve functor we obtain a simplicial presheaf 

fc - D-Aff — > SSetY 

A N{0 ~ Alg^iA)). 
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This simplicial presheaf will be denoted by Alg„ , and is considered as an object in 

k- D-Aff~^^K 

Proposition 2.2.6.8. (1) The object Alg^ e k - D'AfJ-^^^ is a D'- 
stack. 

(2) The -stack Alg^ is 1-geometric and quasi- compact. 

Proof. (1) The proof relies on the standard argument based on Cor. IB. 0.81 and 
is left to the reader. 

(2) We consider the natural morphism of D^-stacks 

p: Alg,^ ^Vect„, 

defined by forgetting the O-algebra structure. Precisely, it sends an object B £ O — 
Algn{A) to its underlying A- modules, which is a rank n- vector bundle by definition. 
We are going to prove that the morphism p is a representable morphism, and this 
will imply the result as Vect„ is already known to be 1-geometric and quasi-compact. 
For this, we consider the natural morphism * — > Vect„, which is a smooth 1-atlas 
for Vect„, and consider the homotopy puUback 

Alg,^ Alg^ x^,,t„ *. 

It is enough by Prop. 11.3.3.41 to show that Alg^ is a representable stack. For this, 

we use |Re[ Thm. 1.1.5] in order to show that the D~-stack Alg^ is isomorphic in 
D~St{k) to Map(0. End (k")). defined as follows. For any A ^ sk — Alg, we consider 
End{A"), the operad in A — Mods of endomorphisms of the object A" (recall that for 
M e A- Mods, the operad End(M) is defined by End(M)(n) := Hom JM®^'^,M)). 
We let QO be a cofibrant replacement of the operad O in the model category sk—Mod. 
Finally, Map{0, Endik"-)) is defined as 

sk — Alg — > SSet 

A ^ Mav(0,End(k''))(A) := Hom ^^iOO. End(A'')). 

where Houi q^ denotes the simplicial set of morphism in the simplicial category of 

operads in sk — Mod. As we said, |Rel Thm. 1.1.5] implies that Alg^ is isomor- 
phic to MaviO. End {¥^)). Therefore, it remain to show that MaviO. End jk^^)) is a 
representable -stack. 

For this, we can write O, up to an equivalence, as the homotopy colimit of free 
operads 

O ~ HocolirriiOi. 

Then, we have 

MaviO, Endjk'^)) ~ HolirrnMaviOi.Endik'')) 

and as representable D~-stacks are stable by homotopy limits, we are reduced to the 
case where O is a free operad. This means that there exists an integer m > 0, such 
that for any other operad O' in sk — Mod, we have a natural isomorphism of sets 

HomopiO, O') ~ Hom{k, 0'{m)). 

In particular, we find that the D~-stack MayjO, End (k")) is isomorphic to the D~- 
stack sending A G sk — Alg to the simplicial set Horn ((A")'^''™ , A), of mor- 
phisms from the A-module (yl")®*:™ to A. But this last Z?^-stack is clearly isomorphic 
to ^SpecB, where i? is a the free commutative simplicial fc-algebra on fc" , or in other 
words a polynomial algebra over k with variables. □ 
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We still fix an operad O in k — Mod (again requiring 0{m) to be a projective 
fc-module for any m), and we let B be an O-algebra in k — Mod, such that B is 
projective of rank n as a fc-module. This defines a well defined morphism of stacks 

We are going to describe the cotangent complex of AlgJ^ at B using the notion of 
(derived) derivations for O-algebras. 

For this, recall from |Goe-Hop| the notion of O-derivations from B and with 
coefficients in a S-module. For any B-module M, one can define the square zero 
extension B © M of B by M, which is another O-algebra together with a natural 
projection B © M — > M. The fc-module of derivations from B to M is defined by 

Der^iB, M) := Homo-Aig/B{B, B®M). 

In the same way, for any O-algebra B' with a morphism B' — > B we set 

Der^iB', M) := Homo-Aig/B{B' , B ® M). 

The functor B' i-^ Der'^{B' , M) can be derived on the left, to give a functor 

RDer^{-,M) : Ho(0 - Algs/B)°P — > Ho(S'S'etv)- 

As shown in |Goe-Hop| , the functor M t-^ WDer'j^ {B, M) is co- represented by an 
object hg G Ho(si3 — Mod), thus there is a natural isomorphism in Ho(S'S'etv) 

RDer^{B,M) ~ Map,s-Afod(Lg, M). 

The category sB — Mod of simplicial B-modules is a closed model category for which 
equivalences and fibrations are detected in sk — Mod. Furthermore, the category 
sB — Mod is tensored and co-tensored over sk — Mod making it into a, sk — Mod- 
model category in the sense of HoJ. Passing to model categories of spectra, we 
obtain a model category Sp{sB — Mod) which is a Sp{sk — Moc?)-model category. We 
will then set 

RDei£{B, M) KiWsp(sB-Afod) (I^b, G Ho(5p(sfc - Mod)), 

where RH_omsp{sB-Mod) denotes the Ho(S'p(sfc — Afoc?))-enriched derived Horn of 
Sp{sB ~ Mod). Note that Ho(si3 — Mod) is equivalent to the unbounded derived 
category of i?-modules, and as well that Ho(5'p(sfc — Mod)) is equivalent to the 
unbounded derived category of fc-modules. 

Proposition 2.2.6.9. With the notations as above, the tangent complex of the 
-stack Alg^ at the point B is given by 

T^igo s - RDerf(B.B)\l] E Ro{Sp{sk - Mod)). 
Proof. We have an isomorphism in llo{Sp{sk — Mod)) 

Using Prop. IA.0.61 we see that the Z3^-stack OsAlg^ can be described as 

sk — Alg — > SSet 

A ^ Map''^^^ig^iB,B®kA) 

where Map'Q_j^ig denotes the mapping space of equivalences in the category of O- 
algebras in sA — Mod. In particular, we see that for M G sk — Mod, the simplicial set 
Der^^ AigO {B, M) is naturally equivalent to the homotopy fiber, taken at the identity, 
of the morphism 

Mapo-AigAB, B®k{k® M)) — > Mapo-Aig^B, B). 
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The O-algebra B ®k {k ® M) can be identified with B ® {M ®k B), the square 
zero extension of B by M (g)fe B, as defined in |Goe-Hop . Therefore, by definition 
of derived derivations this homotopy fiber is naturally equivalent to MZ?er^(i?. M). 
This shows that 

sB-Mod) 

(Lg,Af ®k B). 

This implies that for any N ^ sk — Mod, we have 

Mapsp{sk-Mod)iN,TnBAis^,B) - ^er^isAig^iB, N'^) ^ Mapsp(^sB-Mod){^°,N^®kB) ~ 

Mapsp{sk~-Mod) {N, R gom 5^,(_„p _. j jcrf) -Mod){N, R Der f.(B. B)). 

The Yoneda lemma implies the existence of a natural isomorphism in Ho(S'p(sfc — 
Mod)) 

We thus we have 

TAigO,s-K^fc(B,S)[l]. 

□ 

Remark 2.2.6.10. The proof of Prop. 12.2.6.91 actually shows that for any M e 
sk — Mod we have 

M fforn gPfLAit^o ».M) ~ RDerkiB,B(g>k M)[l]. 

2.2.6.3. Mapping ZJ^-stacks. We let X be a stack in St(fc), and F be an n- 
geometric Z?^-stack. We are going to investigate the geometricity of the L)"-stack of 
morphisms from i{X) to F. 

Map{X,F) ■.= Rrt Hom (i(X),F) e D-St{k). 

Recall that R^tlLom denotes the internal Hom of the category D^St{k). 

Theorem 2.2.6.11. With the notations above, we assume the following three con- 
ditions are satisfied. 

(1) The stack 

tn(Mar>(X.F)) - R,t Hom (X,tn(F)) e St(fc) 

is n-geometric. 

(2) The -stack Map(X, i^) has a cotangent complex. 

(3) The stack X can be written in St(fc) has a homotopy colimit HocolimiUi, 
where Ui is a affine scheme, flat over Speck. 

Then the D~ -stack Map(X, i^) is n-geometric. 

Proof. The only if part is clear. Let us suppose that Map(X, F) satisfies the 
three conditions. To prove that it is an n-geometric D^-stack we are going to lift an 
n-atlas of io(Map(X, F)) to an n-atlas of Map(X, F). For this we use the following 
special case of J.Lurie's representability criterion, which can be proved using the 
material of this paper (see Appendix C). 

Theorem 2.2.6.12. (J. Lurie, see |Lul) and Appendix C) Let F be a -stack. 
The following conditions are equivalent. 

(1) F is an n-geometric D~ -stack. 

(2) F satisfies the following three conditions. 

(a) The truncation toiF) is an Artin {n + l)-stack. 

(b) F has an obstruction theory. 
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(c) For any A E sk — Alg, the natural morphism 

M.F{A) — > HolimkRF{A<k) 

is an isomorphism in Iio{SSet). 

We need to prove that Map(X, F) satisfies the conditions (a) — (c) of theorem 
12.2.6.121 Condition (a) is clear by assumption. The existence of a cotangent complex 
for Map(X, F) is guaranteed by assumption. The fact that Map(X, F) is moreover 
inf-cartesian follows from the general fact. 

Lemma 2.2.6.13. Let F be a -stack which is inf-cartesian. Then, for any 
-stack F' , the -stack M^f Ti.om ( F' , F) is inf-cartesian. 

Proof. Writing F' has a homotopy colimit of representable £>~-stacks 

F' ~ HocolimiUi, 

we find 

Rfit Hom iF'.F) ~ HolimMot Hom lU,, F). 

As being inf-cartesian is clearly stable by homotopy limits, we reduce to the case where 
F' — M.SpecB is a representable D~-stack. Let A € sk — Alg, M be an ^-module 
with 7ro(Af) = 0, and d G TTQ{per{A,M)) be a derivation. Then, the commutative 
square 

M.M 'Hom iF'. F){A ®d ^M) ^ RM Hom iF'. F){A) 

Rr.f Hom (F' ,F){A) ^ R^t2iom{F' ,F){A®M) 

is equivalent to the commutative square 

RF({A ®d ^M) ®l B) ^ MF(A ®\ B) 



M.F{A ®]: B) ^ RF{{A © M) ®\ B). 

Using the F is inf-cartesian with respect to A ®\ B € sk — Alg, and the derivation 
d®kB e 7ro(Uer(j4®5r_B, M®\B)) implies that this last square is homotopy cartesian. 
This shows that Rrt Tiom iF' , F) is inf-cartesian. □ 

In order to finish the proof of Thm. I2.2.6.11l it only remain to show that ]VIap(X, F) 
also satisfies the condition (c) of Thm. 12.2.6. 12| For this, we write X as HocolimiUi 
with Ui affine and flat over k, and therefore Map(X, F) can be written as the ho- 
motopy limit HolimiWLa.p{Ui, F). In order to check condition (c) we can therefore 
assume that X is an affine scheme, flat over k. Let us write X — SpecB, with B a 
commutative flat fc-algebra. Then, for any A G sk — Mod, the morphism 

RMap{X, F){A) — > HolimkM.Map{X, F){A<k) 

is equivalent to 

RF{A ®fe B) — > HolimkRF{{A<k) 0fc B). 
But, as B is flat over k, we have (A<fc) ®fc i? ~ (A B)<k, and therefore the above 
morphism is equivalent to 

RF{A ®fc B) — > HolimkM.F{{A (g)k B)<k) 

and is therefore an equivalence by (1) => (2) of Thm. 12.2.6. 12| applied to F. □ 
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The following corollaries are direct consequences of Thm. 12.2. 6. ll| The only non 
trivial part consists of proving the existence of a cotangent complex, which we will 
assume in the present version of this work. 

Corollary 2.2.6.14. Let X be a projective and flat scheme over Speck, and Y 
a projective and smooth scheme over Spec k. Then, the D~ -stack Map(i(X), is 
a 1-geometric D~ -scheme. Furthermore, for any morphism of schemes f : X — > Y, 
the cotangent complex o/ ]V[ap(z(X), at the point f is given by 

LMap(i(x),j(y)),/ — {C*{X, f*{TY))Y , 
where Ty is the tangent sheaf ofY — > Speck. 

Let us now suppose that k — C is the field of complex numbers, and let X be a 
smooth and projective variety. We will be interested in the sheaf Xijfi of SI , defined 
by Xi:)i^{A) :— Ared, for a commutative C-algebra A. Recall that the stack A4dji{X) 
is defined as the stack of morphisms from Xjju to Vect„, and is identified with the 
stack of flat bundles on X (see ISlp. It is known that AAdrX-^) is an Artin 1-stack. 

Corollary 2.2.6.15. The -stack RMdr{X) := Map(i(Xz5H), Vect„) is 1- 
geometric. For a point E : * — > RAdoRiX), corresponding to a flat vector bundle E 
on X, the cotangent complex ofRMDj^{X) at E is given by 

l^mMonix),E - {ChR{X,Er^E*)r[-^l], 

where C*^j^{X, E ® E*) is the algebraic de Rham cohomology of X with coefficients in 
the flat bundle E ® E* . 

Corollarv 12 . 2 . 6 . 1 5l is only the beginning of the story; in fact we can also produce, 
in a similar way, M.M.ooi{X) and M.M.Hod{X), which are derived versions of the 
moduli stacks of Higgs bundles and A-connections of |S1| , and this would lead us to a 
derived version of non-abelian Hodge theory. We think this is very interesting research 
direction because these derived moduli also encode higher homotopical data in their 
tangent complexes. We hope to come back to this topic in a future work. 
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Complicial algebraic geometry 

In this chapter we present a second context of apphcation of the general formal- 
ism of Part I, in which the base model category is C(fc), the category of unbounded 
complexes over some ring k of characteristic zero. Contrary to the previously consid- 
ered applications, the general notions presented in §1.2 does not produce here notions 
which are very close to the usual ones for commutative rings. As a consequence the 
geometric intuition is here only a very loose guide. 

We will present two different HAG contexts over C{k). The first one is very 
weak in the sense that it is very easy for a stack to be geometric in this context (these 
geometric stacks will be called weakly geometric) . The price to pay for this abundance 
of geometric stacks is that this context does not satisfy Artin's conditions and thus 
there is no good infinitesimal theory. 

The second HAG context we consider is a bit closer to the geometric intuition, 
and satisfies the Artin's conditions so it behaves well infinitesimally. 

Both of these "unbounded" contexts seem interesting as we are able to produce 
examples of geometric stacks which cannot be represented by geometric Z?^-stacks, 
i.e. by the kind of geometric stacks studied in the previous chapter. 

In this chapter k will be a commutative Q-algebra. 

2.3.1. Two HA contexts 

We let C :— C{k), the model category of unbounded complexes of fc-modules in 
U. The model structure on C{k) is the projective one, for which fibrations are epi- 
morphisms and equivalences are quasi- isomorphisms. The model category C{k) is a 
symmetric monoidal model category for the tensor product of complexes. Further- 
more, it is well known that our assumptions II. 1.0. II 11.1.0.31 11.1.0.21 and 11.1.0.41 are 
satisfied. 

The category Comm{C{k)) is the usual model category of unbounded commu- 
tative differential graded algebras over k, for which fibrations are epimorphisms and 
equivalences are quasi-isomorphisms. The category Comm{C{k)) will be denoted by 
k — cdga, and its objects will simply be called cdga's. For A £ k — cdga, the cat- 
egory A — Mod is the category of unbounded A-dg-modules, again with its natural 
model structure. In order to avoid confusion of notations we will denote the category 
A — Mod by A — Moddg- Note that for a usual commutative fc- algebra k' we have 
k' — Moddg = C{k'), whereas k' — Mod will denote the usual category of fc'-modules. 
Objects in A — Moddg will be called A-dg-modules. 

As for the case of simplicial algebras, we will set for any E e C{k) 

ME) H-\E). 

When A is a fc-cdga, the Z-graded fc- module tt^,{A) has a natural structure of a 
commutative graded fc-algebra. In the same way for M an A-dg-module, tt^,{M) 
becomes a graded 7r»(A)-module. Objects A G k — cdga such that 7r,;(A) — for any 
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i < will be called (— l)-connected. Any A E k — cdga possesses a (— l)-connected 
cover A' — > A, which is such that Tri{A') ~ Tri{A) for any j > 0. 

As in the context of derived algebraic geometry we will denote by M i-^ -^^[1] the 
suspension functor. In the same way, M i-^ M[n] is the n-times iterated suspension 
functor (when n is negative this means the n-times iterated loop functor). 

The first new feature of complicial algebraic geometry is the existence of two in- 
teresting choices for the subcategory Co, both of them of particular interest depending 
on the context. We let C(A;)<o be the full subcategory of C{k) consisting of complexes 
E such that ■ni{E) ~ for any i < (or equivalently, such that W{E) = for all 
i > 0, which explains better the notation). We also set k — cdgao to be the full sub- 
category oi k — cdga consisting of A (£ k — cdga such that TTi{A) — for any i 0. In 
the same way we denote by fc — cdga<o for the full subcategory of fc — cdga consisting 
of A such that TTi{A) = H^^A) = for any i < 0. 

Lemma 2.3.1.1. (1) The triplet {C(k),C(k),k - cdga) is a HA context. 

(2) The triplet (C{k),C{k)<co,k — cdgao) is a HA context. 

Proof. The only non-trivial point is to show that any A e fc — cdgao is C(fc)<o- 
good in the sense of Def. I1.1.U.10| By definition A is equivalent to some usual 
commutative fc-algebra, so we can replace A hy k itself. We are then left to prove 
that the natural functor 

Ho(C(fc))°^'^Ho((C(fc)°/o)^) 

is fully faithful. 

To prove this, we consider the restriction functor 

i* : Ho((C7(fc)°f )^) ^ Ho((C(fc)<Po)^) 

induced by the inclusion i : C(fc)<o C C{k). We restrict the functor i* to the full 
sub-categories of corepresentable objects 

i* : Ho((C(fc)°P)^)™'<=P — > Ho((C(fc)°Po)^)''°'''''- 

A precision here: we say that a functor F : C(fc)<o — > SSet is corepresentable if it 
is of the form 

D ^ Mapcik)iE,i{D)) 

for some object E G C{k) (i.e. it belongs the essential image of Ho(C(fc))°P — > 
llo{{C{k)'^Q)^). We claim that this restricted functor i* is an equivalence of cate- 
gories. Indeed, an inverse / can be constructed by sending a functor F : C(fc)<o — > 
SSet to the functor 

f{F) : C{k) — > SSet 

D ^ Holimn>on"F{D{<n)[n\), 

where D{< n) is the naive truncation of D defined by D{< n),„ — Dm ii m < n and 
D{< n)m = if m > n, and fl"F{D{< n)[n]) is the n-fold loop space of the simplicial 
set F{D{< n)[n]), based at the natural point * ~ ^"(0) — > F{D{< n)[n]). As any 
D £ C{k) is functorially equivalent to the homotopy limit HolimnD{< n), it is easy 
to check that the functor / and i* are inverse to each other. 
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To finish the proof, it is enough to notice that there exists a commutative diagram 
(up to a natural isomorphism) 

Ho(C(A:))°P ■ Ho((C(fc))'^)'=°'-^P 



}io{{C{k)°J^XY°'-''P. 

The Yoneda embedding M.h being fully faithful, this implies that the functor 

Ho(C(fc))°^— .Ho((C(fc)°/o)^) 
is also fully faithful. □ 

Remark 2.3.1.2. There are objects A <E k — cdga which are not C(A:)<o-good. 
For example, we can take A with 7r*(A) ~ k[T,T^^] where T is in degree 2. Then, 
there is no nontrivial A-dg-module M such that M G C(fc)<o: this clearly implies 
that A can not be C(fc)<o-good. 

Another example is given by ^ k[T] where T is in degree —2, and M be the 
A-module A[T~-'^]. As there are no morphisms from M to ^-modules in C(fc)<o, then 
M is sent to zero by the functor 

Ro{A ~ ModfP — > Ho((A - Mod°lX)- 

Definition 2.3.1.3. (1) Let A e k~cdga, and M be an A-dg-module. The 

A-dg-module M is strong if the natural morphism 

-^M) ®^,iA) MM) MM) 

is an isomorphism. 

(2) A morphism A — > B in k — cdga is strongly flat (resp. strongly smooth, 
resp. strongly etale, resp. a strong Zariski open immersion ) if B is strong 
as an A-dg-module, and if the morphism of affine schemes 

SpeciTti{B) — > SpeciTQ{A) 

is flat (resp. smooth, resp. Stale, resp. a Zariski open immersion). 

One of the main difference between derived algebraic geometry and complicial 
algebraic geometry lies in the fact that the strong notions of flat, smooth, etale and 
Zariski open immersion are not as easily related to the general notions presented in 
ill. 21 We have the following partial comparison result. 

Proposition 2.3.1.4. Let f : A — > B be a morphism in k ~ cdga. 

(1) If A and B are {—1) -connected, the morphism f is smooth (resp. i-smooth, 
resp. resp. Stale, resp. a Zariski open immersion) in the sense of Def. 
\L2.6.1l \L2.7.1\ if and only if f is strongly smooth (resp. strongly Stale, 
resp. a strong Zariski open immersion). 

(2) // the morphism f is strongly flat (resp. strongly smooth, resp. strongly 
Stale, resp. a strong Zariski open immersion), then it is flat (resp. smooth, 
resp. Stale, resp. a Zariski open immersion) in the sense of Def. \1.2.().1\ 

\T±71\ 

Proof. (1) The proof is precisely the same as for Thm. 12.2.2.61 as the homotopy 
theory of (— l)-connected k — cdga is equivalent to the one of commutative simplicial 
fc-algebras, and as this equivalence preserves cotangent complexes. 
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(2) For flat morphisms there is nothing to prove, as all morphisms are flat in the 
sense of Def. 11.2.6.11 since the model category C{k) is stable. Let us suppose that 
/ : A — > B is strongly smooth (resp. strongly etale, resp. a strong Zariski open 
immersion), we can consider the morphism induced on the (— l)-connected covers 

r-.A'^ B\ 

where we recall that the (— l)-connected cover A' — > A induces isoniorphims on tt^ 
for all i >0, and is such that 7ri{A') — for all i < 0. As the morphism / is strongly 
flat that the square 

/' 

A'—^B' 



is homotopy co-cartesian. Therefore, as our notions of smooth, etale and Zariski open 
immersion are stable by homotopy push-out, it is enough to show that /' is smooth 
(resp. etale, resp. a Zariski open immersion). But this follows from (1). □ 

Example 2.3.1.5. Before going further into complicial algebraic geometry we 
would like to present an example illustrating the difference between the strong notions 
of flat, smooth, etale and Zariski open immersion and the general notions presented 
in i ll. 21 showing in particular that DroDOsition l2.3.1^ (2) does not have a converse. 

Let A be any commutative fc-algebra, X = Spec A the corresponding afSne 
scheme, and U C X he a quasi-compact open subscheme. It is easy to see that 
there exists a perfect complex of A-modules K, such that U is the open subscheme of 
X on which K is acyclic. By Prop. II. 2. 10. l| there exists then a morphism A — > Ak 
in k — cdga which is a Zariski open immersion. Moreover, the universal property 
of A — > Ak shows that if Ak is cohomologically concentrated in degree then U 
is affine and we have U ~ SpecTro{AK)- Therefore, as soon as U is not afSne, Ak 
cannot be concentrated in degree 0. The morphism A — > Ak is thus a Zariski open 
immersion, and therefore etale, but is not a strong morphism. 

This example also shows that if the scheme U is considered as a scheme over C{k) 
(see t |2.3.5.HI . then U is equivalent to M.SpecAK, and thus is afline as a stack over 
C(fc), even though U is not necessarily an affine subscheme of X over k. 

The opposite model category k — cdga°^ will be denoted by fc — DAff. We will 
endow it with the strong etale model topology. 

Definition 2.3.1.6. A family of morphisms {SpecAi — > Spec A}i^i in k — 
DAff is a strong etale covering family (or simply s-et covering family^ if it satisfies 
the following two conditions. 

(1) Each morphism A — > Ai is strongly Stale. 

(2) There exists a finite subset J <Z I such that the family {A — > Ai}i^j is a 
formal covering family in the sense of \1.2.5.1\ 

Using the definition of strong etale morphisms, we immediately check that a 
family of morphisms {SpecAi — > Spec A}i^i in k — DAff is a s-et covering family if 
and only if there exists a finite sub-set J C I satisfying the following two conditions. 

• For all i Cz I, the natural morphism 

7r*(A) ^rroiA) 7ro(A,) * TT^A,) 

is an isomorphism. 
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• The morphism of affine schemes 

S'pec7ro(Ai) — > SpecTro{A) 

is etale and surjective. 

Lemma 2.3.1.7. The s-et covering families define a model topology on k — DAff, 
which satisfies assumvtion 1 1 . S. 

Proof. The same as for Lem. 12.2.2.131 □ 

The model topology s-et gives rise to a model category of stacks k — DAff'^~°^. 

Definition 2.3.1.8. (1) A D-stack is an object F ek- DAff^^'"''^^ which 
is a stack in the sense of Def. \1.3.2.1\ 
(2) The model category of Z3-stacks is k — DAf f "''^*, and its homotopy cate- 
gory is simply denoted by DSt(fc). 

From Prop. I2.3.1.4l we get the following generalization of Cor. 12.2.2.91 

Corollary 2.3.1.9. Let A G k — cdga and A' — > A be its (—1)- connected cover. 
Let us consider the natural morphisms 

to{X) := Spec (ttqA) — > X' = Spec A' X = Spec A — > X' := SpecA' . 
Then, the homotopy base change functors 

no{k - DAff/X') Ho(fc - DAfflt^{X)) 
Ho(A; - DAff/X') Ho(fc - DAff/X) 
induces equivalences between the full sub- categories of strongly etale morphisms. Fur- 
thermore, these equivalences preserve epimorphisms of stacks. 

Proof. Using Cor. I2.2.2.9l we see that it is enough to show that the base change 
along the connective cover A' — > A 

\lo{k - DAff/X') \lo{k - DAff/X) 

induces an equivalences from the full sub-categories of strongly etale morphism Y' 
X' to the full subcategory of etale morphisms Y ^ X . But an inverse to this functor 
is given by sending a strongly etale morphism A — > B to its connective cover A' — > 
B'. □ 

2.3.2. Weakly geometric D-stacks 

We now let be the class of formally perfect morphisms in fc — DAff, also 
called in the present context weakly smooth morphisms. 

Lemma 2.3.2.1. The class of fp morphisms and the s-et model topology satisfy 
assumptions \1.3.2.ll\ 

Proof. The only non-trivial thing to show is that the notion of fp morphism 
is local for the s-et topology on the source. As strongly etale morphisms are also 
formally etale, this easily reduces to showing that being a perfect module is local for 
the s-et model topology. But this follows from corollary 1 1.3. 7. 41 □ 

We can now state that {C{k),C{k),k — cdga,s-et,Pw) is a HAG context in the 
sense of Def. 11.3.2. 13| From our general definitions we obtain a first notion of geo- 
metric Z?-stacks. 

Definition 2.3.2.2. (1) A weakly n-geometric D-stack is a a D-stack F e 

DSt{k) which is n-geometric for the HAG context [C{k), C{k), k—cdga, s-et, P^,). 
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(2) A weakly n-representable morphism of Z?-stacks is an n-representable mor- 
phism for the HAG context {C{k), C{k), k — cdga, s-et, Fw)- 

In the context {C{k),C{k),k — cdga,s-et,'Pw) the i-smooth niorphisms are the 
formaUy etale morphisms, and therefore Artin's conditions of Def. I1.4.3.1l can not be 
satisfied. There are actually many interesting weakly geometric D-stacks which do 
not have cotangent complexes, as we will see. 

2.3.3. Examples of weakly geometric D-stacks 

2.3.3.1. Perfect modules. We consider the Z?-stack Perf, as defined in Def. 
11.3.7.51 As we have seen during the proof of Lem. 12. 3. 2. li the notion of being perfect 
is local for the s-et topology. In particular, for any A G k — cdga, the simplicial set 
Perf (A) is naturally equivalent to the nerve of the category of equivalences between 
perfect A-dg-modules. 

Proposition 2.3.3.1. (1) The D- stack Perf is categorically locally of finite 

presentation in the sense of Def. \1.8.6.4\ 
(2) The D-stack Perf is weakly 1-geometric. Furthermore its diagonal is (— 1)- 
representable. 

Proof. (1) Let A — Colimi,=jAi be a filtered colimit of objects in fc — cdga. We 
need to prove that the morphism 

ColimfPerf^Ai) — > Perf(A) 

is an equivalence. Let j e /, and two perfect Aj-dg- modules P and Q. Then, we have 

MapA-Mod{A ®\ P, A Q) ~ MapA,-Mod{P, A (g)\ Q) - 

~ MapAj-Mod{P,Colim,^j/jAi Q). 

As P is perfect it is finitely presented in the sense of Def. 11.2.3.11 and thus we get 

MapA-Mod{A ®% P,A®\^ Q) ~ Colim,(,jiiMapA,-Mod{A, ®\ P,A, Q). 

Furthermore, as during the proof of Prop. I1.3.7.14l we can show that the same formula 
holds when Map is replaced by the sub-simplicial set Map^'' of equivalences. Invoking 
the relations between mapping spaces and loop spaces of nerves of model categories 
(see Appendix B), this clearly implies that the morphism 

Co;im,Perf(A,) — > Perf (A) 

induces isomorphisms on n.i for j > and an injective morphism on ttq. 

It only remains to show that for any perfect A-dg-module P, there exists j £ I 
and a perfect Aj-dg-module Q such that P ~ A Q. For this, we use that perfect 
modules are precisely the retract of finite cell modules. By construction, it is clear 
that a finite cell A-dg-module is defined over some Aj. We can therefore write P as 
a direct factor of A Q for some j & I and Q a perfect Aj-dg-module. The direct 
factor P is then determined by a projector 

pe[A ®\ Q, A Q] ~ Colim,^j/i[A, Q, A, ^\ Q]. 

Thus, p defines a projector pi in [Ai Q, Ai Q] for some i, corresponding to a 
direct factor Pj of Ai Q. Clearly, we have 

P^A(^Xp,. 
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(2) We start by showing that the diagonal of Perf is (— l)-representable. In other 
words, we need to prove that for any A e k~cdga, and any two perfect A-dg-modules 
M and N, the D-stack 

Eq{M,N): A - cdga — > SSet^ 

(A^B) ^ Map%^_^,^^{M ®\B,N®\B), 

(where Map'^'^ denotes the sub-simphcial set of Map consisting of equivalences) is a 
representable _D-stack. This is true, and the proof is exactly the same as the proof of 

Prop. Il.;i7.14l 

To construct a 1-atlas, let us chose a U-small set T of representative for the 
isomorphism classes of finitely presented objects in Ho(fc — cdga). Then, for any 
A Q T, let Ma be a U-small set of representative for the isomorphism classes of 
perfect objects in Ho(A — Moddg). The fact that these U-small sets J- and M. exists 
follows from the fact finitely presented objects are retracts of finite cell objects (see 

Cor. wrm . 

We consider the natural morphism 

P U :=Y[ W Ua,p ■■= ^ Spec A — > Perf . 
AeJ^PeMA 

By construction the morphism p is an epimorphism of stacks. Furthermore, as the 
diagonal of Perf is (— l)-representable each morphism Ua.p — "^SpecA — > Perf 
is (— l)-representable. Finally, as Ua,p — ^SpecA and Perf are both categor- 
ically locally of finite presentation, we see that for any B £ k — cdga and any 
Y := RSpecB — > Perf, the morphism 

is a finitely presented morphism between representable Z)-stacks. In particular, it is 
a perfect morphism. We therefore conclude that 

P U := Y[ U Ua^p ■■= R Spec A — > Perf 

Aei^PeMA 

is a 1-atlas for Perf. This finishes the proof that Perf is weakly 1-geometric. □ 

2.3.3.2. The D-stacks of dg-algebras and dg-categories. We consider for 
any A E k — cdga the model category A — dga, of associative and unital A-algebras 
(in U). The model structure on A — dga is the usual one for which equivalences 
are quasi-isomorphisms and fibrations are epiniorphisms. We consider Ass{A) to be 
the subcategory of ^ — dga consisting of equivalences between objects B £ A — dga 
satisfying the following two conditions. 

• The object B is cofibrant in A — dga. 

• The underlying A-dg-module of B is perfect. 

For a morphism A — > A' in k — cdga, we have a base change functor 

A' (E)A- : Ass{A) — > Ass{A'), 

making A i— > Ass{A) into a pseudo-functor on k~cdga. Using the usual strictification 
procedure, and passing to the nerve we obtain a simplicial presheaf 

Ass: k-DAff — > SSetY 

A ^ N{Ass{A)). 

Proposition 2.3.3.2. (1) The simplicial presheaf Ass is a D-stack. 

(2) The natural projection Ass — > Perf , which forget the algebra structure, is 
{—I) -representable. 
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Proof. (1) This is exactly the same proof as Thm. 11.3.7.21 

(2) Let A e k~cdga and WSpecA — > Perf be a point corresponding to a perfect 

A-dg- module E. We denote by Ass^ the homotopy fiber taken at E of the morphism 
Ass — > Perf. 

Lemma 2.3.3.3. The D-stack Asse is representable. 

Proof. This is the same argument as for Prop. 12.2.6.81 We see using [Rel Thm. 

1.1.5] that Asse is the U-stack (over SpecA) Mav(Ass. 'M. End (E) ) . of morphisms 
from the associative operad to the the (derived) endomorphism operad of E, defined 
the same way as in the proof of 12.2.6.81 Again the same argument as for 12.2.6.81 
consisting of writing Ass as a homotopy colimit of free operads, reduces the statement 
of the lemma to prove that for a perfect ^-dg-module K of, the D-stack 

A — cdga — > SSet 

A' ^ Map(c(k)){K,A') 

is representable. But this is true as it is equivalent to WSpecB, where B is the 
(derived) free A-cdga over K. □ 

The previous lemma shows that Ass — > Perf is a (— l)-representable morphism, 
and finishes the proof of Prop. 12.3.3.21 □ 

Corollary 2.3.3.4. The D-stack Ass is weakly 1-geometric. 

Proof. Follows from Prop. ES^Hand Prop. \'2:i:i.'2\ □ 

We now consider a slight modification of Ass, by considering dg-algebras as dg- 
categories with only one objects. For this, let A G fc — cdga. Recall that a A-dg- 
category is by definition a category enriched over the symmetric monoidal category 
A — Aloddg, of A-dg-modules. More precisely, a A-dg-category V consists of the 
following data 

• A set of objects Oh{T>). 

• For any pair of objects {x,y) in ObCD) an yl-dg-module 'D{x,y). 

• For any triple of objects (x, y, z) in Ob{'D) a composition morphism 

V{x, y) (»A T){y, z) — > V{x, z), 
which satisfies the usual unital and associativity conditions. 
The A-dg-categories (in the universe U) form a category A — dgCat^ with the 
obvious notion of morphisms. For an A — c?(7-category P, we can form a category 
■kq(T>), sometimes called the homotopy category of T>, whose objects are the same 
as T) and for which morphisms from a; to ?/ is the set 7ro(27(x, y)) (with the obvious 
induced compositions). The construction T> i— > no{T>) defines a functor from A—dgCat 
to the category of U-small categories. Recall that a morphism / : V — > £ is then 
called a quasi- equivalence (or simply an equivalence) if it satisfies the following two 
conditions. 

• For any pair of objects (x, y) in T> the induced morphism 

U.y:V{x,y)^£U{x),f{y)) 

is an equivalence m. A — Moddg- 

• The induced functor 

7ro(/) :7ro(P) ^^o(f) 
is an equivalence of categories. 
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We also define a notion of fibration, as the morphisms / : V — > £ satisfying the 
following two conditions. 

• For any pair of objects (x, y) in V the induced morphism 

f,,y:V{x,y)-^S{f{x),f{y)) 

is a fibration in A — Moddg. 

• For any object x in P, and any isomorphism v : f{x) ^ z in 7ro(i£'), there 
exists an isomorphism w : a; — > y in 7ro(2?) such that 7ro(/)(ii) = v. 

With these notions of fibrations and equivalences, the category A — dgCat is a 
model category. This is proved in |Tab| when A is a commutative ring. The general 
case of categories enriched in a well behaved monoidal model category has been worked 
out recently by J. Tapia (private communication). 

For A G fc — cdga, we denote by Cat^{A) the category of equivalences between 
objects V G A~ dgCat satisfying the following two conditions. 

• For any two objects x and y in P the A-dg-module 2?(x, y) is perfect and 
cofibrant in A — Moddg. 

• The category 7ro(2?) possesses a unique object up to isomorphism. 
For a morphism A — > A' in fc — cdga, we have a base change functor 

-(g)AA' : CaU{A) — > CaU{A') 

obtained by the formula 

Ob{V A') Ob{V) {V ®A A'){x, y) V{x, y) ®a A'. 

This makes A t— > Cat, (A) into a pseudo-functor on k — cdga. Strictifying and applying 
the nerve construction we get a well defined simplicial preshcaf 

Cat, : k — cdga — > SSet-^ 

A N{CaU{A)). 

It is worth mentioning that Cat, is not a stack, since there are non trivial twisted 
forms of objects in Cai,(fc) with respect to the etale topology on k. These twisted 
forms can be interpreted as certain stacks in dg- categories having locally a unique 
object up to equivalences, but they might have either no global objects or several 
nonequivalent global objects. We will not explicitly describe the stack associated to 
Cat,, as this will be irrelevant for the sequel, and will simply consider Cat, as an 
object in Z)St(fc). 

There exists a morphism of simplicial presheaves 

B : Ass — > Cat,, 

which sends an associative A-algebra C to the A-dg-category i3C, having a unique 
object * and C as the endomorphism A-algebra of *. The morphism B will be 
considered as a morphism in DSi{k). 

Proposition 2.3.3.5. The morphism B : Ass — > Cat, is weakly 1-representable, 
fp and an epimorphism of D- stacks. 

Proof. We will prove a more precise result, giving explicit description of the ho- 
motopy fibers of B. For this, we start by some model category considerations relating 
associative dga to dg-categories. Recall that for any A e fc — cdga, we have two model 
categories, A — dga and A — dgCat, of associative A-algebras and A-dg-categories. 
We consider 1/A — dgCat, the model category of dg-categories together with a dis- 
tinguised object. More precisely, 1 is the A-dg-category with a unique object and 
A as its endomorphism dg-algebra, and 1/A — dgCat is the comma model category. 
The functor B : A — dga — > — dgCat is a left Quillcn functor. Indeed, its right 
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adjoint 57*, sends a pointed A-dg-category V to the ^-algebra =(!) of endomor- 
phisms of the distinguished point *. Clearly, the adjunction morphism r2*_B => Id is 
an equivalence, and thus the functor 

B : YLo{A - dga) — > Ho(l/A - dgCat) 

is fully faithful. As a consequence, we get that for any C, C" G A — dga there exists a 
natural homotopy fiber sequence of simplicial sets 

MapA~daCat{l,BC') MapA-dga{B, B') MapA~dgCat{BC, BC'). 

Now, let A E k — cgda and B be an associative ^-algebra, corresponding to a 
morphism 

X : X -.^ RSpecA — > Ass. 

We consider the D-stack 

F:=Assx^,,^ X. 

Using the relations between mapping spaces in A — dga and A — dgCat above we 
easily see that the Z?-stack F is connected (i.e. 7ro(F) c:i *). In particular, in order to 
show that F is weakly 1-geometric, it is enough to prove that flsF is a representable 
_D-stack. Using again the homotopy fiber sequence of mapping spaces above we see 
that the D-stack HbF can be described as 

flsF : A — cdga — > SSetY 

(A -> A') ^ Mapi/A'-dgCat{S^ ®^ 1, B{B ^\ A')) 

where S*^ 0^ 1 is computed in the model category A — dgCat. One can easily check 
that one has an isomorphism in \/A — dgCat 

~B(A[T,r-i]), 

where A[T,T^^] := A ®fe k[T,T^^]. Therefore, there is a natural equivalence 

Mapi/A'^dgCat{S' ®^ 1, B{B ^\ A')) ~ MapA-dgaiA[T, T-\B ®\ A'), 

and thus the Z?-stack HbF can also be described by 

VLbF : A-- cdga — > SSetY 

(A ^ A') ^ MapA^dga{A[T,T~\B®\ A'). 

The morphism of fc-algebras k[T] — > fc[T, T^^] induces natural morphisms (here B^ 
is the dual of the perfect A-dg-module B) 

MapA-dga{A[T,T-\B®\A') MapA-dga{A[T], B®\A') ~ MapA^ModiB"" , A'). 

It is not difficult to check that this gives a morphism of Z?-stacks 

ngF — > R Sped .FjB''), 

where LF(i?^) is the derived free ^-cdga over the A-dg-module B^. Furthermore, 
applying Prop. 11.2.10.11 this morphism is easily seen to be representable by an open 
Zariski immersion, showing that flsF is thus a representable Z3-stack. □ 

Corollary 2.3.3.6. The D-stack Cat* is weakly 2-geometric. 

Proof. This follows immediately from Cor. 12.3.3.41 Prop. 12.3.3.51 and the gen- 
eral criterion of Cor. 11.3.4.51 □ 
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Let A €z k — cdga and B be an associative ^-algebra corresponding to a morphism 
of Z?-stacks 

B : X := R Spec A — > Ass. 
We define a Z?-stack B* on A — cdga in the following way 

B* : A ~ cdga — > SSetY 

(A~^A') ^ MapA^dgaiA[T,T-^],B®\A'). 

The Z)-stack B* is called the D-stack of invertible elements in B. The Z?-stack 
B* possesses in fact a natural loop stack structure (i.e. the above functor factors 
naturally, up to equivalence, through a functor from A — cdga to the category of 
loop spaces), induced by the Hopf algebra structure on A[T,T~^]. This loop stack 
structure is also the one induced by the natural equivalences 

B*{A') ~ n,MapA-daCati*,B^\ A'). 

Delooping gives another D-stack 

K{B*,1): A -cdga — * SSetv 

{A^A') ^ K{B*{A'),l). 

The following corollary is a reformulation of Prop. 12.3.3.51 and of its proof. 

Corollary 2.3.3.7. Let A ^ k — cdga and B G Ass(A) corresponding to an 
associative A-algebra B. Then, there is a natural homotopy cartesian square of D- 
stacks 

Ass ^ Cat, 

B 

K{B*, 1) ^ R Spec A. 

2.3.4. Geometric Z)-stacks 

We now switch to the HA context {C{k), C(fc)<o, k — cdgao). Recall that C(fc)<o 
is the subcategory of C{k) consisting of (— l)-connected object, and k — cdgao is the 
subcategory of fc — cdga of objects cohomologically concentrated in degree 0. Within 
this HA context we let P to be the class of formally perfect and formally i-smooth 
morphisms in k — DAff. Morphisms in P will simply be called fip-smooth morphisms. 
There are no easy description of them, but Prop. 11.2.8.31 implies that a morphism 
/ ; A — > B he a morphism is fip-smooth if it satisfies the following two conditions. 

• The cotangent complex L^/^ e Ho(A — Moddg) is perfect. 

• For any R E k — cdgao, any connected module M E R — Moddg and any 
morphism B — > R, one has 

MK/A ^bM) = o. 

The converse is easily shown to be true if A and B are both (— l)-connected. 

Lemma 2.3.4.1. The class P of fip-smooth morphisms and the s-et model topology 
satisfy assumvtions \1.3.2.11\ 

Proof. We see that the only non trivial part is to show that the notion of fip- 
smooth morphism is local for the s-et topology. For fp-morphisms this is Cor. 11.3.7.41 

For fi-smooth morphisms this is an easy consequence of the definitions. □ 

From Lem. 12.3.4.11 we get a HAG context (C(fc), C(fc)<o, k — cdgao, * — ct, P). 

Definition 2.3.4.2. (1) An n-geometric £>-stack is a D-stack F € DSt{k) 

which is n- geometric for the HAG context {C{k), C(fc)<o, k— cdgao, s—et, P). 
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(2) A strongly n-representable morphism of Z?-stacks is an n-representable mor- 
phism of D- stacks for the HAG context {C{k), C(fc)<o, k — cdgao, s — et, P). 

Note that P C Pw and therefore that any n-geometric Z?-stack is weakly n- 
geometric. 

Lemma 2.3.4.3. The s-et topology and the class P of fip- smooth morphisms satisfy 
Artin's conditions of Def. \1.4.8.1\ 

Proof. This is essentially the same proof as Prop. 12.2.3.21 and is even more 
simple as one uses here the strongly etale topology. □ 

Corollary 2.3.4.4. Any n-geometric D-stack possesses an obstruction theory 
(relative to the HA context {C{k), C{k)<co^ k — cdgao) )■ 

Proof. This follows from Lem. 12.3.4.31 and Thm. [TXX^ □ 

2.3.5. Examples of geometric Z?-stacks 

2.3.5.1. D^-stacks and _D-stacks. We consider the normalization functor N : 
sk — Alg — > k — cdga, sending a simplicial commutative fc-algebra A to its normal- 
ization N{A), with its induced structure of commutative differential graded algebra. 
The puUback functor gives a Quillen adjunction 

Ni : k^D-Aff^^"* — > k-DAff^^'-'^ k-D-Aff^-"^ < — k-DAff^^'-""^ : N* . 

As the functor N is known to be homotopically fully faithful, the left derived 
functor 

j := UN, : i:>-St(fc) — > DSt{k) 

is fully faithful. We can actually characterize the essential image of the functor j as 
consisting of all D-stacks F for which for any A G k — cdga with (— l)-connected cover 
A' — > A, the morphism Mi^(A') — > is an equivalence. In other words, for 

any F E k — Af f''^'^ , and any A G k — cdga, we have 

Rj{F){A)^RF{D{A')), 

where D{A') £ sk — Alg is a denormalization of A' , the (— l)-connected cover of A. 

Proposition 2.3.5.1. (1) For any Ag sk — Alg, we have 

j{RSpecA) ~ R Spec NjA). 

(2) The functor j commutes with homotopy limits and homotopy colimits. 

(3) The functor j sends n-geometric -stacks to n-geometric D-stacks. 

Proof. This is clear. □ 

The previous proposition shows that any n-geometric Z?^-stack gives rise to an 
n-geometric _D-stack, and thus provides us with a lot of examples of those. 

2.3.5.2. CW-perfect modules. Let A G k — cdga. We define by induction on 
n ^ b — a the notion of a perfect CW-A-dg-module of amplitude contained in [a, b]. 

Definition 2.3.5.2. (1) ^ perfect CW-A-dg-module of amplitude contained 
in [a, a] is an A-dg-module M isomorphic in }lo{A — Aloddg) to P[—a], with 
P a projective and finitely presented A-dg-module ( as usual in the sense of 
definitions \1.2.:il\ and \1.2.4.l\ l. 
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(2) Assume that the notion of perfect CW-A-dg-module of amplitude contained 
in [a, b] has been defined for any a < b such that b — a = n — 1. A perfect 
CW-A-dg-module of amplitude contained in [a,b], with b — a = n, is an 
A-dg-module M isomorphic in Ho(A — Moddg) to the homotopy cofiber of a 
morphism 

P[-a-l] > N, 

where P is projective and finitely presented, and N is a perfect CW-A-dg- 
module of amplitude contained in [a + 1, 6]. 

The perfect CW-A-dg-modules satisfy the following stability conditions. 

Lemma 2.3.5.3. (1) If M is a perfect CW-A-dg-module of amplitude con- 
tained in [a, b], and A > A' is a morphism in k — cdga, then A' (E>\ M is 

a perfect CW-A-dg-module of amplitude contained in [a, 6]. 

(2) Let A (z k — cdga<o be a (—1) -connected k — cdga. Then, any perfect A- 
dg-module is a perfect CW-A-dg-module of amplitude [a, b] for some integer 
a<b. 

(3) Let A ^ k — cdga<o be a {— I) -connected k — cdga, and AI E A — Moddg. 
If there exists a s-et covering A — > A' such that A' (E)\ M is a perfect 
CW-A-dg-module of amplitude contained in [a,b], then so is M. 

Proof. Only (2) and (3) requires a proof. Furthermore, (3) clearly follows from 
(2) and the local nature of perfect modules (see Cor. I1.3.7.4|) . and thus it only remains 
to prove (2). But this is proved in jEKMMI III.7]. □ 

We define a sub-I?-stack Perf C Perf , consisting of all perfect modules locally 
equivalent to some CW-dg-modules of amplitude contained in [a,b]. Precisely, for 
A € k — cdga, Perf j^'^ (A) is the sub-simplicial set of Perf (A) which is the union 
of all connected components corresponding to A-dg-modules M such that there is 
an s-et covering A — > A' with A' M a perfect CW-A'-dg-module of amplitude 
contained in [a,b]. 

Proposition 2.3.5.4. The D-stack Perf|^^j is 1-geometric. 

Proof. We proceed by induction on n = b — a. For n = 0, the Z?-stack Perf j;^^] 
is simply the stack of vector bundles Vect, which is 1-geometric by our general result 
Cor. I1.3.7.12| Assume that Perf is known to be 1-geometric for b — a < n. 
Shifting if necessary, we can clearly assume that a — 0, and thus that b = n — I. 

That the diagonal of Perfj;^^ is (— l)-representablc comes from the fact that 

Perfj^'^ — > Perf is a monomorphisms and from Prop. 12.3.3.11 It remains to 
construct a 1-atlas for Perfj^^. 

Let A € k — cdga. We consider the model category Mar {A — Moddg), whose 
objects are morphisms in A — Moddg (and with the usual model category structure, 
see e.g. jHol| ). We consider the subcategory Mor{A — Moddg)' consisting cofibrant 
objects M : M — > TV in Mor{A— Moddg) (i.e. u is a cofibration between cofibrant A-dg- 
modules) such that M is projective of finite presentation and N is locally a perfect 
CW-A-dg-module of amplidtude contained in [0,n — 1]. Morphisms in Mor{A — 
Moddg)' SLie taken to be equivalences in Mor{A — Moddg). The correspondence 
A I— > Mor{A — Moddg)' defines a pseudo- functor on k ~ cdga, and after strictification 
and passing to the nerve we get this way a simplicial presheaf 

F : k — cdga — > SSetY 

A ^ N{Mor{A- Moddg)'). 
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There exists a morphism of I?-stacks 

F^Vectx"Perfg;^_i] 

that sends an object M ^ to {M,N). This morphism is easily seen to be (— 1)- 
representable, as its fiber at an A-point {M, N) is the £)-stack of morphisms from M 
to N, or equivalently is WSpecB where B is the derived free A-edga over (g)"^ N. 
By induction hypothesis we deduce that the Z?-stack F itself if 1-geometric. 
Finally, there exists a natural morphism of ZJ-stacks 

p:F^ Perff_^„_i] 

sending a morphism u : M ^ in Mor{A — Moddg)' to its homotopy cofiber. The 
morphism p is an epimorphism of D-stacks by definition of being locally a perfect 
CW-dg-module, thus it only remains to show that p is hp-smooth. Indeed, this would 
imply the existence of a 1-atlas for Perf|l^„_]^], and thus that it is 1-geometric. 
Translating we get that Perf is 1-geometric for b — a = n. 

In order to prove that p is fip-smooth, let A (z k ~ cdga, and K : MSpecA — > 
Perf|l^„_j] be an ^-point, corresponding to a perfect CW-A-dg-module of amplitude 
contained in [— 1, n — 1]. We consider the homotopy cartesian square 



pi ^M. Spec A. 

p' 

We need to prove that p is a fip-smooth morphism. The D-stack F' has natural 
projection F' — > Vect given by F' — > F — > Vect, where the second morphism 
sends a morphism M ^ A'' to the vector bundle M. We therefore get a morphism of 
_D-stacks 

F' — > Vect x'' R Spec A — > R Spec A. 
As the morphism Vect — > * is smooth, it is enough to show that the morphism 

F' — > Vect x'' R Spec A 
is fip-smooth. For this we consider the homotopy cartesian square 

F' ^ Vect x'' RSpecA 



F(5 RSpecA, 

where the section RSpecA — > Vect correspond to a trivial rank r vector bundle 
A"^. It only remains to show that the morphism Fq — > RSpecA is fip-smooth. The 
D-stack Fq over A can then be easily described (using for example our general Cor. 
iROSl) as 

Fq : A — cdga — > SSet^ 

(A^A') ^ MapA-Mod{K[-l],A-). 

In other words, we can write Fq ~ RSpecB, where B is the derived free A — cdga 
over {K[—1]Y. But, as iiT is a perfect CW-A-dg-module of amplitude contained in 
[— l,n — 1], (iir[— l])*" is a perfect CW A-dg-module of amplitude contained in [0,n]. 
The proposition will then follow from the general lemma. 
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Let A Cz k ~ cdga, and recall that the forgetful funetor A — cdga — > A — Moddg 
is right Quillen, and that its derived left adjoint 

Ho(^ - Moddg) > Ho (A - cdga) 

sends, by definition, an A-niodule E to the derived free A-cdga over E. 

Lemma 2.3.5.5. Let A £ k — cdga, and K be a perfect CW-A-dg-module of am- 
plitude contained in [0, n] . Let B he the derived free A — cdga over K, and 

p:Y -.^ R Spec B — > X R Spec A 

be the natural projection. Then p is fip-smooth. 

Proof. Let k' be any commutative fc-algebra, and B — > k be any morphism 
in Ho(fc — cdga), corresponding to a point x : Speck — > X. Then, we have an 
isomorphism in D{k') 

l^Y/X,x ^K(i)\ k'. 

We thus see that 'L,y/x,x is a perfect complex of fc'-modules of Tor amplitude concen- 
trated in degrees [0, n]. In particular, it is clear that for any complex M of fc'-modules 
such that 7ri(M) = for any i> Q, then we have 

[LY/x,.,M]B(fc,) ~ MK/x,x M) ^ 0. 

This shows that the A-algebra B is fip-smooth, and thus shows the lemma. □ 

The previous lemma finishes the proof of the proposition. □ 

A direct consequence of Prop. 12.3.5.41 and Thm. II. 4. 3. 21 is the following. 

Corollary 2.3.5.6. The D-stack Perfj^^ has an obstruction theory (relative 
to the HA context (C{k), C(fc)<o, k — cdgao). For any A d k — cdgao and any point 
E : X := RSpecA — > Perf|^^ corresponding to a perfect CW-A-dg-module E, there 
are natural isomorphisms in Ho(A — Moddg) 

[a,b] ' 

TTperfp-.S-^'' 

[a,b] 

Proof. The first part of the corollary follows from our Thm. 11.4.3.21 and Prop. 
12.3.5.41 Let A and E : X -.^ R Spec A — > PerffJ^] as in the statement. We have 

H-Perf ,_E - LfigPerf £[-!]• 

Moreover, fi^Perf^^ ~ R Aut (E), where R Aut (E) is the ZJ-stack of self-equivalences 
of the perfect module E as defined in til. 3. 71 By Prop. 11.3.7. 14| we know that R Aut (E) 
is representable, and furthermore that the natural inclusion morphism 

RAut(E) — > R End (E) 

is a formally etale morphism of representable Z3-stacks. Therefore, we have 

LnePerfCW^^; ~ ^mEnd(E).Id- 

Finally, we have 

REnd(E) :^ R Spec B, 
where B is the derived free vl-cdga over i?^ E. This implies that 

^R End (E).Id — E'^ ®\ E, 

and by what we have seen that 

Lperfp-.iJ - ®\E[-l]. 

[a,b] • 
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□ 

Remark 2.3.5.7. (1) It is important to note that, if 

N* : DSt{k) — > D-St{k) 

denotes the restriction functor, we have 

iV*(Perf[;^)2.Perf[„,fc], 

where Perfj^ b] is the sub-stack of Perf e D~St{k) consisting of perfect 
modules of Tor-amphtude contained in [a,b]. However, the two D-stacks 
Perfj^^ and j(Perf[(j ^) are not the same. Indeed, for any A £ k — cdga 
with A' as (— l)-connective cover, we have 

j-(Perf[„.,fc])(A) 2.Perf[,,,](A'). 

In general the natural morphism 

-^\A': Perf[„,,](A') FevffJ^{A) 

is not an equivalence. For example, let us suppose that there exist a non 
zero element x G 7r_i(A) ~ [A, A[l]], then the matrix 

Ma X 
IdA[i] 

defines an equivalence ~ of A-dg-modules which is not 

induced by an equivalence A' A' [I] ~ A' A'[l] of A'-dg- modules. 
(2) We can also show that the L)~-stack Perf j,] e L'^St(fc) is (n+l)-geometric 
for n = b — a. The proof is essentially the same as for Prop. 12. 3. 5. 41 and will 
not be reproduced here. Of course, the formula for the cotangent complex 
remains the same. See jTo-Valj for more details. 

2.3.5.3. CW-dg-algebras. Recall the existence of the following diagram of D- 
stacks 

Ass 



PertfJ^ Perf. 

Definition 2.3.5.8. The D-stack of CW-dg-algebras of amphtude contained in 
[a, b] is defined by the following homotopy cartesian square 

^s^faM ^ Ass 



Perff;;!] Perf. 

Let B be an associative fc-dga, and let Af be a i?-bi-dg-module (i.e. a B^^B°P-dg- 
module). We can form the square zero extension B(BM, which is another associative 
A:-dga together with a natural projection B®M — > B. The simplicial set of (derived) 
derivations from B to AI is then defined as 

MZ?erfc(S, M) := Mapk-dga/B{B, B © M). 

The same kind of proof as for Prop. ll.2.1.2l shows that there exists an object L^'** S 
Ho(B ®^ B°P - Moddg) an natural isomorphisms in Ho(S'5eiv) 

RDerk{B,M) ~ MapB»lB^.~Mod{^f",M). 
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We then set 

RDeTk{B,M) :^RHomB»lBoP-Mod(^i'''',M) G Ho(C(/c)), 

where M. Hom p^Lpar, _ j^jp^ denotes the Ho(C(fc))-enriched derived Horn's of the C{k)- 
model category B ®]: B°p - Moddg- 

Corollary 2.3.5.9. The D-stack Ass|^^ is 1-geometric. For any global point 
B : Speck — > Ass|^^, corresponding to an associative k-dga B, one has a natural 
isomorphism in Ho(C(fc)) 

Proof. Usmg Prop. 12.3.3.21 we see that the natural projection 

^SS[^ ft] — > Jr'ertj^ f,] 

is (— l)-representable. Therefore, by Prop. 12.3.5.41 we know that AsS[^^ is 1- 
geometric. In patricular, Thm. 11.4.3.21 imphes that it has an obstruction theory 
relative to the HA context (C(fc), C(fc)<o, k — cdgao). We thus have 



The identification 



Tn,AssC--^B-^Der,{B,B) 



follows from the exact same argument as Prop. 12.2.6.91 using L;^**" instead of L^. □ 

2.3.5.4. The D-stack of negative CW-dg-categories. Recall from ii2.3.3.2l 
the existence of the morphism of D-stacks 

B : Ass — > Cat*, 

sending an associative fc-algebra C to the dg-category BC having a unique object and 
C as endomorphisms of this object. 



Definition 2.3.5.10. Let n <0 be an integer. The D-stack of CW-dg-categories 

,[n,0] 



of amplitude contained in [n, 0] is defined as the full suh-D -stack Cat^f^Qi o/ Cat 



consisting of the essential image of the morphism 

Ass[^^] — > Ass — > Cat*. 

More precisely, for A e fc — cdga, one sets Cat^[^Q](A) to be the sub-simplicial 
set of Cat, (A) consisting of A-dg-categories T> such that for any * G Ob(T)) the A- 
dg-module *) is (locally) a perfect CW-A-dg-module of amplitude contained in 
[n,0]. 

Recall that for any associative fc-dga B, one has a model category B (3^ B°p — 
Moddg of i?-bi-dg-modules. This model category is naturally tensored and co-tensored 
over the symmetric monoidal model category C(fc), making it into a C(fc)-model 
category in the sense of ^Hol. . The derived Ho(C(fc))-enriched Hom's of B 0^; B°p — 
Moddg will then be denoted by ]& Hom p^Lpo„ . 

Finally, for any associative fc-dga B, one sets 

HHfc(S,S) R Hom p^i.poJB,B) e Ho(C(fc)), 
where B is considered as _B-bi-dg-module in the obvious way. 



Theorem 2.3.5.11. (1) The morphism 

a . ASS[„_Q] > «^at* [„ 0] 
is a 1-representable fip- smooth covering of D- stacks. 
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(2) The associated D -stack to Cat^j^Qj is a 2-geometric D-stack. 

(3) If C is an associative k-dg- algebra, corresponding to a point C : Speck — > 
Assj^j^], then one has a natural isomorphism in Ho(C(A:)) 

HHfe(C,C)[2]. 

Proof. (1) Using Cor. 12.3.3.71 it is enough to show that for any A G k — cdga, 
and any associative A-algebra C, which is a perfect CW-^-dg-module of ampHtude 
contained in [n, 0], the morphism of D-stack K{C* , 1) — > 'M.SpecA is l-representable 
and fip-smooth. For this it is clearly enough to show that the D-stack C* is rep- 
resentable and that the morphism C* — > M.SpecA is fip-smooth. We already have 
seen during the proof of Prop. 12.3.3.51 that C* is representable and a Zariski open 
sub- D-stack of M.SpecF, where F is the free v4-cdga over C^. It is therefore enough 
to see that A — > F is fip-smooth, which follows from Lem. 12.3.5.51 as by assumption 

is a perfect CW-A-dg-module of amplitude contained in [0, n]. 

(2) Follows from Cor. 1^.3.^.51 and Cor. 11.3.4.51 

(3) We consider a point C : Spec k — > Ass*^^ [n, 0] , and the homotopy cartesian 
square 



K(C*,l) ^ Speck. 

By (2), Cor. 12.3.5.91 and Thm. 11.4.3.21 we know that all the stacks in the previous 
square have an obstruction theory, and thus a cotangent complex (relative to the 
HA context (C(fc), C(fc)<o, — cdgao)). Therefore, one finds a homotopy fibration 
sequence of complexes of /c-modules 

that can also be rewritten as 

C[l] ^ RDerJC. C)[l] ^ Tcatf «^ „j,bc- 

The morphism C — > M. Der i,(C. C) can be described in the following way. The C- 
bi-dg-module L^** can be easily identified with the homotopy fiber (in the model 
category of C C°P-dg-modules) of the multiplication morphism 

C (E)]: CP — > C. 

The natural morphism Lp'"* — > C C°p then induces our morphism on the level of 
derivations 

C ~ RHomc^ic^p-ModiC'^lCP, C) RHornc^ic^^-Mod{^c'',B) ~ MDer,(C, C). 
In particular, we see that there exists a natural homotopy fiber sequence in C{k) 
mUkiC, C) = RHomc^.c^,^ModiC, C) ^ c RDer,JC. C). 

We deduce that there exists a natural isomorphism in IIo(C(fc)) 

Tcatc»;^„j,sch2]~eHfc(C, C). 

□ 
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An important corollary of Thm. 12.3.5. ll| is given by the following fact. It appears 
in many places in the literature but we know of no references including a proof of 
it. For this, we recall that for any commutative fc-algebra k' we denote by C'att{k') 
the category of equivalences between fc'-dg-categories satisfying the following two 
conditions. 

• For any two objects x and y in 2? the complex of A:'-module 'D{x, y) is perfect 
(and cofibrant in C{k')). 

• The category ttq(T>) possesses a unique object up to isomorphism. 

We finally let Cail"'"' (/c') be the full subcategory of Cat^{k') consisting of objects V 
such that for any two objects x and y the perfect complex y) has Tor amplitude 
contained in [n, 0] for some n < 0. 

Corollary 2.3.5.12. Let V e Cat\''°\k'). Then, the homotopy fiber Defv, 
taken at the point T), of the morphism of simplicial sets 

N{Catt°\k[e])) — > N{Catt°\k)) 

is given by 

Befv ^ Mapc(^k){k,mik{V,V)[2]). 

In particular, we have 

TT,{Befv) ^Wl-\V,V). 

In the above corollary we have used MMkiV,!)), the Hochschild complex of a 
dg-category V. It is defined the same way as for associative dg-algebras, and when T> 
is equivalent to BC for an associative dg-alegbra C we have 

HHfc(P,2?) ~HHfc(C, C). 

Finally, we would like to mention that restricting to negatively graded dg-categories 
seems difficult to avoid if we want to keep the existence of a cotangent complex. 

Corollary 2.3.5.13. Assume that k is a field. Let C £ Ass|^^(fc) be a k-point 
corresponding to an associative dg-algebra C. If we have H^{C) ^ for some i > 
then the D-stack Cat* does not have a cotangent complex at the point BC. 

Proof. Suppose that Cat* does have a cotangent complex at the point BC. 
Then, as so does the D-stack AsS[^^ (by Cor. 12.3.5.9(1 . we see that the homotopy 
fiber, taken at the point BC, of the morphism B : Ass — > Cat, has a cotangent 
complex at C. This homotopy fiber is K{C* , 1) (see Cor. I2.3.3.7f) . and thus wc would 
have 

L_ff(c*,i),c — C^[~l]- 
Let fc[ei_i] be the square zero extension of k by k[i — 1] (i.e. e^-i is in degree —i + 1), 
for some i > as in the statement. We now consider the homotopy fiber sequence 

Mapcik)iC''hllk[i - 1]) ^ K{C*, l)(fch-i]) K{C*,l){k). 

Considering the long exact sequence in homotopy we find 

MK{C*, l)(fch-i])) = H°{C)* © W\C) 7Ti{K{C*,l){k)) = H"{Cr 

MMapcik)iC''hl],k[i - 1])) = H^C) ^ 7ro(i^(C*, l)(fch-i])) = *. 

This shows that the last morphism must be injective, which can not be the case as 
soon as iJ^C) 7^ 0. □ 



196 



2.3. COMPLICIAL ALGEBRAIC GEOMETRY 



Remark 2.3.5.14. (1) Some of the results in Thm. 12.3.5. Ul were announced 

in |To-Ve2l Thm. 5.6]. We need to warn the reader that |To-Ve2l Thm. 

5.6] is not correct for the description of RCato briefly given before that 

theorem (the same mistake appears in |To2l Thm. 4.4]). Indeed, M.Cato 
would correspond to isotrivial deformations of dg-categories, for which the 
underlying complexes of morphisms stays locally constant. Therefore, the 
tangent complex of M.CatQ can not be the full Hochschild complex as stated 
in To-Ve2, Thm. 5.6]. Our theorem 12.3.5.111 corrects this mistake. 

(2) We like to consider our Thm. 12.3.5.111 (3) and Cor. 12.3.5.121 as a possible 
explanation of the following sentence in |Ko-Sol p. 266]: 

"In some sense, the full Hochschild complex controls deformations of the 
Aoo- category with one object, such that its endomorphism space is equal to 

A. " 

Furthermore, our homotopy fibration sequence 

K{C\ 1) KssfZ] Cat^{::,o] 

is the geometric global counter-part of the well known exact triangles of 
complexes (see e.g. |Kol p. 59]) 

C[l] ^ RDerJC, C)[2] ^ HHfc(C, C)[2] — ^ 

as we pass from the former to the latter by taking tangent complexes at the 
point C. 

(3) We saw in Cor. I2.3.5.13| that the full _D-stack Cat, can not have a reasonable 
infinitesimal theory. We think it is important to mention that even Cor. 
l2.3.5.12| cannot reasonably be true if we remove the assumption that T>{x, y) 
is of Tor-amplitude contained in [n, 0] for some n < 0. Indeed, for any 
commutative fc- algebra fc', the morphism 

B : Ass(fc') — > Cat,(fc') 

is easily seen to induce an isomorphism on ttq and a surjection on tti. From 
this and the fact that Tass,c = R Der /AC. C)[l], we easily deduce that the 
natural morphism 

M^DcTf^iC, C)[l]) 7ro(De/Bc) 

is surjective. Therefore, if Cor. I2.3.5.12| were true for D = BC, we would 
have that the morphism 

HURDerJC. C)) — > mif{C, C) 

is surjective, or equivalently that the natural morphism 

H^{C) — > H^(RDer,JC. O) 

is injective. But this is not the case in general, as the morphism C — > 

B. Der i,(C. C) can be zero (for example when C is commutative). It is there- 
fore not strictly correct to state that the Hochschild cohomology of an as- 
sociative dg-algebra controls its deformation as a dg-category, contrary to 
what appears in several references (including some of the authors !). 

(4) For n — 0, we can easily show that the restriction N*{Ca.t'^'^ q-^) e D^St{k) 
is a 2-geometric Z)~-stack in the sense of ^2.2\ Furthermore, its truncation 
ioiV*(Cat^fJ^o]) G Ho(fc - Aff^'"^*) is naturally equivalent to the Artin 
2-stack of fc-linear categories with one object. The tangent complex of 
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A''*(Cat^ [Q g]) at a point C corresponding to a fc-alegbra projective of fi- 
nite type over k is then the usual Hochschild complex HH{C, C) computing 
the Elochschild cohomology of C. 

Of course Cat^j^gj is only a rough approximation to what should be 

the stack of dg-categories, and in particular we think that Cat^f^gj is not 
suited for dealing with dg-categories coming from algebraic geometry. Let 
for example X be a smooth and projective variety over a field k; it is known 
that the the derived category Dqcoh{X) is of the form Ho(i? — Moddg) for 
some associative d^-algebra B which is perfect as a complex of fc-modules. It 
is however very unlikely that B can be chosen to be concentrated in degrees 
[n, 0] for some n < (by construction H' {B) = Ext'^{E, E) for some compact 
generator E E Dgcoh(X)). So the dg-algcbra B when considered as a dg- 
category will not define a point in Catf j^Jj gj- Another, more serious problem 
comes from the fact that the dg-algcbra B is not uniquely determined, but is 
only unique up to Morita equivalence. As a consequence, the variety X can 
deform and B might not follow this deformation (though another, Morita 
equivalent, dg-algebra will follow the deformation), and thus X ^ B will 
not be a morphism of stacks (even locally around X). Therefore, it seems 
very important to consider the stack Cat* modulo Morita equivalences. We 
also think that passing to Morita equivalences will solve the problem of the 
non geometricity of Cat* mentioned above. This direction is currently being 
investigated by M. Anel. 



CHAPTER 2.4 



Brave new algebraic geometry 

In this final chapter we briefly present brave new algebraic geometry^, i.e. alge- 
braic geometry over ring spectra. We will emphasize the main differences with derived 
algebraic geometry, and the subject will be studied in more details in future works. 

As in the case of complicial algebraic geometry, we will present two distinct HAG 
contexts (see Cor. I2.4.1.1l( l which essentially differs in the choice of the class P. 
The first one, where P is chosen to be the class of strongly etale morphisms (see 
Def. I2.4.1.3|l . is suited for defining brave new Deligne-Mumford stacks, and, as all 
the contexts based on "strong" morphisms, it is geometrically very close to usual 
algebraic geometry. The second HAG context, where P is chosen to be the class of 
fip-smooth morphisms (i.e. formally perfect and formally i-smooth morphisms), is 
weaker and is similar to the corresponding weak context already presented in com- 
plicial algebraic geometry: it allows to define brave new geometric stacks which are 
not Deligne-Mumford. Since the notion of fip-smooth morphism for brave new rings 
behaves differently from commutative rings (see Prop. I2.4.1.5|) . the geometric intu- 
ition in this context is once again a bit far from standard algebraic geometry (e.g. 
smooth morphisms are not necessary flat). Nonetheless we think that this context 
is very interesting, as it is not only geometrically reasonable (e.g. it satisfles Artin's 
conditions), but it is also able to "see" some of the interesting new phenomena arising 
in the theory of structured ring spectra. 

2.4.1. Two HAG contexts 

We let C := Sp^, the category of symmetric spectra in U. The model structure 
we are going to use on SpY, is the so called positive stable model structure described 
in jShi| . This model structure is Quillen equivalent to the usual model structure, 
but is much better behaved with respect to homotopy theory of monoids and mod- 
ules objects. The model category Sp^ is a symmetric monoidal model category for 
the smash product of symmetric spectra. Furthermore, all our assumptions II. 1.0. II 
11.1. 0.31 [TTTO and lTXini are satisfied thanks to ;MMSS! Theorem 14.5], ghi| Thm. 
3.1, Thm. 3.2], and (Shii Cor. 4.3] in conjunction with Lemma ^HSSI 5.4.4]. 

The category ComTn{Sp^ ) is the category of commutative symmetric ring spectra, 
together with the positive stable model structure. The category Comm{Sp^) will be 
denoted by S* — Alg, and its objects will simply be called commutative S-algebras or 
also bn rings (where bn stands for brave new). For any E £ Sp^, we will set 

ME) -.^M^^RE), 

where RE is a fibrant replacement of E in Sp^ ^ and ^^"•^{RE) are the naive stable 
homotopy groups of the fi-spectrum RE. Note that \{ E Sp^ is fibrant, then there 
is a natural isomorphism nf^'^'E ~ tt,,E, and that a map f : E' ^ E" is a weak 
equivalence in Sp"^ if and only if vr,/ is an isomorphism. 

^The term "brave new rings" was invented by F. Waldhausen to describe structured ring spectra; 
we have only adapted it to our situation. 
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When ^ is a commutative S'-algebra, the Z-graded abehan group 7r»(yl) has a 
natural structure of a commutative graded algebra. In the same way, when M an 
A-module, 7r,(M) becomes a graded 7r*(A)-module. An object E will be called con- 
nective, or (— l)-connected, if iTi{E) = for all i < 0. We let Cq be Sp^ , be full 
subcategory of connective objects in Sp^ . We let Ahe S — Algo, the full subcategory 
of Comm{Sp^) consisting of commutative S'-algebras A with TTi{A) = for any i 0. 
If we denote by H : CommRings — > Comm{C) the Eilenberg-MacLane functor, then 
S — Algo is the subcategory of 5 — Alg formed by all the commutative S'-algebras 
equivalent to some Hk for some commutative ring k. 

Lemma 2.4.1.1. The triplet {Sp^., Sp^, S - Algo) is a HA context. 

Proof. The only thing to check is that any object A G S — Algo is Spf -good in 
the sense of Def. Il.l.().10| Thanks to the equivalence between the homotopy theory 
of i/fc-modules and of complexes of fc-modules (see 'E KMMl Thm. IV. 2. 4]), this has 
already been proved during the proof of Lem. 12.3.1.11 (2) . □ 

The following example lists some classes of formally etale maps in brave new 
algebraic geometry, according to our general definitions in Chapter 11.11 

Example 2.4.1.2. 

(1) If A and B are connective S'-algebras, a morphism A ^ B is formally thh- 
etale if and only if it is formally etale ( |Minl Cor. 2.8]). 

(2) A morphism of (discrete) commutative rings i? — > i?' is formally etale if and 
only if the associated morphism HR — > HR' of bn rings is formally etale 
if and only if the associated morphism HR HR' of bn rings is formally 
thh-etale '( HAGI, §5.2]). 

(3) the complexification map KO KU is t/i/i-formally etale (by |Eo| p. 3]) 
hence formally etale. More generally, the same argument shows that any 
Galois extension of bn rings, according to J. Rogncs Ro , is formally thh- 
etale, hence formally etale. 

(4) There exist examples of formally etale morphisms of bn-rings which are not 
thh-etale (see [MIS! or HAGI, §5.2]). 

As in the case of complicial algebraic geometry (Ch. I2.3|l we find it useful to 
introduce also strong versions for properties of morphisms between commutative S- 
algebras. 

Definition 2.4.1.3. (1) Let A e S - Alg, and M be an A-module. The 

A-module M is strong if the natural morphism 

MA) ®.o(A) MM) MM) 

is an isomorphism. 

(2) A morphism A > B in S ~ Alg is strongly flat (resp. strongly (formally) 

smooth, resp. strongly (formally) etale, resp. a strong Zariski open immer- 
sionj if B is strong as an A-module, and if the morphism of affine schemes 

SpeciTo{B) — '' SpeciTo{A) 

is flat (resp. (formally) smooth, resp. (formally) etale, resp. a Zariski open 
immersion) . 

One of the main difference between derived algebraic geometry and unbounded 
derived algebraic geometry was that the strong notions of flat, smooth, etale and 
Zariski open immersion are not as easily related to the corresponding general notions 
presented in i ll. 21 In the present situation, the comparison is even more loose as 
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typical phenomena arising from the existence of Steenrod operations in characteristic 
p, make the notion of smooth morphisms of 5-algebras rather subtle, and definitely 
different from the above notion of strongly smooth morphisms. We do not think this 
is a problem of the theory, but rather we think of this as an interesting new feature of 
brave new algebraic geometry, as compared to derived algebraic geometry, and well 
worthy of investigation. 

Proposition 2.4.1.4. Let f : A — > B be a morphism in S — Alg. 

(1) If A and B are connective, the morphism f is Stale (resp. a Zariski open 
immersion) in the sense of Def. \1.2.6.1\ if and only if f is strongly etale 
(resp. a strong Zariski open immersion). 

(2) // the morphism f is strongly flat ( resp. strongly etale, resp. a strong 
Zariski open immersion), then it is flat (resp. etale, resp. a Zariski open 
immersion) in the sense of Def. \1.2.6.1\ 

Proof. (1) The proof is the same as for Thm. 12.2.2.51 

(2) The proof is the same as for Prop. 12.3.1.41 □ 

The reader will notice that the proof of Thm. 12.2.2.61 (2) does not apply to the 
present context as a smooth morphism of commutative rings is in general not smooth 
when considered as a morphism of commutative S-algebras. The typical example of 
this phenomenon is the following. 

Proposition 2.4.1.5. • The canonical map HQ H{Q[T]) is smooth, 

i-smooth and perfect. 
• The canonical map H¥p — > H(Fp[T]) is strongly smooth but not formally 
smooth, nor formally i-smooth (Def. \T'.2. 7.1}) . 

Proof. For any discrete commutative ring k, we have a canonical map : 
Hk[T] := FHk{Hk) H{k[T]) of commutative iJfc-algebras, corresponding to the 
map H{k k[T]) pointing the element T. Now 

r>0 

where in the group homology H,(Sj., A:), fc is a trivial Sr-module. Since H„(I]r, Q) = 0, 
for n 7^ 0, and Ho(Sr,Q) — Q, for any r > we see that aq is a stable homo- 
topy equivalence, and therefore a weak equivalence f |HSSI Thm. 3.1.11]). In other 
words H{Q[T]) "is" the free commutative iJQ-algebra on one generator; therefore it 
is finitely presented over HQ and, since for any (discrete) commutative ring k we have 

^Hk[T]/Hk — Hk[T], 

the cotangent complex 'f^H{(}[T]}/HQ is free of rank one over H{Q[T]), hence projective 
and perfect. So HQ H{Q[T]) is smooth and perfect. 

Let's move to the char p > case. It is clear that H¥p — » H{¥p[T]) is strongly 
smooth; let's suppose that it is formally smooth. In particular I^h{¥ [t])/H¥ is a 
projective iJ(Fp[T])-module. Therefore Trf:]Lff(j^YT])/H¥p injects into 

n.l[Hi¥p[T]) :^l[¥p[T] 

E E 

(concentrated in degree 0). But, by |Ba-McC I Thm. 4.2] and |Ri-Robl Thm. 4.1], 

7r,W(F,[T])/OT, - {H{¥p[T])),iHZ) 
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and the last ring has {H¥p)^,{H'L) as a direct summand (using the augmentation 
H{¥p\T]) H¥p). Now, it is known that {HVp)^{H7l) is not concentrated in degree 
(it is a polynomial Fp-algebra in positive degrees generators, for p = 2, and the 
tensor product of such an algebra with an exterior Fp-algebra for odd p) . Therefore 
i/Fp H{¥p[T]) cannot be formally smooth. □ 

We remark again that, as now made clear by the proof above, the conceptual 
reason for the non-smoothness of iJFp — > H{¥p\T]) is essentially the existence of 
(non-trivial) Steenrod operations in characteristic p > 0. Since formal smoothness 
is stable under base-change, we also conclude that 7JZ iJ(Z[T]) is not formally 
smooth. The same argument also shows that this morphism is not formally i-smooth. 

The following example shows that the converse of Prop. 12.4.1.41 (2) is false in 
general. 

Example 2.4.1.6. The complexification map m : KO — ^ KU is formally etale 
but not strongly formally etale. In fact, we have 

with deg{ri) — l,deg{(3) — A,deg{X) — ^^degiv) — 2, 7r,m(?7) = 0, 7r,TO(/?) = 2v^ and 
7r*?7i(A) = ly'^. In particular TTQm is an isomorphism (hence etale) but m is not strong. 
We address the reader to pffAGTl Rmk. 5.2.9] for an example, due to M. Mandell, 
of a non connective formally etale extension of H¥p, which is therefore not strongly 
formally etale. There also exist examples of Zariski open immersion HR — > A, here 
i? is a smooth commutative /c-algebra, such that A possesses non trivial negative 
homotopy groups (see [HAGII §5.2] for more details). 

The opposite model category S — Alg will be denoted by SAff. We will endow 
it with the following strong etale model topology. 

Definition 2.4.1.7. A family of morphisms {SpecAi — > SpecA}i^i in SAff 
is a strong etale covering family ( or simply s-et covering family ) if it satisfies the 
following two conditions. 

(1) Each morphism A — > Ai is strongly etale. 

(2) There exists a finite sub-set J <Z I such that the family {A — > Ai}i^j is a 
formal covering family in the sense of lJ.^.5.71 

Using the definition of strong etale morphisms, we immediately check that a 
family of morphisms {SpecAi — > SpecA}i^j in SAff is a s-et covering family if 
and only if there exists a finite sub-set J C I satisfying the following two conditions. 

• For all i G I, the natural morphism 

7r*(A) ®rro{A) Troi^z) — > Tr*{A,) 
is an isomorphism. 

• The morphism of affine schemes 

S'pec7ro(Ai) — > Spec7ro{A) 

is etale and surjective. 

Lemma 2.4.1.8. The s-et covering families define a model topology on SAff, that 
satisfies assumvtion \l.'^.2.'2l 

Proof. The same as for Lem. 12.2.2.131 □ 



The model topology s-et gives rise to a model category of stacks SAff 
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Definition 2.4.1.9. (1) An S'-stack is an object F e SAff^^''''^'' which is 
a stack in the sense of Def. \1.S.2.1\ 
(2) The model category of S-stacks is SAff"^'''''^^, and its homotopy category 
will be simply denoted by St{S). 

We now set P to be the class of fip-smooth morphisms (i.e. formally perfect 
and formally i-smooth morphisms) in SAlg, and Ps-6t be the class of strongly etale 
morphisms. 

Lemma 2.4.1.10. (1) The class Pg-et of strongly etale morphisms and the 

s-et model topology satisfy assumvtions M .3 .2. 1 1\ 
(2) The class P of fip-smooth morphisms and the s-et model topology satisfy 
assumptions \l.S.2.lR 

Proof. It is essentially the same as for Lem. 12.3.2.11 □ 

Corollary 2.4.1.11. (1) The 5-tuple {Sp^, Sp^, S - Alg, s-et,Ps-et) is a 

HAG context. 

(2) The 5-tuple {Sp^ , Sp^ , S — Algo, s-et,P) is a HAG context. 

According to our general theory, the notions of morphisms in P and Pg-ct gives 
two notions of geometric stacks in SAff"^'^~°^. 

Definition 2.4.1.12. (1) A n-geometric Deligne-Mumford 5-stack is an n- 

geometric S -stack with respect to the class Pg-et of strongly etale morphisms. 
(2) An n-geometric S'-stack is an n-geometric S-stack with respect to the class 
P of fip-smooth morphisms. 

Of course, as Pg-ct is included in P any strong n-geometric Deligne-Mumford 
S-stack is an n-geometric S'-stack. 

Finally, the reader can easily check the following proposition. 

Proposition 2.4.1.13. (1) The topology s-et and the class Ps.dt satisfy Artin 

condition (for the HA context {Sp^ , Sp^ , S ~ Alg). 
(2) The topology s-et and the class P satisfy Artin's condition (for the HA con- 
text {Sp^,Spf,S - Algo). 

In particular, we obtain as a corollary of Thm. 11.4.3.21 that any n-geometric S- 
stack has an obstruction theory relative to the HA context {Sp^ , Sp^, S — Algo). In 
the same way, any strong n-geometric Deligne-Mumford 5-stack has an obstruction 
theory relative to the context [Sp^ , Sp^ , S — Alg). 

Without going into details, we mention that all the examples of geometric D- 
stacks given in the previous chapter can be generalized to examples of geometric 
S-stacks. One fundamental example is Perf of perfect CW-modules of amplitude 
contained in [a, 5], which by a similar argument as for Prop. 12.3.5.41 is a 1-geometric 
5- stack. 

2.4.2. Elliptic cohomology as a Deligne-Mumford S'-stack 

In this final section we present the construction of a 1-geometric Deligne-Mumford 
S'-stack using the sheaf of spectra of topological modular forms. 

The Eilenberg-MacLane spectrum construction (see |HSSI Ex. 1.2.5]) gives rise 
to a fully faithful functor 

hH, : St(Z) — > St(S), 
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which starts from the homotopy category of stacks on the usual etale site of affine 
schemes, i.e. 

St(Z) := Ho(Z - A//-^'^*). 

This functor has a right adjoint, called the truncation functor 

h° := H* : St(5) — > St(Z), 

simply given by composing a simplicial presheaf F : SAff"^ — > SSet with the func- 
tor H:Aff^S- Aff. 

Let us denote by £ the moduli stack of generalized elliptic curves with integral 
geometric fibers, which is the standard compactification of the moduli stack of elliptic 
curves by adding the nodal curves at infinity (see e.g. |Del-Rap| IV], where it is 
denoted by Ai(i)); recall that £ is a Delignc-Mumford stack, proper and smooth over 
SpecZ ( |Del-Rap| Prop. 2.2]). 

As shown by recent works of M. Hopkins, H. Miller, P. Goerss, N. Strickland, 
C. Rezk and M. Ando, there exists a natural presheaf of commutative S'-algebras on 
the small etale site E^t of £. We will denote this presheaf by tmf. Recall that by 
construction, if U — Spec A — > £ is an etale morphism, corresponding to an elliptic 
curve E over the ring A^ then tmf{U) is the (connective) elliptic cohoniology theory 
associated to the formal group of E (in particular, one has 7ro(im/([/)) = A). Recall 
also that the (derived) global sections K.r(£, tmf), form a commutative S'-algebra, well 
defined in }io{S ~ Alg), called the spectrum of topological modular forms, and denoted 
by tmf ^. 

Let U — > 5 be a surjective etale morphism with U an affine scheme, and let us 
consider its nerve 

: A°P — > Aff 

[n] Un ■= U XjU Xj ■ ■ ■ XjU . 

n times 

This is a simplicial object in £ct, and by applying tmf we obtain a co-simplicial 
object in S" — Alg 

tmfiU^) : A — > S -Alg 
[n] ^ tmf{Un). 

Taking WSpec of this diagram we obtain a simplicial object in the model category 

RSpec {tmf{U,)) : A°p — > 5 - Aff^^""-^^ 
[n] ^ R Spec (tm/( [/„)). 

The homotopy colimit of this diagram will be denoted by 

£s := hocolim„eA°pK5jjec {tmf{U^)) € St(S'). 

The following result is technically just a remark as there is essentially nothing to 
prove; however, we prefer to state it as a theorem to emphasize its importance. 

Theorem 2.4.2.1. The stack £s defined above is a strong Deligne-Mumford 1- 
geometric S -stack. Furthermore £s is a "brave new derivation" of the moduli stack £ 
of elliptic curves, i.e. there exists a natural isomorphism in St(Z) 

/i°(^s) ^ £■ 



The notation here is a bit nonstandard; what is usually called the spectrum of topological 
modular forms is actually the connective cover of the spectrum we have denoted by tmf 
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Proof. To prove that £s is geometric, it is enough to check that the simplicial 
object RSpec {tmf{U^,)) is a strongly etale Segal groupoid. For this, recall that for 
any morphism U = SpecB V = Spec A in 5ct, the natural morphism 

TT,{tmf{V)) ®^^^(tmf(V)) Mt^KU)) ^ TT^tmfiV)) ®aB^ n^tmfiU)) 
is an isomorphism. This shows that the functor 

RSpec (W(-)) : ^ct ^ ^ - Afn^-'' 

preserves homotopy fiber products and therefore sends Segal groupoid objects to 
Segal groupoid objects. In particular, RSpec {tmf{Ut:)) is a Segal groupoid object. 
The same fact also shows that for any morphism U = SpecB V — Spec A in S^t, 
the induced map tmf{V) — > tmf{U) is a strong etale morphism. This implies that 
RSpec {tmJ{U^)) is a strongly etale Segal groupoid object in representable S'-stacks, 
and thus shows that £s is indeed a strong Deligne-Mumford 1-geometric S'-stack. 

The truncation functor h^^ clearly commutes with homotopy colimits, and there- 
fore 

s) =i hocohm„gA°p/t°(]R ^pec {tmf{Un))) & St(Z). 
Furthermore, for any connective representable S'-stack, RSpec A, one has a natural 
isomorphism h'^{RSpecA) ~ SpecTrQ{A). Therefore, one sees immediately that there 
is a natural isomorphism of simplicial objects in Z — 

h° {RSpec {trnfjU,))) ~ [/,. 

Therefore, we get 

/i°(£s) — hocolimneAoph^ {RSpec {tmf{Un))) — hocohm„ g a °pC^n — 

as t/* is the nerve of an etale covering oi £. □ 

Theorem 12 .4. 2 . II tells us that the presheaf of topological modular forms tm/ pro- 
vides a natural geometric S'-stack 5s whose truncation is the usual stack of elliptic 
curves £. Furthermore, as one can show that the small strong etale topoi of £s and 
£ coincide (this is a general fact about strong etale model topologies), we see that 

tmf := Mr(^, tmf) ~ Rr(^s, O), 

and therefore that topological modular forms can be simply interpreted as Junctions 
on the geometric S -stack £s- Of course, our construction of £s has essentially been 
rigged to make this true, so this is not a surprise. However, we have gained a bit from 
the conceptual point of view: since after all £^ is a moduli stack, now that we know 
the existence of the geometric S-stack £s we can ask for a modular interpretation of 
it, or in other words for a direct geometric description of the corresponding simplicial 
presheaf on S' — Aff. An answer to this question not only would provide a direct 
construction of tmf, but would also give a conceptual interpretation of it in a geometric 
language closer the usual notion of modular forms. 

Question 2.4.2.2. Find a modular interpretation of the S-stack £s. 

Essentially, we are asking for the brave new "objects" that the S-stack £^s clas- 
sifies. We could also consider the non-connective version of the S-stack £s (defined 
through the non-connective version of tmf) for which a modular interpretation seems 
much more accessible. 

Very recent work by J. Lurie (see |Lu2| for a detailed announcement of his results) 
answers in fact to Question l2.4.2.2l he shows that such a variant of £s classifies brave 
new versions of "AHS 's elliptic spectra plus additional data (called orientations). 
This moduli-theoretic point of view makes use of some very interesting notions of 
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brave new abelian varieties, brave new formal groups and their geometry. The com- 
plete picture (possibly extended to higher chromatic levels) does not only give an 
alternative construction of the spectrum tmf (and a better functoriality) but it could 
be the starting point of a rather new^ and deep interaction between stable homo- 
topy theory and homotopical algebraic geometry, involving many new questions and 
objects, and probably also new insights on classical objects of algebraic topology. 



J. Luric's approach has as a byproduct also a natural construction of G-eguivariant versions 
of elliptic cohomology, for any compact G. 



APPENDIX A 



Classifying spaces of model categories 

The classifying space of a model category M is defined to be N{Mw), the nerve of 
its subcategory of equivalences. More generally, if C C Mw is a full subcategory of the 
category of equivalences in M, which is closed by equivalences in M , the classifying 
space of C is N{C), the nerve of C. 

We fix a V-small model category M and a full subcategory C C Mw closed by 
equivalences. We consider the model category (C, C)^, defined in [HAGIL §2.3.2]. 
RecaU that the underlying category of (C, C)^ is the category SSet^"" , of V-small 
simplicial presheaves on C. The model structure of (C, C)^ is defined as the left 
Bousfield localization of the levelwise projective model structure on SSet^ , by in- 
verting all the morphisms in C. The important fact is that local objects in (C, C)^ 
are functors F : — > SSet^ sending all morphisms in C to equivalences. 

We define an adjunction 

N : (C, C)'^ — > SSet/N{C) (C, C)'^ < — SSet/N{C) : S 

in the following way. A functor F : C°p — > SSet is sent to the simplicial set N{F), 
for which the set of n-simplices is the set of parirs 

N{F)n := {(co ^ ci > Cn,a)} 

where (cq — > ci ^ • • • ^ c„) is an n-simplex in N{C) and a € -F(c„)„ is an n-simplex 
in F(c„). Put in an other way, N{F) is the diagonal of the bi-simplicial set 

where C/Fn is the category of objects of the presheaf of n-simplices in F. The functor 
N has a right adjoint 

S : SSet/N{C) — > {C,C)'' 
sending X — > N{C) to the simplicial presheaf 

S{X) : C°P — > SSet 

where is the presheaf of sets represented by a; G C (note that N{hx) N{C) is 
isomorphic to N{C/x) N{C)). 

Proposition A. 0.3. The adjunction (N,S) is a Quillen equivalence. 

Proof. First of all we need to check that [N, S) is a Quillen adjunction. For 
this we use the standard properties of left Bousfield localizations, and we see that it 
is enough to check that 

N : SPr(C) — > SSet/N{C) SPr{C) < — SSet/N{C) : S 

is a Quillen adjunction (where SPr[C) is the projective model structure of simplicial 
presheaves on C), and that S preserves fibrant objects. These two facts are clear by 
definition of S and the description of fibrant objects in N{C, C)^ . 
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For any a; G C, the morphism N{hx) = N{C/x) — > ^(C*) is isomorphic in 
RoiSSet/NiC)) to X — > N{C). Therefore, for X e Ro{SSet/N{C)) and xgC, the 
simphcial set 

RS{X)ix) ~ RHcmsset/Nioi^^X) 

is naturaUy isomorphic in }Io{SSet) to the homotopy fiber of X — > N{C) taken at 
X. This clearly implies that the right derived functor 

MS* : Iio{SSet/N{C)) — > Ho((C, C)^) 

is conservative. In particular, it only remains to show that the adjunction morphism 
Id — > WS'LN is an isomorphism. But this last assumption follows from the definition 
the functor N and from a standard lemma (se for example |Q3| ), which shows that 
the homotopy fiber at x G C of N{F) — > N{C) is naturally equivalent to F{x) when 
F is fibrant in (C,C)^. □ 

Recall from jHAGIl Lem. 4.2.2] that for any object x £ C, one can construct 
a local model for hx as hjK^x)^ sending y e C to Homc{T* (y), R{x)), where F* is a 
co-simplicial replacement functor in M . The natural morphism — > hfn^x) being an 
equivalence in (C, C)^, one finds using Prop. I A. 0.31 natural equivalences of simplicial 

sets 

Som{hy,hR(x)) - Map'i^j{y,x) ~ RHorngs^t^j^^c) (Nihy), Njhx)) ~ y x^^^) 

where Map^^j{y,x) is the sub-simplicial set of the mapping space AlapM^y, x) con- 
sisting of equivalences. As a corollary of this we find the important result due to 
Dwyer and Kan. For this, we recall that the simplicial monoid of self equivalences of 
an object x e M can be defined as 

(x)ThiR(x))- 

Corollary A. 0.4. Let C C M\y he a full subcategory of equivalences in a model 
category M , which is stable by equivalences. Then, one has a natural isomorphism in 
Ylo{SSet) 

N{C) ~ Y[ BAut{x) 

where Aut{x) is the simplicial monoid of self equivalences of x in M. 

Another important consequence of Prop. IA.0.31 is the following interpretation 
of mapping spaces in term of homotopy fibers between classifying spaces of certain 
model categories. 

Corollary A. 0.5. Let M be a model category and x,y G AI be two fibrant 
and cofibrant objects in M . Then, there exists a natural homotopy fiber sequence of 
simplicial sets 

MapM{x,y) N{{x/M)w) N{Mw), 
where the homotopy fiber is taken at y £ M . 

Proof. This follows easily from Cor. IA.0.41 □ 

We will need a slightly more functorial interpretation of Cor. IA.0.41 in the par- 
ticular case where the model category M is simplicial. We assume now that M is a 
V-small simplicial U-model category (i.e. the model category M is a S'S'e^u-niodel 
category in the sense of |Holp . We still let C C Mw be a full subcategory of the 
category of equivalences in M, and still assume that C C Mw is stable by equiva- 
lences. 
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We define an S'-category G(C) is the following way (recall that an S'-category is 
a simplicially enriched category, see for example jHAGIl §2.1] for more details and 
notations). The objects of G{C) are the objects of C which are furthermore fibrant 
and cofibrant in M. For two objects x and y, the simplicial set of morphisms is defined 
to be 

G{C)(x,y) HoTR^iix.y), 
where by definition Hom '^j^j(x, v)„ is the set of equivalences in M from A" ® x io y 
(i.e. Horrf ^j{x, y) is the sub-simplicial set of Horri j^jlx. y) consisting of equivalences). 
Clearly, the 5-category G{C) is groupoid like, in the sense that its category of con- 
nected components TTa{Q{C)) (also denoted by Ho(C/(C)) is a groupoid (or equivalently 
every morphism in G{C) has an inverse up to homotopy). Let C"^'^ be the full subcat- 
egory of C consisting of fibrant and cofibrant objects in C. There exist two natural 
morphisms of i'-categories 

C < — C'^' — > GiC), 
where a category is considered as an S'-category with discrete simplicial sets of mor- 
phisms. Passing to the nerves, one gets a diagram of simplicial sets 

N{C) ^ N{C^^f) N{G{C)), 

where the nerve functor is extended diagonally to S'-categories (see e.g. |D-K1| ^. 
Another interpretation of coroUarv I A . . 41 is the following result. 

Proposition A. 0.6. With the above notations, the two morphisms 
N{C) <— NiC'f) N{G{C)), 
are equivalences of simplicial sets. 

Proof. It is well known that the left arrow is an equivalence as a fibrant-cofibrant 
replacement functor gives an inverse up to homotopy. For the right arrow, we let 
N{G{C))n be the category of n-simplicies in N(G{C)), defined by having the same 
objects and with 

{N{G{C))r.Uy := {N{,G{C)),,y)n. 

By definition of the nerve, one has a natural equivalence 

N{G{C)) ~ Hocolimni^o,{N{G{C))n). 
Furthermore, it is clear that each functor 

C^'^ = G{C)a G{C)n 

induces an equivalence of the nerves, as the 0-simplex [0] — > [n] clearly induces a 
functor 

N{G[C)n) NiC'^) 
which is a homotopy inverse. □ 

Proposition IA.0.61 is another interpretation of Prop. IA.0.31 as the 5-category 
G{C) is groupoid- like, the delooping theorem of G. Segal implies that there exists a 
natural equivalence of simplicial sets 

^JV(c) y ^ ^ ^N{C"=-f) y * ^ ^NiGic)) y * ^(C)(x,a) — Hanf^j{x, y). 

The advantage of Prop. I A. 0.61 over the more general proposition ! A . . 3l is that it is 
more easy to state a functorial property of the equivalences in the following particular 
context (the equivalence in Prop, can also be made functorial, but it requires 

some additional work, using for example simplicial localization techniques). 

We assume that G : M — > iV is a simplicial, left Quillen functor between V- 
small simplicial U-model categories. We let C C Mw and D C Nw be two full 
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sub-categories stable by equivalences, and we suppose that all objects in M and N 
are fibrant. Finally, we assume that the functor G restricted to cofibrant objects sends 
C —MTiC to D" := N" n D. In this situation, we define an S'-functor 

G : g{G) g{D) 

simply by using the simplicial enrichment of G. Then, one has a commutative diagram 
of 5-categories 

G ^ G" ^ Q{G) 



D 



and thus a commutative diagram of simplicial sets 

N{G) < Ar(C^) > N{g{G)) 



N{D) 



G 

■ iV(£)'=) 



G 

' ■ 

■N{g{D)). 



The important fact here is that this construction is associative with respect to com- 
position of the simplicial left Quillen functor G. In other words, if one has a diagram 
of simplicial model categories M, and simplicial left Quillen functors, together with 
sub-categories Ci C {Mi)w satisfying the required properties, then one obtain a com- 
mutative diagram of diagrams of simplicial sets 



N{Ci) 



■N{Gt) 



■N{g{Ci)) 



Gi 



Gi 



N{Di) 



■N{D9). 



■N{g{D,)). 



APPENDIX B 



Strictification 



Let / be a U-small category. For any i ^ I we let Mi be a U-cofibrantly generated 
model category, and for any u : i j morphism in / we let 

u* : Mj — > Mi Mj i — M, : 

be a Quillen adjunction. We suppose furthermore that for any composition 

I ^ k 

one has an equality of functors 

U* O V* — {v O u)* 

Such a data {{Mi}i, {u*}u) will be called, according to jH-Sj . a (\]-)cofi,brantly gen- 
erated left Quillen presheaf over I, and will be denoted simply by the letter M. 

For any cofibrantly generated left Quillen presheaf M on /, we consider the cat- 
egory M^ , of /-diagrams in M in the following way. Objects in M^ are given by the 
data of objects Xi € Mi for any i £ I, together with morphisms 0„ : u*{xj) — > Xi 
for any u : i — > j in /, making the following diagram commutative 

u V (Xk) ^ 

Id 

• > 

{v o u)*(xk) — > 



for any i — j — fc in /. Morphisms in M^ are simply given by families mor- 
phisms fi : Xi — > Ui, such that /i o = o fj for any i ^ j in /. 

The category Af ^ is endowed with a model structure for which the fibrations or 
equivalences are the morphisms / such that for any i € I the induced morphism fi 
is a fibration or an equivalence in Mj. As all model categories Mi are U-cofibrantly 
generated, it is not hard to adapt the general argument of |Hil 11.6] in order to prove 
that M^ is also a U-cofibrantly generated model category. 

We define an object x € M^ to be homotopy cartesian if for any u : i ^ j in I 
the induced morphism 

hu*{xi) — > Xj 

is an isomorphism in Ho(Afj). The full subcategory of cartesian objects in M^ will 
be denoted by M/^^^. 



There exists a presheaf of categories (— //)°^ over /, having the opposite comma 
category {i/T)°P as value over the object i, and the natural functor [i/I)°P — > {j 
for any morphism j — > i in /. For any U-cofibrantly left Quillen presheaf M over /, 
we define a morphism of presheaves of categories over / 

M^ X — > M, 
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where is seen as a constant presheaf of categories, in the following way. For an 
object i £ I, the functor 

X {i/I)°P — > Mi 

sends an object {x,u : i ^ j) to u*{xj) € Mi, and a morphism {x,u : i ^ j) — »■ 
{y,v : i k), given by a morphism x ^ y in M^ and a commutative diagram in I 



i 




j, 



is sent to the morphism in Mi 

U*{Xj) ~ v*{w*{xj)) ^ V*{Xk). 

For a diagram u: i ^ j in 7, the following diagram 

M^ X {j/iyP > Mj 

U* 

M^ X {i/I)°P ^Mi 

clearly commutes, showing that the above definition actually defines a morphism 

M' X — > M. 

We let (M^jj^j)^-^ be the subcategory of M^ consisting of homotopy cartesian 
and cofibrant objects in M^ and equivalences between them. In the same way we 
consider the sub-presheaf M^ whose value at i G / is the subcategory of Mi consisting 
of cofibrant objects in Mi and equivalences between them. Note that the functors 
u* : Mj — > Mi being loft Quillen for any u : i — > j, preserves the sub-categories of 
equivalences between cofibrant objects. 

We have thus defined a morphism of presheaves of categories 

{MLtTw X {-/ir M^, 

and we now consider the corresponding morphism of simplicial presheaves obtained 
by applying the nerve functor 

NmLrt)w) X N{{-/ir) ^ N{M^), 

that is considered as a morphism in the homotopy category Ho(S'Pr(/)), of simplicial 
presheaves over I. As for any i the category has a final object, its nerve 

N{{i/I)°P) is contractible, and therefore the natural projection 

is an isomorphism in Ho(5Pr(/)). We therefore have constructed a well defined 
morphism i Ho(S'Pr(/)), from the constant simplicial presheaf .^((Af(fart)vF) *° 
simplicial presheaf N{M^). By adjunction this gives a well defined morphism in 
no{SSet) 

mMLtTw) HolimieiN{M^). 

The strictification theorem asserts that this last morphism is an isomorphism in 
ilo{SSet). As this seems to be a folklore result we will not include a proof. 
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Theorem B.0.7. For any V-small category I and any \]-cofibrantly generated left 
Quillen presheaf M on I , the natural morphism 

NmLtYw) ^ HoHm,^i..N{M^) 
is an isomorphism in Ho(S'5ei). 

Proof. When M is the constant Quillen presheaf of simplicial sets this is proved 
m |D-K3| . The general case can treated in a similar way. See also |H-S I Thm. 18.6] 
for a stronger result. □ 

Let / and M be as in the statement of Thm. IB. 0.71 and let Mq be a U-cofibrantly 
model category. We consider Mq as a constant left Quillen presheaf on /, for which 
all values are equal to AIq, and all transition functors are identities. We assume that 
there exists a left Quillen natural transformation (p : Mq — > M . By this, we mean 
the data of left Quillen functors (pi : Mq — > Mi for any i I, such that for any 
u : i j one has u* o (pj = 0j. In this case, we define a functor 

(p: Mq — > M', 

by the obvious formula p{x)i := pi{x) for x e Mq, and the transition morphisms of 
(p{x) all being identities. The functor (p is not a left Quillen functor, but preserves 
equivalences between cofibrant objects, and thus possesses a left derived functor 

: Ho (Mo) — > Ylo{M'). 

One can even show that this functor possesses a right adjoint, sending an object 
X € M^ to the homotopy limit of the diagram in A/q, i ^ M.%pi{xi)^ where 'ipi is the 
right adjoint to pi. 

One also has a natural transformation of presheaves of categories 

(Mo)^ ^ M^ 

inducing a natural morphism of simplicial presheaves on / 

7V((Mo)V) ~- N{M^), 

and thus a natural morphism in Ho(S'S'ei) 

N{(Mofy^) HoUm,^io,N{M^). 

Corollary B.0.8. Let I , M and Mq be as above, and assume that the functor 

: Ho (Mo) — > Ho(M^) 

is fully faithful and that its image consists of all homotopy cartesian objects in Ho(Af^). 
Then the induced morphism 

NiiMoTw) HoUm,^io,N{M^) 

is an isomorphism in Ho(S'S'ei). 

Proof. Indeed, we consider the functor 

X 1-^ (f>iQx), 

where Qx is a functorial cofibrant replacement of x. By hypothesis, the induced 
morphism on the nerves 

N{{Morw) N{Ml,,,r^ 
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is an isomorphism in }lo[SSet). Wc now consider the commutative diagram in 
Ro{SSet) 



HolimieiopN{M^). 

The right vertical arrow being an isomorphism by Thm. IB. 0.71 we deduce the corollary. 

□ 



APPENDIX C 



Representability criterion (after J. Lurie) 

The purpose of this appendix is to give a sketch of a proof of the following special 
case of J. Lurie's representability theorem. Lurie's theorem is much deeper and out 
of the range of this work. We will not need it in its full generality and will content 
ourselves with this special case, largely enough for our applications. 

Theorem CO. 9. (J. Lurie, see |Lul| ) Let F be a D~ -stack. The following 
conditions are equivalent. 

(1) F is an n-geometric -stack. 

(2) F satisfies the following three conditions. 

(a) The truncation to^F) is an Artin {n + l)-stack. 

(b) F has an obstruction theory relative to sk — Modi ■ 

(c) For any A G s/c — Alg, the natural morphism 

M.F{A) — > HolimkM.F{A<k) 
is an isomorphism in lio(SSet). 

Sketch of proof. The only if part is the easy part, (a) is true by Prop. 12.2.4.41 
and (5) by Cor. 12.2.3.31 For (c) one proves the following more general lemma. 

Lemma CO. 10. Let f : F — > G be an n-representable morphism. Then for any 
A G s/c — Alg, the natural square 

MF(A) ^ HolimkM.F(A<k) 

M.G{A) ^ HolimkRG{A<k) 

is homotopy cartesian. 

Proof. We prove this by induction on n. For n = —1, one reduces easily to 
the case of a morphism between representable I?~-stacks, for which the result simply 
follows from the fact that A ~ HolirukA^k- Let us now assume that n > and the 
result prove for m < n. Let A ^ sk ~ Alg and 

X e no{HolimkRG{A) x^^.^^^^^ RF{A<k)) 

with projections 

xk e M^G{A) x^G(A<,) ^F{A<k)). 
We need to prove that the homotopy fiber H of 

RF{A) HohmkRG{A) x^g(a<,) ^F{A<k) 

at X is contractible. Replacing F hy F Xq X where X :— RSpecA, and G by X, one 
can assume that G is a representable stack and F is an n-geometric stack. As G is 
representable, the morphism 

RG{A) — > HolimkRG{A<k) 
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is an equivalence. Therefore, we are reduced to the case where G = *. The point x is 
then a point in ■no{Holi'mk&F{A<k))^ and we need to prove that the homotopy fiber 
H , taken at x, of the morphism 

KF(A) — > HolimkRF{A<k) 

is contractible. Using Cor. l2.2.2.9l one sees easily that this last statement is local on 
the small etale site of A. By a localization argument we can therefore assume that 
each projection Xk G no{RF{A<k)) of x is the image of a point yk G nQ{RU{A<k)), 
for some representable D^-stack U and a smooth morphism U — > F. 

Using Prop. 11.4.2.61 and Lem. 12.2.1.11 we see that the homotopy fiber of the 
morphism 

RUiA<k+i) RUiA<k) y-^FiA^,) ^F{A<k+i) 

taken at yk is equivalent to AIapA^^^-Modi^u/F,yk^^k+iiA)[k + 1]). Cor. 12. 2. 5. HI then 
implies that when k is big enough, the homotopy fibers of the morphisms 

mU{A<k+i) RU{A<k) y-ipiA^,) RF{A<k+i) 

are simply connected, and thus this morphism is surjective on connected components. 
This easily implies that the points yk can be thought as a point y G Tro{H olimkM-U {A<k)) 
whose image in iTQ{Holi'mkM.D{A<:k)) is equal to x. 
We then consider the diagram 

RU{A) ^ HolimkM.U{A<k) 



RF{A) ^ HolimkRF{A<k). 

By induction on n we see that this diagram is homotopy cartesian, and that the 
top horizontal morphism is an equivalence. There, the morphism induced on the 
homotopy fibers of the horizontal morphisms is an equivalence, showing that H is 
contractible as required. □ 

Conversely, let F be a Z)~-stack satisfying conditions (a) — (c) of K'.O.QI The proof 
goes by induction on n. Let us first n = —1. We start by a lifting lemma. 

Lemma CO. 11. Let F be a D~ -stack satisfying the conditions (a) — (c) of Thm. 
I C. 0. ,91 Then, for any affine scheme Uq, and any etale morphism Uq — > to{F), there 
exists a representable D~ -stack U, a morphism u : U — > F, with L,f,u — 0, and a 
homotopy cartesian square in k — Af f"^''^*' 

Uo ^to{F) 



U ^F. 

Proof. We are going to construct by induction a sequence of representable D~- 
stacks 

Uo ^ Ui... ^ Uk ^ Uk+i . . . ^ F 

in k — Af f'^^ / F satisfying the following properties. 

• One has Uk = RSpecAk with TTi{Ak) = for all i > k. 

• The corresponding morphism Ak+i — > Ak induces isomorphisms on tt^ for 
all i < k. 
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• The morphism Uk ' Uk — > F are such that 

^»(W./F,«J = OVi<A: + l. 

Assume for the moment that this sequence is constructed, and let A :— HolirriA^, 
and U :— RSpecA. The points Uk, defines a well defined point in TTo{Holimk^F{Ak)), 
which by condition (d) induces a well defined morphism of stacks u : U — > F. Clearly, 
one has a homotopy cartesian square 

Uo ^toiF) 



U ^F. 

Let M be any ^-module. Again, using condition (d), one sees that 

BerF{U,M) ~ HoHmkBerpiUk, M<k) ~ HolimkMapA,-ModA^u,/F,u„ Mk) ~ 0. 

This implies that l^ij/F,u — fl- 
it remains to explain how to construct the sequence of Uk- This is done by 
induction. For k = 0, the only thing to check is that 

■^ii^Uo/F,uo) = Vi < 1. 

This follows easily from Prop. II. 4. 2. 61 and the fact that uq : Uq — > to{F) is etale. 

Assume now that all the Ui for i < k have been constructed. We consider Uk ■ 
Uk — > F, and the natural morphism 

Wfe * ^Uk/F.Uk > (L(7fc/F,«J<fc+2 = Nk+l[k + 2], 

where Nk+i := '!Tk+2i^Uk/F,uJ- The morphism 

hu, — >iVfc+i[fc + 2] 

defines a square zero extension of Ak by Nk+i[k + I], Ak+i — » Ak- By construction, 
and using Prop. II. 4. 2. 51 there exists a well defined point in 

^Homij^/k-D-Aff~-^^/FiUk+i,F), 
corresponding to a morphism in Ho(fc — Af f'^'^ / F) 

Uk ^ Uk+i 




F. 

It is not hard to check that the corresponding morphism 'KSpec Ak+i — Uk+i — > F 
has the required properties. □ 

Let us come back to the case n = — I. Lemma [C . . 1 1 1 implies that there exists 
a representable Z)~-stack [/, a morphism U — > F such that 1,f,u — 0, and inducing 
an isomorphism to{U) ~ to{F). Using Prop. II. 4. 2. 61 and Lcm. 12. 2. 1. II it is not hard 
to show by induction on fc, that for any A G sk — Alg with ■ni{A) = for i > k, the 
induced morphism 

mj{A) — > M.F{A) 

is an isomorphism. Using condition (c) for F and U one sees that this is also true for 
any A e sfc — Alg. Therefore, U ^ F, and F is a representable ZJ^-stack. 

We now finish the proof of Thm. ICO. 91 by induction on n. Let us suppose we 
know Thm. ICTTQl for m < n and let F be a D -stack satisfying conditions (a) — (c) 
for rank n. By induction we see that the diagonal of F is (n— I)-representable and the 
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hard point is to prove that F has an n-atlas. For this we hft an n-atlas of itolF) in 
the foUowing way. Starting from a smooth morphism Uo — > ito(F), we to construct 
by induction a sequence of representable _D~-stacks 

Uo ^ Ui... ^ Uk ^ Uk+i . . . ^ F 

in fc ~ Af f'^'^ / F satisfying the following properties. 

• One has Uk — M.SpecAk with 'Ki{Ak) — for all i > k. 

• The corresponding morphism Ak+i — > A^ induces isomorphisms on tt^ for 
all i < k. 

• The morphism Uk : Uk — > F is such that for any M ^ Ak — Mods with 
■ni{M) = for alH > fc + 1 and 7ro(Af) — 0, one has 

\^^Uk/F.Uki ^i]sp(Ak-Mod,) = 0. 

Such a sequence can be constructed by induction on fc using obstruction theory as 
in Lem. ICO. Ill We then let A — HolimkAk, and U — M.SpecA. Then, condition 
(c) implies the existence of a well defined morphism U — > F, which is seen to be 
smooth using Cor. 12.2.5.31 Using this lifting of smooth morphisms from ito to F, one 
produces an n-atlas for F by lifting an n-atlas of ito{F). □ 
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